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36 Introduction to Harmonic Analysis and Generalized Gelfand Pairs, Gerrit van Dijk
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Preface

Bernstein functions and the important subclass of complete Bernstein functions ap-
pear in various fields of mathematics—often with different definitions and under dif-
ferent names. Probabilists, for example, know Bernstein functions as Laplace expo-
nents, and in harmonic analysis they are called negative definite functions. Complete
Bernstein functions are used in complex analysis under the name Pick or Nevanlinna
functions, while in matrix analysis and operator theory, the name operator monotone
function is more common. When studying the positivity of solutions of Volterra in-
tegral equations, various types of kernels appear which are related to Bernstein func-
tions. There exists a considerable amount of literature on each of these classes, but
only a handful of texts observe the connections between them or use methods from
several mathematical disciplines.

This book is about these connections. Although many readers may not be familiar
with the name Bernstein function, and even fewer will have heard of complete Bern-
stein functions, we are certain that most have come across these families in their own
research. Most likely only certain aspects of these classes of functions were important
for the problems at hand and they could be solved on an ad hoc basis. This explains
quite a few of the rediscoveries in the field, but also that many results and examples
are scattered throughout the literature; the exceedingly rich structure connecting this
material got lost in the process. Our motivation for writing this book was to point
out many of these connections and to present the material in a unified way. We hope
that our presentation is accessible to researchers and graduate students with different
backgrounds. The results as such are mostly known, but our approach and some of the
proofs are new: we emphasize the structural analogies between the function classes
which we believe is a very good way to approach the topic. Since it is always im-
portant to know explicit examples, we took great care to collect many of them in the
tables which form the last part of the book.

Completely monotone functions—these are the Laplace transforms of measures on
the half-line Œ0;1/—and Bernstein functions are intimately connected. The deriva-
tive of a Bernstein function is completely monotone; on the other hand, the primi-
tive of a completely monotone function is a Bernstein function if it is positive. This
observation leads to an integral representation for Bernstein functions: the Lévy–
Khintchine formula on the half-line

f .�/ D aC b�C

Z
.0;1/

.1 � e��t / �.dt/; � > 0:

Although this is familiar territory to a probabilist, this way of deriving the Lévy–
Khintchine formula is not the usual one in probability theory. There are many more
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connections between Bernstein and completely monotone functions. For example,
f is a Bernstein function if, and only if, for all completely monotone functions g
the composition g ı f is completely monotone. Since g is a Laplace transform, it is
enough to check this for the kernel of the Laplace transform, i.e. the basic completely
monotone functions g.�/ D e�t�, t > 0.

A similar connection exists between the Laplace transforms of completely mono-
tone functions, that is, double Laplace or Stieltjes transforms, and complete Bernstein
functions. A function f is a complete Bernstein function if, and only if, for each
t > 0 the composition .t C f .�//�1 of the Stieltjes kernel .t C �/�1 with f is a
Stieltjes function. Note that .t C �/�1 is the Laplace transform of e�t� and thus the
functions .t C�/�1, t > 0, are the basic Stieltjes functions. With some effort one can
check that complete Bernstein functions are exactly those Bernstein functions where
the measure � in the Lévy–Khintchine formula has a completely monotone density
with respect to Lebesgue measure. From there it is possible to get a surprising geo-
metric characterization of these functions: they are non-negative on .0;1/, have an
analytic extension to the cut complex plane Cn .�1; 0� and preserve upper and lower
half-planes. A familiar sight for a classical complex analyst: these are the Nevanlinna
functions. One could go on with such connections, delving into continued fractions,
continue into interpolation theory and from there to operator monotone functions . . .

Let us become a bit more concrete and illustrate our approach with an example. The
fractional powers � 7! �˛, � > 0, 0 < ˛ < 1, are easily among the most prominent
(complete) Bernstein functions. Recall that

f˛.�/ WD �
˛
D

˛

�.1 � ˛/

Z 1
0
.1 � e��t / t�˛�1 dt: (1)

Depending on your mathematical background, there are many different ways to derive
and to interpret (1), but we will follow probabilists’ custom and call (1) the Lévy–
Khintchine representation of the Bernstein function f˛. At this point we do not want
to go into details, instead we insist that one should read this formula as an integral
representation of f˛ with the kernel .1 � e��t / and the measure c˛ t�˛�1 dt .

This brings us to negative powers, and there is another classical representation

��ˇ D
1

�.ˇ/

Z 1
0

e��t tˇ�1 dt; ˇ > 0; (2)

showing that � 7! ��ˇ is a completely monotone function. It is no accident that the
reciprocal of the Bernstein function �˛, 0 < ˛ < 1, is completely monotone, nor
is it an accident that the representing measure c˛ t�˛�1 dt of �˛ has a completely
monotone density. Inserting the representation (2) for t�˛�1 into (1) and working out
the double integral and the constant, leads to the second important formula for the
fractional powers,

�˛ D
1

�.˛/�.1 � ˛/

Z 1
0

�

�C t
t˛�1 dt: (3)
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We will call this representation of �˛ the Stieltjes representation. To explain why this
is indeed an appropriate name, let us go back to (2) and observe that t˛�1 is a Laplace
transform. This shows that ��˛, ˛ > 0, is a double Laplace or Stieltjes transform.
Another non-random coincidence is that

f˛.�/

�
D

1
�.˛/�.1 � ˛/

Z 1
0

1
�C t

t˛�1 dt

is a Stieltjes transform and so is ��˛ D 1=f˛.�/. This we can see if we replace t˛�1

by its integral representation (2) and use Fubini’s theorem:

1
f˛.�/

D ��˛ D
1

�.˛/�.1 � ˛/

Z 1
0

1
�C t

t�˛ dt: (4)

It is also easy to see that the fractional powers � 7! �˛ D exp.˛ log�/ extend
analytically to the cut complex plane C n .�1; 0�. Moreover, z˛ maps the upper
half-plane into itself; actually it contracts all arguments by the factor ˛. Apart from
some technical complications this allows to surround the singularities of f˛—which
are all in .�1; 0/—by an integration contour and to use Cauchy’s theorem for the
half-plane to bring us back to the representation (3).

Coming back to the fractional powers �˛, 0 < ˛ < 1, we derive yet another
representation formula. First note that �˛ D

R �
0 ˛s

�.1�˛/ ds and that the integrand
s�.1�˛/ is a Stieltjes function which can be expressed as in (4). Fubini’s theorem and
the elementary equality Z �

0

1
t C s

ds D log
�

1C
�

t

�
yield

�˛ D
˛

�.˛/�.1 � ˛/

Z 1
0

log
�

1C
�

t

�
t˛�1 dt: (5)

This representation will be called the Thorin representation of �˛. Not every complete
Bernstein function has a Thorin representation. The critical step in deriving (5) was
the fact that the derivative of �˛ is a Stieltjes function.

What has been explained for fractional powers can be extended in various direc-
tions. On the level of functions, the structure of (1) is characteristic for the class BF

of Bernstein functions, (3) for the class CBF of complete Bernstein functions, and (5)
for the Thorin–Bernstein functions TBF. If we consider exp.�tf / with f from BF,
CBF or TBF, we are led to the corresponding families of completely monotone func-
tions and measures. Apart from some minor conditions, these are the infinitely divisi-
ble distributions ID, the Bondesson class of measures BO and the generalized Gamma
convolutions GGC. The diagrams in Remark 9.17 illustrate these connections. If we
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replace (formally) � by �A, where A is a negative semi-definite matrix or a dissipa-
tive closed operator, then we get from (1) and (2) the classical formulae for fractional
powers, while (3) turns into Balakrishnan’s formula. Considering BF and CBF we
obtain a fully-fledged functional calculus for generators and potential operators. Since
complete Bernstein functions are operator monotone functions we can even recover
the famous Heinz–Kato inequality.

Let us briefly describe the content and the structure of the book. It consists of three
parts. The first part, Chapters 1–10, introduces the basic classes of functions: the
positive definite functions comprising the completely monotone, Stieltjes and Hirsch
functions, and the negative definite functions which consist of the Bernstein functions
and their subfamilies—special, complete and Thorin–Bernstein functions. Two prob-
abilistic intermezzi explore the connection between Bernstein functions and certain
classes of probability measures. Roughly speaking, for every Bernstein function f the
functions exp.�tf /, t > 0, are completely monotone, which implies that exp.�tf / is
the Laplace transform of an infinitely divisible sub-probability measure. This part of
the book is essentially self-contained and should be accessible to non-specialists and
graduate students.

In the second part of the book, Chapter 11 through Chapter 14, we turn to appli-
cations of Bernstein and complete Bernstein functions. The choice of topics reflects
our own interests and is by no means complete. Notable omissions are applications in
integral equations and continued fractions.

Among the topics are the spectral theorem for self-adjoint operators in a Hilbert
space and a characterization of all functions which preserve the order (in quadratic
form sense) of dissipative operators. Bochner’s subordination plays a fundamental
role in Chapter 12 where also a functional calculus for subordinate generators is de-
veloped. This calculus generalizes many formulae for fractional powers of closed
operators. As another application of Bernstein and complete Bernstein functions we
establish estimates for the eigenvalues of subordinate Markov processes. This is con-
tinued in Chapter 13 which contains a detailed study of excessive functions of killed
and subordinate killed Brownian motion. Finally, Chapter 14 is devoted to two results
in the theory of generalized diffusions, both related to complete Bernstein functions
through Kreı̆n’s theory of strings. Many of these results appear for the first time in a
monograph.

The third part of the book is formed by extensive tables of complete Bernstein
functions. The main criteria for inclusion in the tables were the availability of explicit
representations and the appearance in mathematical literature.

In the appendix we collect, for the readers’ convenience, some supplementary re-
sults.

We started working on this monograph in summer 2006, during a one-month work-
shop organized by one of us at the University of Marburg. Over the years we were
supported by our universities: Institut für Stochastik, Technische Universität Dresden,
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Department of Mathematics, University of Illinois, and Department of Mathematics,
University of Zagreb. We thank our colleagues for a stimulating working environ-
ment and for many helpful discussions. Considerable progress was made during the
two week Research in Pairs programme at the Mathematisches Forschungsinstitut in
Oberwolfach where we could enjoy the research atmosphere and the wonderful li-
brary. Our sincere thanks go to the institute and its always helpful staff.

Panki Kim and Hrvoje Šikić read substantial parts of the manuscript. We are grate-
ful for their comments which helped to improve the text. We thank the series editor
Niels Jacob for his interest and constant encouragement. It is a pleasure to acknowl-
edge the support of our publisher, Walter de Gruyter, and its editors Robert Plato and
Simon Albroscheit.

Writing this book would have been impossible without the support of our families.
So thank you, Herta, Jean and Sonja, for your patience and understanding.

Dresden, Urbana and Zagreb René Schilling
October 2009 Renming Song

Zoran Vondraček



Index of notation

This index is intended to aid cross-referencing, so notation that is specific to a single
section is generally not listed. Some symbols are used locally, without ambiguity, in
senses other than those given below; numbers following an entry are page numbers.

Unless otherwise stated, binary operations between functions such as f ˙g, f �g,

f ^g, f _g, comparisons f 6 g, f < g or limiting relations fj
j!1
����! f , limj fj ,

lim infj fj , lim supj fj , supj fj or infj fj are always understood pointwise.

Operations and operators

a _ b maximum of a and b
a ^ b minimum of a and b
L Laplace transform, 1

Sets

H" ¹z 2 C W Im z > 0º
H# ¹z 2 C W Im z < 0º
�!
H ¹z 2 C W Re z > 0º
N natural numbers: 1; 2; 3; : : :
positive always in the sense > 0
negative always in the sense < 0

Spaces of functions

B Borel measurable functions
C continuous functions
H harmonic functions, 179
S excessive functions, 178
BF Bernstein functions, 15
CBF complete Bernstein fns, 49
CM completely monotone fns, 2
H Hirsch functions, 105

P potentials, 45
S Stieltjes functions, 11
SBF special Bernstein fns, 92
TBF Thorin–Bernstein fns, 73

Sub- and superscripts

C sets: non-negative elements,
functions: non-negative part

� non-trivial elements (6� 0)
? orthogonal complement
b bounded
c compact support
f subordinate w.r.t. the Bernstein

function f

Spaces of distributions

BO Bondesson class, 80
CE convolutions of Exp, 87
Exp exponential distributions, 88
GGC generalized Gamma

convolutions, 84
ID infinitely divisible distr., 37
ME mixtures of Exp, 81
SD self-decomposable distr., 41



Chapter 1

Laplace transforms and completely monotone
functions

In this chapter we collect some preliminary material which we need later on in order
to study Bernstein functions.

As usual, we define the (one-sided) Laplace transform of a function m W Œ0;1/!
Œ0;1/ or a measure � on the half-line Œ0;1/ by

L .mI�/ WD

Z 1
0

e��tm.t/ dt or L .�I�/ WD

Z
Œ0;1/

e��t �.dt/; (1.1)

respectively, whenever these integrals converge. Obviously, Lm D L�m if �m.dt/
denotes the measure m.t/ dt .

The following real-analysis lemma is helpful in order to show that finite measures
are uniquely determined in terms of their Laplace transforms.

Lemma 1.1. We have for all t; x > 0

lim
�!1

e��t
X
k6�x

.�t/k

kŠ
D 1Œ0;x�.t/: (1.2)

Proof. Let us rewrite (1.2) in probabilistic terms: if X is a Poisson random variable
with parameter �t , (1.2) states that

lim
�!1

P.X 6 �x/ D 1Œ0;x�.t/:

From the basic formulae for the mean value and the variance of Poisson random vari-
ables,EX D �t and VarX D E..X��t/2/ D �t , we find for t > x with Chebyshev’s
inequality

P.X 6 �x/ 6 P
�
jX � �t j > �.t � x/

�
6
E..X � �t/2/

�2.t � x/2

D
�t

�2.t � x/2
�!1
����! 0:
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If t 6 x, a similar calculation yields

P.X 6 �x/ D 1 � P
�
X � �t > �.x � t /

�
> 1 � P

�
jX � �t j > �.x � t /

� �!1
����! 1 � 0;

and the claim follows.

Proposition 1.2. A measure� supported in Œ0;1/ is finite if, and only if, L .�I 0C/ <
1. The measure � is uniquely determined by its Laplace transform.

Proof. The first part of the assertion follows from monotone convergence since we
have �Œ0;1/ D

R
Œ0;1/ 1 d� D lim�!0

R
Œ0;1/ e

��t �.dt/.
For the uniqueness part we use first the differentiation lemma for parameter depen-

dent integrals to get

.�1/kL .k/.�I�/ D

Z
Œ0;1/

e��t tk �.dt/:

Therefore,

X
k6�x

.�1/kL .k/.�I�/
�k

kŠ
D

X
k6�x

Z
Œ0;1/

.�t/k

kŠ
e��t �.dt/

D

Z
Œ0;1/

X
k6�x

.�t/k

kŠ
e��t �.dt/

and we conclude with Lemma 1.1 and dominated convergence that

lim
�!1

X
k6�x

.�1/kL .k/.�I�/
�k

kŠ
D

Z
Œ0;1/

1Œ0;x�.t/ �.dt/ D �Œ0; x�: (1.3)

This shows that� can be recovered from (all derivatives of) its Laplace transform.

It is possible to characterize the range of Laplace transforms. For this we need the
notion of complete monotonicity.

Definition 1.3. A function f W .0;1/ ! R is a completely monotone function if f
is of class C1 and

.�1/nf .n/.�/ > 0 for all n 2 N [ ¹0º and � > 0: (1.4)

The family of all completely monotone functions will be denoted by CM.
The conditions (1.4) are often referred to as Bernstein–Hausdorff–Widder condi-

tions. The next theorem is known as Bernstein’s theorem.
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The version given below appeared for the first time in [34] and independently
in [287]. Subsequent proofs were given in [98] and [86]. The theorem may be also
considered as an example of the general integral representation of points in a convex
cone by means of its extremal elements. See Theorem 4.8 and [69] for an elementary
exposition. The following short and elegant proof is taken from [212].

Theorem 1.4 (Bernstein). Let f W .0;1/ ! R be a completely monotone function.
Then it is the Laplace transform of a unique measure � on Œ0;1/, i.e. for all � > 0,

f .�/ D L .�I�/ D

Z
Œ0;1/

e��t �.dt/:

Conversely, whenever L .�I�/ <1 for every � > 0, � 7! L .�I�/ is a completely
monotone function.

Proof. Assume first that f .0C/ D 1 and f .C1/ D 0. Let � > 0. For any a > 0
and any n 2 N, we see by Taylor’s formula

f .�/ D

n�1X
kD0

f .k/.a/

kŠ
.� � a/k C

Z �

a

f .n/.s/

.n � 1/Š
.� � s/n�1 ds

D

n�1X
kD0

.�1/kf .k/.a/
kŠ

.a � �/k C

Z a

�

.�1/nf .n/.s/
.n � 1/Š

.s � �/n�1 ds: (1.5)

If a > �, then by the assumption all terms are non-negative. Let a!1. Then

lim
a!1

Z a

�

.�1/nf .n/.s/
.n � 1/Š

.s � �/n�1 ds D

Z 1
�

.�1/nf .n/.s/
.n � 1/Š

.s � �/n�1 ds

6 f .�/:

This implies that the sum in (1.5) converges for every n 2 N as a!1. Thus, every
term converges as a!1 to a non-negative limit. For n > 0 let

�n.�/ D lim
a!1

.�1/nf .n/.a/
nŠ

.a � �/n:

This limit does not depend on � > 0. Indeed, for � > 0,

�n.�/ D lim
a!1

.�1/nf .n/.a/
nŠ

.a � �/n

D lim
a!1

.�1/nf .n/.a/
nŠ

.a � �/n
.a � �/n

.a � �/n
D �n.�/:
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Let cn D
Pn�1
kD0 �k.�/. Then

f .�/ D cn C

Z 1
�

.�1/nf .n/.s/
.n � 1/Š

.s � �/n�1 ds:

Clearly, f .�/ > cn for all � > 0. Let � ! 1. Since f .C1/ D 0, it follows that
cn D 0 for every n 2 N. Thus we have obtained the following integral representation
of the function f :

f .�/ D

Z 1
�

.�1/nf .n/.s/
.n � 1/Š

.s � �/n�1 ds: (1.6)

By the monotone convergence theorem

1 D lim
�!0

f .�/ D

Z 1
0

.�1/nf .n/.s/
.n � 1/Š

sn�1 ds: (1.7)

Let

fn.s/ D
.�1/n

nŠ
f .n/

�n
s

� �n
s

�nC1
: (1.8)

Using (1.7) and changing variables according to s=t , it follows that for every n 2 N,
fn is a probability density function on .0;1/. Moreover, the representation (1.6) can
be rewritten as

f .�/ D

Z 1
0

�
1 �

�

s

�n�1

C

.�1/nf .n/.s/
.n � 1/Š

sn�1 ds

D

Z 1
0

�
1 �

�t

n

�n�1

C

fn.t/ dt: (1.9)

By Helly’s selection theorem, Corollary A.8, there exist a subsequence .nk/k>1 and
a probability measure � on .0;1/ such that fnk .t/ dt converges weakly to �.dt/.
Further, for every � > 0,

lim
n!1

�
1 �

�t

n

�n�1

C

D e��t

uniformly in t 2 .0;1/. By taking the limit in (1.9) along the subsequence .nk/k>1,
it follows that

f .�/ D

Z
.0;1/

e��t �.dt/:

Uniqueness of � follows from Proposition 1.2.
Assume now that f .0C/ < 1 and f .C1/ D 0. By looking at f=f .0C/ we see

that the representing measure for f is uniquely given by f .0C/�.
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Now let f be an arbitrary completely monotone function with f .C1/ D 0.
For every a > 0, define fa.�/ WD f .� C a/, � > 0. Then fa is a completely
monotone function with fa.0C/ D f .a/ < 1 and fa.C1/ D 0. By what has
been already proved, there exists a unique finite measure �a on .0;1/ such that
fa.�/ D

R
.0;1/ e

��t �a.dt/. It follows easily that for b > 0 we have eat�a.dt/ D
ebt�b.dt/. This shows that we can consistently define the measure � on .0;1/ by
�.dt/ D eat�a.dt/, a > 0. In particular, the representing measure � is uniquely
determined by f . Now, for � > 0,

f .�/ D f�=2.�=2/ D
Z
.0;1/

e.��=2/t ��=2.dt/

D

Z
.0;1/

e��te.�=2/t ��=2.dt/ D

Z
.0;1/

e��t �.dt/:

Finally, if f .C1/ D c > 0, add cı0 to �.
For the converse we set f .�/ WD L .�I�/. Fix � > 0 and pick � 2 .0; �/. Since

tn D ��n.�t/n 6 nŠ��ne�t for all t > 0, we findZ
Œ0;1/

tn e��t �.dt/ 6
nŠ

�n

Z
Œ0;1/

e�.���/t �.dt/ D
nŠ

�n
L .�I� � �/

and this shows that we may use the differentiation lemma for parameter dependent
integrals to get

.�1/nf .n/.�/ D .�1/n
Z
Œ0;1/

dn

d�n
e��t �.dt/ D

Z
Œ0;1/

tn e��t �.dt/ > 0:

Remark 1.5. The last formula in the proof of Theorem 1.4 shows, in particular, that
f .n/.�/ ¤ 0 for all n > 1 and all � > 0 unless f 2 CM is identically constant.

Corollary 1.6. The set CM of completely monotone functions is a convex cone, i.e.

sf1 C tf2 2 CM for all s; t > 0 and f1; f2 2 CM;

which is closed under multiplication, i.e.

� 7! f1.�/f2.�/ is in CM for all f1; f2 2 CM;

and under pointwise convergence:

CM D
®
L� W � is a finite measure on Œ0;1/

¯
(the closure is taken with respect to pointwise convergence).
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Proof. That CM is a convex cone follows immediately from the definition of a com-
pletely monotone function or, alternatively, from the representation formula in Theo-
rem 1.4.

If �j denotes the representing measure of fj , j D 1; 2, the convolution

�Œ0; u� WD �1 ? �2Œ0; u� WD
“
Œ0;1/�Œ0;1/

1Œ0;u�.s C t / �1.ds/�2.dt/

is the representing measure of the product f1f2. Indeed,Z
Œ0;1/

e��u �.du/ D

Z
Œ0;1/

Z
Œ0;1/

e��.sCt/ �1.ds/�2.dt/ D f1.�/f2.�/:

Write M WD ¹L� W � is a finite measure on Œ0;1/º. Theorem 1.4 shows that
M � CM � M . We are done if we can show that CM is closed under pointwise
convergence. For this choose a sequence .fn/n2N � CM such that limn!1 fn.�/ D
f .�/ exists for every � > 0. If �n denotes the representing measure of fn, we find
for every a > 0

�nŒ0; a� 6 ea�
Z
Œ0;a�

e��t �n.dt/ 6 ea�fn.�/
n!1
����! ea�f .�/

which means that the family of measures .�n/n2N is bounded in the vague topo-
logy, hence vaguely sequentially compact, see Appendix A.1. Thus, there exist a
subsequence .�nk /k2N and some measure � such that �nk ! � vaguely. For � 2
CcŒ0;1/ with 0 6 � 6 1, we findZ
Œ0;1/

�.t/e��t �.dt/ D lim
k!1

Z
Œ0;1/

�.t/e��t �nk .dt/ 6 lim inf
k!1

fnk .�/ D f .�/:

Taking the supremum over all such �, we can use monotone convergence to getZ
Œ0;1/

e��s �.dt/ 6 f .�/:

On the other hand, we find for each a > 0

fnk .�/ D

Z
Œ0;a/

e��t �nk .dt/C

Z
Œa;1/

e�
1
2�te�

1
2�t �nk .dt/

6
Z
Œ0;a/

e��t �nk .dt/C e
� 1

2�afnk

�
1
2
�

�
:

If we let k ! 1 and then a ! 1 along a sequence of continuity points of � we
get f .�/ 6

R
Œ0;1/ e

��t �.dt/ which shows that f 2 CM and that the measure � is
actually independent of the particular subsequence. In particular, � D limn!1 �n
vaguely in the space of measures supported in Œ0;1/.
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The seemingly innocuous closure assertion of Corollary 1.6 actually says that on
the set CM the notions of pointwise convergence, locally uniform convergence, and
even convergence in the space C1.0;1/ coincide. This situation reminds remotely
of the famous Montel’s theorem from the theory of analytic functions, see e.g. Beren-
stein and Gay [21, Theorem 2.2.8].

Corollary 1.7. Let .fn/n2N be a sequence of completely monotone functions such
that the limit limn!1 fn.�/ D f .�/ exists for all � 2 .0;1/. Then f 2 CM and
limn!1 f

.k/
n .�/ D f .k/.�/ for all k 2 N [ ¹0º locally uniformly in � 2 .0;1/.

Proof. From Corollary 1.6 we know already that f 2 CM. Moreover, we have seen
that the representing measures�n of fn converge vaguely in Œ0;1/ to the representing
measure � of f . By the differentiation lemma for parameter dependent integrals we
infer

f .k/n .�/ D .�1/k
Z
Œ0;1/

tk e��t �n.dt/

n!1
����! .�1/k

Z
Œ0;1/

tk e��t �.dt/ D f .k/.�/;

since t 7! tke��t is a function that vanishes at infinity, cf. (A.3) in Appendix A.1.
Finally, assume that j� � �j 6 ı for some ı > 0. Using the elementary estimate
je��t � e��t j 6 j� � �j t e�.�^�/t , �; �; t > 0, we conclude that for �; � > � and all
� > 0 ˇ̌

f .k/n .�/ � f .k/n .�/
ˇ̌
6
Z
.0;1/

ˇ̌
e��t � e��t

ˇ̌
tk �n.dt/

6 ı
Z
.0;1/

e�.�^�/t tkC1 �n.dt/

D ı
ˇ̌
f .kC1/
n .� ^ �/

ˇ̌
:

Using that limn!1 f
.kC1/
n .� ^ �/ D f .kC1/.� ^ �/, we find for sufficiently large

values of n ˇ̌
f .k/n .�/ � f .k/n .�/

ˇ̌
6 2ı sup


>�

ˇ̌
f .kC1/.
/

ˇ̌
:

This proves that the functions f .k/n are uniformly equicontinuous on Œ�;1/. There-
fore, the convergence limn!1 f

.k/
n .�/ D f .k/.�/ is locally uniform on Œ�;1/ for

every � > 0. Since � > 0 was arbitrary, we are done.

Remark 1.8. The representation formula for completely monotone functions given in
Theorem 1.4 has an interesting interpretation in connection with the Kreı̆n–Milman
theorem and the Choquet representation theorem. The set®

f 2 CM W f .0C/ D 1
¯
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is a basis of the convex cone CMb , and its extremal points are given by

et .�/ D e
��t ; 0 6 t <1; and e1.�/ D 1¹0º.�/;

see Phelps [234, Lemma 2.2], Lax [199, p. 139] or the proof of Theorem 4.8. These
extremal points are formally defined for � 2 Œ0;1/ with the understanding that
e1j.0;1/ � 0. Therefore, the representation formula from Theorem 1.4 becomes
a Choquet representation of the elements of CMb ,Z

Œ0;1/
e��t �.dt/ D

Z
Œ0;1�

e��t �.dt/; � 2 .0;1/:

In particular, the functions
et j.0;1/

are prime examples of completely monotone functions. Theorem 1.4 and Corol-
lary 1.6 tell us that every f 2 CM can be written as an ‘integral mixture’ of the
extremal CM-functions ¹et j.0;1/ W 0 6 t <1º.

It was pointed out in [256] that the conditions (1.4) are redundant. The following
proof of this fact is from [109].

Proposition 1.9. Let f W .0;1/ ! R be a C1 function such that f > 0, f 0 6 0
and .�1/nf .n/ > 0 for infinitely many n 2 N. Then f is a completely monotone
function.

Proof. Let n > 2 be such that .�1/nf .n/.�/ > 0 for all � > 0. By Taylor’s formula,
for every a > 0

f .�/ D

n�1X
kD0

f .k/.a/

kŠ
.� � a/k C .�1/n

Z �

a

.�1/nf .n/.s/
.n � 1/Š

.� � s/n�1 ds:

If n is even

f .�/ >
n�1X
kD0

f .k/.a/

kŠ
.� � a/k;

while for n odd

f .�/ 6
n�1X
kD0

f .k/.a/

kŠ
.� � a/k :

Dividing by .� � a/n�1, letting � ! 1, and by using that f .�/ is non-increasing,
we arrive at f .n�1/.a/ 6 0 in case n is even, and f .n�1/.a/ > 0 in case n is odd.
Thus, .�1/n�1f .n�1/.a/ > 0. It follows inductively that .�1/kf .k/.a/ > 0 for all
k D 0; 1; : : : ; n. Since n can be taken arbitrarily large, and a > 0 is arbitrary, the
proof is completed.
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Comments 1.10. Standard references for Laplace transforms include D. V. Widder’s monographs [289,
290] and Doetsch’s treatise [80]. For a modern point of view we refer to Berg and Forst [29] and Berg,
Christensen and Ressel [28]. The most comprehensive tables of Laplace transforms are the Bateman
manuscript project [91] and the tables by Prudnikov, Brychkov and Marichev [239].

The concept of complete monotonicity seems to go back to S. Bernstein [32] who studied functions
on an interval I � R having positive derivatives of all orders. If I D .�1; 0� this is, up to a change of
sign in the variable, complete monotonicity. In later papers, Bernstein refers to functions enjoying this
property as absolument monotone, see the appendix première note, [33, pt. IV, p. 190], and in [34] he
states and proves Theorem 1.4 for functions on the negative half-axis.

Following Schur (probably [258]), Hausdorff [123, p. 80] calls a sequence .�n/n2N total monoton—
the literal translation totally monotone is only rarely used, e.g. in Hardy [118]; the modern terminology
is completely monotone and appears for the first time in [287]—if all iterated differences .�1/k�k�n
are non-negative where ��n WD �nC1 � �n. Hausdorff focusses in [123, 124] on the moment prob-
lem: the �n are of the form

R
.0;1� t

n �.dt/ for some measure � on .0; 1� if, and only if, the sequence

.�n/n2N[¹0º is total monoton; moreover, he introduces the moment function �� WD
R
.0;1� t

� �.dt/

which he also calls total monoton. A simple change of variables .0; 1� 3 t  e�u; u 2 Œ0;1/, shows
that �� D

R
Œ0;1/ e

��u Q�.du/ for some suitable image measure Q� of �. This means that every moment
sequence gives rise to a unique completely monotone function. The converse is much easier sinceZ

Œ0;1/
e��u Q�.du/ D

1X
nD0

.�1/n�n

nŠ

Z
Œ0;1/

un Q�.du/:

Many historical comments can be found in the second part, pp. 29–44, of Ky Fan’s memoir [94]. For
an up-to-date survey we recommend the scholarly commentary by Chatterji [63] written for Hausdorff’s
collected works [125]. More general higher monotonicity properties of the type that f satisfies (1.4) only
for n 2 ¹0; 1; : : : ; N º, N 2 N [ ¹0º, were used by Hartman [119] in connection with Bessel functions
and solutions of second-order ordinary differential equations. Further applications of CM and related
functions to ordinary differential equations can be found, e.g. in Lorch et al. [204] and Mahajan and
Ross [207], see also the study by van Haeringen [282] and the references given there. The connection
between integral equations and CM are extensively covered in the monographs by Gripenberg et al. [112]
and Prüss [240].

A by-product of the proof of Proposition 1.2 is an example of a so-called real inversion formula for
Laplace transforms. Formula (1.3) is due to Dubourdieu [86] and Feller [98], see also Pollard [238] and
Widder [289, p. 295] and [290, Chapter 6]. Our presentation follows Feller [100, VII.6].

The proof of Bernstein’s theorem, Theorem 1.4, also contains a real inversion formula for the Laplace
transform: (1.8) coincides with the operator Lk;y.f .�// of Widder [290, p. 140] and, up to a constant,
also [289, p. 288]. Since the proof of Theorem 1.4 relies on a compactness argument using subsequences,
the weak limit fnk .t/ dt ! �.dt/ might depend on the actual subsequence .nk/k2N. If we combine
this argument with Proposition 1.2, we get at once that all subsequences lead to the same � and that,
therefore, the weak limit of the full sequence fn.t/ dt ! �.dt/ exists.

The representation (1.6) was also obtained in [87] in the following way: because of f .C1/ D
0 we can write f .�/ D

R1
� .�1/f 0.t1/ dt1. Since �f 0 is again completely monotone and satisfies

�f 0.C1/ D 0, the same argument proves that f .�/ D
R1
�

R1
t1
f 00.t2/ dt2 dt1. By induction, for

every n 2 N,

f .�/ D

Z 1
�

Z 1
t1

� � �

Z 1
tn�1

.�1/nf .n/.tn/ dtn � � � dt2 dt1:

The representation (1.6) follows by using Fubini’s theorem and reversing the order of integration. The
rest of the proof is now similar to our presentation.

It is possible to avoid the compactness argument in Theorem 1.4 and to give an ‘intuitionistic’ proof,
see van Herk [284, Theorem 33] who did this for the class S (denoted by ¹F º in [284]) of Stieltjes
functions which is contained in CM; his arguments work also for CM.
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A proof of Theorem 1.4 using Choquet’s theorem or the Kreı̆n–Milman theorem can be found in
Kendall [170], Meyer [214] or Choquet [69, 68]. A modern textbook version is contained in Lax [199,
Chapter 14.3, p. 138], Phelps [234, Chapter 2], Becker [19] and also in Theorem 4.8 below. Gneiting’s
short note [109] contains an example showing that one cannot weaken the Bernstein–Hausdorff–Widder
conditions beyond what is stated in Proposition 1.9.

There is a deep geometric connection between completely monotone functions and the problem when
a metric space can be embedded into a Hilbert space H. The basic result is due to Schoenberg [255]
who proves that a function f on Œ0;1/ with f .0/ D f .0C/ is completely monotone if, and only if,
� 7! f .j�j2/, � 2 Rd , is positive definite for all dimensions d > 0, cf. Theorem 12.14.



Chapter 2

Stieltjes functions

Stieltjes functions are a subclass of completely monotone functions. They will play a
central role in our study of complete Bernstein functions. In Theorem 7.3 we will see
that f is a Stieltjes function if, and only if, 1=f is a complete Bernstein function. This
allows us to study Stieltjes functions via the set of all complete Bernstein functions
which is the focus of this tract. Therefore we restrict ourselves to the definition and a
few fundamental properties of Stieltjes functions.

Definition 2.1. A (non-negative) Stieltjes function is a function f W .0;1/! Œ0;1/
which can be written in the form

f .�/ D
a

�
C b C

Z
.0;1/

1
�C t

�.dt/ (2.1)

where a; b > 0 are non-negative constants and � is a measure on .0;1/ such thatR
.0;1/.1C t /

�1�.dt/ <1. We denote the family of all Stieltjes functions by S.

The integral appearing in (2.1) is also called the Stieltjes transform of the mea-
sure � . Using the elementary relation .� C t /�1 D

R1
0 e�tue��u du and Fubini’s

theorem one sees that it is also a double Laplace transform. In view of the uniqueness
of the Laplace transform, see Proposition 1.2, a; b and � appearing in the represen-
tation (2.1) are uniquely determined by f . Since some authors consider measures �
on the compactification Œ0;1�, there is no marked difference between Stieltjes trans-
forms and Stieltjes functions in the sense of Definition 2.1.

It is sometimes useful to rewrite (2.1) in the following form

f .�/ D

Z
Œ0;1�

1C t
�C t

N�.dt/ (2.2)

where N� WD aı0C .1C t /�1�.dt/C bı1 is a finite measure on the compact interval
Œ0;1�.

Since for z D �C i� 2 C n .�1; 0� and t > 0ˇ̌̌̌
1

z C t

ˇ̌̌̌
D

1p
.�C t /2 C �2

�
1

t C 1
;

i.e. there exist two positive constants c1 < c2 (depending on � and �) such that

c1

t C 1
6

1p
.�C t /2 C �2

6
c2

t C 1
;
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we can use (2.2) to extend f 2 S uniquely to an analytic function on C n .�1; 0�.
Note that

Im z � Im
1

z C t
D Im z �

�Im z

jz C t j2
D �

.Im z/2

jz C t j2

which means that the mapping z 7! f .z/ swaps the upper and lower complex half-
planes. We will see in Corollary 7.4 below that this property is also sufficient to
characterize f 2 S.

Theorem 2.2. (i) Every f 2 S is of the form

f .�/ D L .a � dt I�/CL
�
b � ı0.dt/I�

�
CL

�
L .� I t / dt I�

�
for the measure � appearing in (2.1). In particular, S � CM and S consists of
all completely monotone functions having a representation measure with com-
pletely monotone density on .0;1/.

(ii) The set S is a convex cone: if f1; f2 2 S, then sf1 C tf2 2 S for all s; t > 0.

(iii) The set S is closed under pointwise limits: if .fn/n2N � S and if the limit
limn!1 fn.�/ D f .�/ exists for all � > 0, then f 2 S.

Proof. Since .�C t /�1 D
R1

0 e�.�Ct/u du, assertion (i) follows from (2.1) and Fu-
bini’s theorem; (ii) is obvious. For (iii) we argue as in the proof of Corollary 1.6:
assume that fn is given by (2.2) where we denote the representing measure by N�n D
anı0 C .1C t /�1�n.dt/C bnı1. Since

N�nŒ0;1� D fn.1/
n!1
����! f .1/ <1;

the family . N�n/n2N is uniformly bounded. By the Banach–Alaoglu theorem, Corol-
lary A.6, we conclude that . N�n/n2N has a weak* convergent subsequence . N�nk /k2N
such that N� WD vague- limk!1 N�nk is a bounded measure on the compact space
Œ0;1�. Since t 7! .1C t /=.�C t / is in C Œ0;1�, we get

f .�/ D lim
k!1

fnk .�/ D lim
k!1

Z
Œ0;1�

1C t
�C t

N�nk .dt/ D

Z
Œ0;1�

1C t
�C t

N�.dt/;

i.e. f 2 S. Since the limit limn!1 fn.�/ D f .�/ exists—independently of any
subsequence—and since the representing measure is uniquely determined by the func-
tion f , N� does not depend on any subsequence. In particular, � D limn!1 �n
vaguely in the space of measures supported in .0;1/.

Remark 2.3. Let f; fn 2 S, n 2 N, where we write a; b; � and an; bn; �n for the con-
stants and measures appearing in (2.1) and N�n; N� for the corresponding representation
measures from (2.2). If limn!1 fn.�/ D f .�/, the proof of Theorem 2.2 shows that

vague- lim
n!1

�n D � and vague- lim
n!1

N�n D N�:
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Combining this with the portmanteau theorem, Theorem A.7, it is possible to show
that

a D lim
�!0

lim inf
n!1

�
an C

Z
.0;�/

�n.dt/

1C t

�
and

b D lim
R!1

lim inf
n!1

�
bn C

Z
.R;1/

�n.dt/

1C t

�
I

in the above formulae we can replace lim infn by lim supn. We do not give the proof
here, but we refer to a similar situation for Bernstein functions which is worked out in
Corollary 3.8.

In general, it is not true that limn!1 an D a or limn!1 bn D b. This is easily
seen from the following examples: fn.�/ D ��1C1=n and fn.�/ D ��1=n.

Remark 2.4. Just as in the case of completely monotone functions, see Remark 1.8,
we can understand the representation formula (2.2) as a particular case of the Kreı̆n–
Milman or Choquet representation. The set®

f 2 S W f .1/ D 1
¯

is a basis of the convex cone S, and its extremal points are given by

e0.�/ D
1
�
; et .�/ D

1C t
�C t

; 0 < t <1; and e1.�/ D 1:

To see that the functions et , 0 6 t 61, are indeed extremal, note that the equality

et .�/ D �f .�/C .1 � �/g.�/; f; g 2 S;

and the uniqueness of the representing measures in (2.2) imply that

ıt D � N�f C .1 � �/ N�g

( N�f ; N�g are the representing measures) which is only possible if N�f D N�g D ıt .
Conversely, since every f 2 S is given by (2.2), the family ¹etºt2Œ0;1� contains all
extremal points. In particular,

1;
1
�
;

1
�C t

;
1C t
�C t

; t > 0;

are examples of Stieltjes functions and so are their integral mixtures, e.g.

�˛�1 .0 < ˛ < 1/;
1
p
�

arctan
1
p
�
;

1
�

log.1C �/
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which we obtain if we choose 1
�

sin.˛�/ t˛�1 dt , 1.0;1/.t/ dt2
p
t

or 1
t
1.1;1/.t/ dt as

the representing measures �.dt/ in (2.1).
The closure assertion of Theorem 2.2 says, in particular, that on the set S the notions

of pointwise convergence, locally uniform convergence, and even convergence in the
space C1 coincide, cf. also Corollary 1.7.

Comments 2.5. The Stieltjes transform appears for the first time in the famous papers [268, 269] where
T. J. Stieltjes investigates continued fractions in order to solve what we nowadays call the Stieltjes
Moment Problem. For an appreciation of Stieltjes’ achievements see the contributions of W. van Assche
and W. A. J. Luxemburg in [270, Vol. 1].

The name Stieltjes transform for the integral (2.1) was coined by Doetsch [79] and, independently,
Widder [288]. Earlier works, e.g. Perron [231], call

R
.�C t /�1 �.dt/ Stieltjes integral (German: Stielt-

jes’sches Integral) but terminology has changed since then. Sometimes the name Hilbert–Hankel trans-
form is also used in the literature, cf. Lax [199, p. 185]. A systematic account of the properties of the
Stieltjes transform is given in [289, Chapter VIII].

Stieltjes functions are discussed by van Herk [284] as class ¹F º in the wider context of moment
and complex interpolation problems, see also the Comments 6.12, 7.16. Van Herk uses the integral
representation Z

Œ0;1�

1
1 � s C sz

�.ds/

which can be transformed by the change of variables t D s�1 � 1 2 Œ0;1� for s 2 Œ0; 1� into the form
(2.2); N�.dt/ and �.ds/ are image measures under this transformation. Van Herk only observes that his
class ¹F º contains S, but comparing [284, Theorem 7.50] with our result (7.2) in Chapter 7 below shows
that ¹F º D S.

In his paper [135] F. Hirsch introduces Stieltjes transforms into potential theory and identifies S as
a convex cone operating on the abstract potentials, i.e. the densely defined inverses of the infinitesi-
mal generators of C0-semigroups. Hirsch establishes several properties of the cone S, which are later
extended by Berg [22, 23]. A presentation of this material from a potential theoretic point of view is
contained in the monograph [29, Chapter 14] by Berg and Forst, the connections to the moment problem
are surveyed in [25].

Theorem 2.2 appears in Hirsch [135, Proposition 1], but with a different proof.
In contrast to completely monotone functions, S is not closed under multiplication. This follows

easily since the (necessarily unique) representing measure of � 7! .� C a/�1.� C b/�1, 0 < a < b,
is .b � t /�1ıa.dt/ C .a � t /�1ıb.dt/ which is a signed measure. We will see in Proposition 7.10
that S is still logarithmically convex. It is known, see Hirschman and Widder [140, VII 7.4], that the
product

R
.0;1/.�C t /

�1�1.dt/
R
.0;1/.�C t /

�1�2.dt/ is of the form
R
.0;1/.�C t /

�2 �.dt/ for some
measure � . The latter integral is often called a generalized Stieltjes transform. The following related
result is due to Srivastava and Tuan [264]: if f 2 Lp.0;1/ and g 2 Lq.0;1/ with 1 < p; q <1 and
r�1 D p�1 C q�1 < 1, then there is some h 2 Lr .0;1/ such that L 2.f I�/L 2.gI�/ D L 2.hI�/

holds. Since

h.t/ D f .t/ � p.v.
Z 1

0

g.u/

u � t
duC g.t/ � p.v.

Z 1
0

f .u/

u � t
du;

h will, in general, change its sign even if f; g are non-negative.



Chapter 3

Bernstein functions

We are now ready to introduce the class of Bernstein functions which are closely
related to completely monotone functions. The notion of Bernstein functions goes
back to the potential theory school of A. Beurling and J. Deny and was subsequently
adopted by C. Berg and G. Forst [29], see also [25]. S. Bochner [50] calls them
completely monotone mappings (as opposed to completely monotone functions) and
probabilists still prefer the term Laplace exponents, see e.g. Bertoin [36, 38]; the
reason will become clear from Theorem 5.2.

Definition 3.1. A function f W .0;1/ ! R is a Bernstein function if f is of class
C1, f .�/ > 0 for all � > 0 and

.�1/n�1f .n/.�/ > 0 for all n 2 N and � > 0: (3.1)

The set of all Bernstein functions will be denoted by BF.

It is easy to see from the definition that, for example, the fractional powers � 7! �˛,
are Bernstein functions if, and only if, 0 6 ˛ 6 1.

The key to the next theorem is the observation that a non-negative C1-function
f W .0;1/! R is a Bernstein function if, and only if, f 0 is a completely monotone
function.

Theorem 3.2. A function f W .0;1/ ! R is a Bernstein function if, and only if, it
admits the representation

f .�/ D aC b�C

Z
.0;1/

.1 � e��t / �.dt/; (3.2)

where a; b > 0 and � is a measure on .0;1/ satisfying
R
.0;1/.1 ^ t / �.dt/ <1.

In particular, the triplet .a; b; �/ determines f uniquely and vice versa.

Remark 3.3. (i) The representing measure � and the characteristic triplet .a; b; �/
from (3.2) are often called the Lévy measure and the Lévy triplet of the Bernstein
function f . The formula (3.2) is called the Lévy–Khintchine representation of f .
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(ii) A useful variant of the representation formula (3.2) can be obtained by an appli-
cation of Fubini’s theorem. SinceZ

.0;1/
.1 � e��t / �.dt/ D

Z
.0;1/

Z
.0;t/

�e��s ds �.dt/

D

Z 1
0

Z
.s;1/

�e��s�.dt/ ds

D

Z 1
0

�e��s�.s;1/ ds

we get that any Bernstein function can be written in the form

f .�/ D aC b�C �

Z
.0;1/

e��sM.s/ ds (3.3)

where M.s/ D M�.s/ D �.s;1/ is a non-increasing, right-continuous function.
Integration by parts and the observation that

R1
0 se��s ds D ��2 and

R1
0 e��s ds D

��1 yield

f .�/ D �2
Z
.0;1/

e��s k.s/ ds D �2L .kI�/ (3.4)

with k.s/ D as C b C
R s

0 M.t/ dt , compare with Theorem 6.2(iii). Note that k is
positive, non-decreasing and concave.

(iii) The integrability condition
R
.0;1/.1 ^ t / �.dt/ < 1 ensures that the integral

in (3.2) converges for some, hence all, � > 0. This is immediately seen from the
convexity inequalities

t

1C t
6 1 � e�t 6 1 ^ t 6 2

t

1C t
; t > 0

and the fact that for � > 1 [respectively for 0 < � < 1] and all t > 0

1 ^ t 6 1 ^ .t�/ 6 �.1 ^ t /
�
respectively �.1 ^ t / 6 1 ^ .t�/ 6 1 ^ t

�
:

(iv) A useful consequence of the above estimate and the representation formula (3.2)
are the following formulae to calculate the coefficients a and b:

a D f .0C/ and b D lim
�!1

f .�/

�
:

The first formula is obvious while the second follows from (3.2) and the dominated
convergence theorem: 1 � e��t 6 1 ^ .�t/ and lim�!1.1 � e��t /=� D 0.
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(v) Formula (3.3) shows, in particular, thatZ 1

0
�.t;1/ dt D

Z 1

0
M.t/ dt <1: (3.5)

Since a non-increasing function which is integrable near zero is o.1=t/ as t ! 0, we
conclude from (3.5) that

lim
t!0C

t�.t;1/ D lim
t!0C

tM.t/ D 0: (3.6)

Proof of Theorem 3.2. Assume that f is a Bernstein function. Then f 0 is completely
monotone. According to Theorem 1.4, there exists a measure � on Œ0;1/ such that
for all � > 0

f 0.�/ D

Z
Œ0;1/

e��t�.dt/:

Let b WD �¹0º. Then

f .�/ � f .0C/ D
Z �

0
f 0.y/ dy D b�C

Z �

0

Z
.0;1/

e�yt �.dt/ dy

D b�C

Z
.0;1/

1 � e��t

t
�.dt/:

Write a WD f .0C/ and define �.dt/ WD t�1�j.0;1/.dt/. Then the calculation from
above shows that (3.2) is true. That a; b > 0 is obvious, and from the elementary
(convexity) estimate

.1 � e�1/.1 ^ t / 6 1 � e�t ; t > 0;

we inferZ
.0;1/

.1 ^ t / �.dt/ 6
e

e � 1

Z
.0;1/

.1 � e�t / �.dt/ D
e

e � 1
f .1/ <1:

Conversely, suppose that f is given by (3.2) with .a; b; �/ as in the statement of
the theorem. Since te��t 6 t ^ .e�/�1, we can apply the differentiation lemma
for parameter-dependent integrals for all � from Œ�; ��1� and all � > 0. Differentiat-
ing (3.2) under the integral sign yields

f 0.�/ D b C

Z
.0;1/

e��t t �.dt/ D

Z
Œ0;1/

e��t �.dt/;

where �.dt/ WD t�.dt/ C bı0.dt/. This formula shows that f 0 is a completely
monotone function. Therefore, f is a Bernstein function.

Because f .0C/ D a and because of the uniqueness assertion of Theorem 1.4 it is
clear that .a; b; �/ and f 2 BF are in one-to-one correspondence.
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The derivative of a Bernstein function is completely monotone. The converse is
only true, if the primitive of a completely monotone function is positive. This fails,
for example, for the completely monotone function ��2 whose primitive, ���1, is
not a Bernstein function. The next proposition characterizes the image of BF under
differentiation.

Proposition 3.4. Let g.�/ D b C
R
.0;1/ e

��t �.dt/ be a completely monotone func-
tion. It has a primitive f 2 BF if, and only if, the representing measure � satisfiesR
.0;1/.1C t /

�1 �.dt/ <1.

Proof. Assume that f is a Bernstein function given in the form (3.2). Then

f 0.�/ D b C

Z
.0;1/

e��t t �.dt/

is completely monotone and the measure �.dt/ WD t�.dt/ satisfiesZ
.0;1/

1
1C t

�.dt/ D

Z
.0;1/

t

1C t
�.dt/ 6

Z
.0;1/

.1 ^ t / �.dt/ <1:

Retracing the above steps reveals that
R
.0;1/.1 C t /

�1 �.dt/ < 1 is also sufficient
to guarantee that g.�/ WD b C

R
.0;1/ e

��t �.dt/ has a primitive which is a Bernstein
function.

Theorem 3.2 allows us to extend Bernstein functions onto the right complex half-
plane

�!
H WD ¹z 2 C W Re z > 0º.

Proposition 3.5. Every f 2 BF has an extension f W
�!
H !

�!
H which is continuous

for Re z > 0 and holomorphic for Re z > 0.

Proof. The function � 7! 1 � e��t appearing in (3.2) has a unique holomorphic
extension. If z D �C i� is such that � D Re z > 0 we get

j1 � e�zt j D
ˇ̌̌̌Z zt

0
e�� d�

ˇ̌̌̌
6 t jzj and j1 � e�zt j 6 1C je�zt j 6 2:

This means that (3.2) converges uniformly in z 2
�!
H and f .z/ is well defined and

holomorphic on
�!
H . Moreover,

Ref .z/ D aC bRe z C
Z
.0;1/

Re .1 � e�zt / �.dt/

D aC b�C

Z
.0;1/

�
1 � e��t cos.�t/

�
�.dt/

which is positive since � D Re z > 0 and 1 � e��t cos.�t/ > 1 � e��t > 0.
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Continuity up to the boundary follows from the estimate

jf .z/ � f .w/j 6 bjz � wj C
Z
.0;1/

je�wt � e�zt j�.dt/

6 bjz � wj C
Z
.0;1/

2 ^ .t jw � zj/ �.dt/

for all z; w 2
�!
H and the dominated convergence theorem.

The following structural characterization comes from Bochner [50, pp. 83–84]
where Bernstein functions are called completely monotone mappings.

Theorem 3.6. Let f be a positive function on .0;1/. Then the following assertions
are equivalent.

(i) f 2 BF.

(ii) g ı f 2 CM for every g 2 CM.

(iii) e�uf 2 CM for every u > 0.

Proof. The proof relies on the following formula for the n-th derivative of the com-
position h D g ı f due to Faa di Bruno [93], see also [111, formula 0.430]:

h.n/.�/ D
X

.m;i1;:::;i`/

nŠ

i1Š � � � i`Š
g.m/

�
f .�/

� Ỳ
jD1

 
f .j /.�/

j Š

!ij
(3.7)

where
P
.m;i1;:::;i`/

stands for summation over all ` 2 N and all i1; : : : ; i` 2 N [ ¹0º

such that
P`
jD1 j � ij D n and

P`
jD1 ij D m.

(i))(ii) Assume that f 2 BF and g 2 CM. Then h.�/ D g.f .�// > 0. Multiply
formula (3.7) by .�1/n and observe that n D mC

P`
jD1.j �1/ � ij . The assumptions

f 2 BF and g 2 CM guarantee that each term in the formula multiplied by .�1/n is
non-negative. This proves that h D g ı f 2 CM.

(ii))(iii) This follows from the fact that g.�/ WD gu.�/ WD e��u, u > 0, is
completely monotone.

(iii))(i) The series e�uf .�/ D
P1
jD0

.�1/juj
j Š

Œf .�/�j and all of its formal deriva-

tives (w.r.t. �) converge uniformly, so we can calculate dn

d�n
e�uf .�/ by termwise dif-

ferentiation. Since e�uf is completely monotone, we get

0 6 .�1/n
dn

d�n
e�uf .�/ D

1X
jD1

uj

j Š
.�1/nCj

dn

d�n

�
f .�/

�j
:

Dividing by u > 0 and letting u! 0 we see

0 6 .�1/nC1 d
n

d�n
f .�/:
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Theorems 3.2 and 3.6 have a few important consequences.

Corollary 3.7. (i) The set BF is a convex cone: if f1; f2 2 BF, then sf1Ctf2 2 BF

for all s; t > 0.

(ii) The set BF is closed under pointwise limits: if .fn/n2N � BF and if the limit
limn!1 fn.�/ D f .�/ exists for every � > 0, then f 2 BF.

(iii) The set BF is closed under composition: if f1; f2 2 BF, then f1 ı f2 2 BF. In
particular, � 7! f1.c�/ is in BF for any c > 0.

(iv) For all f 2 BF the function � 7! f .�/=� is in CM.

(v) f 2 BF is bounded if, and only if, in (3.2) b D 0 and �.0;1/ <1.

(vi) Let f1; f22BF and ˛; ˇ2.0; 1/ such that ˛Cˇ 6 1. Then � 7! f1.�
˛/f2.�

ˇ /

is again a Bernstein function.

Proof. (i) This follows immediately from Definition 3.1 or, alternatively, from the
representation formula (3.2).

(ii) For every u > 0 we know that e�ufn is a completely monotone function and
that e�uf .�/ D limn!1 e�ufn.�/. Since CM is closed under pointwise limits, cf.
Corollary 1.6, e�uf is completely monotone and f 2 BF.

(iii) Let f1; f2 2 BF. For any g 2 CM we use the implication (i))(ii) of The-
orem 3.6 to get g ı f1 2 CM, and then g ı .f1 ı f2/ D .g ı f1/ ı f2 2 CM. The
converse direction (ii))(i) of Theorem 3.6 shows that f1 ı f2 2 BF.

(iv) Note that .1 � e��t /=� D
R 1

0 e
��s ds is completely monotone. Therefore,

f .�/

�
D
a

�
C b C

Z
.0;1/

1 � e��t

�
�.dt/

is the limit of linear combinations of completely monotone functions which is, by
Corollary 1.6, completely monotone.

(v) That b D 0 and �.0;1/ < 1 imply the boundedness of f is clear from the
representation (3.2). Conversely, if f is bounded, b D 0 follows from Remark 3.3(iv),
and �.0;1/ <1 follows from (3.2) and Fatou’s lemma.

(vi) We know that the fractional powers � 7! �˛, 0 6 ˛ 6 1, are Bernstein
functions. Since h.�/ WD f1.�

˛/f2.�
ˇ / is positive, it is enough to show that the

derivative h0 is completely monotone. We have

h0.�/ D f̨ 01 .�
˛/�˛�1f2.�

ˇ /C f̌ 02 .�
ˇ /�ˇ�1f1.�

˛/

D �˛Cˇ�1

 
f̨ 01 .�

˛/
f2.�

ˇ /

�ˇ
C f̌ 02 .�

ˇ /
f1.�

˛/

�˛

!
:

Note that f 01 .�/; f
0

2 .�/ and, by part (iv), ��1f1.�/; �
�1f2.�/ are completely mono-

tone. By Theorem 3.6(ii) the functions f 01 .�
˛/; f 02 .�

ˇ /; f1.�
˛/=�˛ and f2.�

ˇ /=�ˇ
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are again completely monotone. Since ˛ C ˇ 6 1, � 7! �˛Cˇ�1 is completely
monotone. As sums and products of completely monotone functions are in CM, see
Corollary 1.6, h0 is completely monotone.

Just as for completely monotone functions, the closure assertion of Corollary 3.7
says that on the set BF the notions of pointwise convergence, locally uniform conver-
gence, and even convergence in the space C1 coincide.

Corollary 3.8. Let .fn/n2N be a sequence of Bernstein functions such that the limit
limn!1 fn.�/ D f .�/ exists for all � 2 .0;1/. Then f 2 BF and for all k 2 N [
¹0º the convergence limn!1 f

.k/
n .�/ D f .k/.�/ is locally uniform in � 2 .0;1/.

If .an; bn; �n/ and .a; b; �/ are the Lévy triplets for fn and f , respectively, see
(3.2), we have

lim
n!1

�n D � vaguely in .0;1/;

and

a D lim
R!1

lim inf
n!1

�
an C �nŒR;1/

�
; b D lim

�!0
lim inf
n!1

�
bn C

Z
.0;�/

t �n.dt/

�
:

In both formulae we may replace lim infn by lim supn.

Proof. From Corollary 3.7(ii) we know that f 2 BF. Obviously, limn!1 e�fn D
e�f ; by Theorem 3.6, the functions e�fn ; e�f are completely monotone and we can
use Corollary 1.7 to conclude that

e�fn
n!1
����! e�f and .�f 0n/ e

�fn
n!1
����! .�f 0/ e�f

locally uniformly on .0;1/. In particular, limn!1 f 0n.�/ D f 0.�/ for each � 2
.0;1/. Again by Corollary 1.7 and the complete monotonicity of f 0n; f

0 we see that
for k > 1 the derivatives f .k/n converge locally uniformly to f .k/. By the mean value
theorem,

jfn.�/ � f .�/j D j log e�f .�/ � log e�fn.�/j 6 C je�f .�/ � e�fn.�/j

with C 6 ef .�/Cfn.�/. The locally uniform convergence of e�fn ensures that C is
bounded for n 2 N and � from compact sets in .0;1/; this proves locally uniform
convergence of fn to f on .0;1/.

Differentiating the representation formula (3.2) we get

f 0n.�/ D bn C

Z
.0;1/

t e��t �n.dt/ D

Z
Œ0;1/

e��t
�
bnı0.dt/C t �n.dt/

�
;

implying that bnı0.dt/Ct �n.dt/ converge vaguely to bı0.dt/Ct �.dt/. This proves
at once that �n ! � vaguely on .0;1/ as n!1.
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Since bnı0.dt/C t �n.dt/ converge vaguely to bı0.dt/C t �.dt/, we can use the
portmanteau theorem, Theorem A.7, to conclude that

lim
n!1

�
bn C

Z
.0;�/

t �n.dt/

�
D b C

Z
.0;�/

t �.dt/

at all continuity points � > 0 of �. If �j > 0 is a sequence of continuity points of �
such that �j ! 0, we get

b D lim
j!1

lim
n!1

�
bn C

Z
.0;�j /

t �n.dt/

�
:

For a sequence of arbitrary �j ! 0 we find continuity points ıj ; �j , j 2 N, of � such
that 0 < ıj 6 �j 6 �j and ıj ; �j ! 0. Thus,

bn C

Z
.0;ıj /

t �n.dt/ 6 bn C
Z
.0;�j /

t �n.dt/ 6 bn C
Z
.0;�j /

t �n.dt/;

and we conclude that

lim
j!1

lim
n!1

�
bn C

Z
.0;ıj /

t �n.dt/

�
6 lim
j!1

lim inf
n!1

�
bn C

Z
.0;�j /

t �n.dt/

�
6 lim
j!1

lim sup
n!1

�
bn C

Z
.0;�j /

t �n.dt/

�
6 lim
j!1

lim
n!1

�
bn C

Z
.0;�j /

t �n.dt/

�
:

Since both sides of the inequality coincide, the claim follows.
Using a D f .0C/ we find for each R > 1

a D lim
�!0

f .�/

D lim
�!0

lim
n!1

fn.�/

D lim
�!0

lim
n!1

�
an C bn� C

Z
.0;1/

.1 � e��t / �n.dt/
�

D lim
�!0

lim
n!1

�
an C

Z
ŒR;1/

.1 � e��t / �n.dt/C bn� C
Z
.0;R/

.1 � e��t / �n.dt/
�
:

From the convexity estimate

.1 � e�1/.1 ^ t / 6 .1 � e�t /; t > 0;

we obtain

.1 � e��t /1.0;R/.t/ 6 �t 1.0;R/.t/ 6 �.t ^R/ 6 �R.1 ^ t / 6 �R
.1 � e�t /
.1 � e�1/
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so that

bn� C

Z
.0;R/

.1 � e��t / �n.dt/ 6 bn� C
�R

.1 � e�1/

Z
.0;R/

.1 � e�t / �n.dt/

6
�R

.1 � e�1/
fn.1/:

Since limn!1 fn.1/ D f .1/, we get

a D lim
�!0

lim
n!1

�
an C

Z
ŒR;1/

.1 � e��t / �n.dt/
�
:

For any continuity point R > 1 of �, we have by vague convergence

lim
n!1

Z
ŒR;1/

e��t �n.dt/ D

Z
ŒR;1/

e��t �.dt/
�!0
���! �ŒR;1/

R!1
����! 0:

Letting R!1 through a sequence of continuity points Rj , j 2 N, of � we get

a D lim
j!1

lim
n!1

�
an C �nŒRj ;1/

�
:

That we do not need to restrict ourselves to continuity pointsRj follows with a similar
argument as for the coefficient b.

Example 3.9. The proof of Corollary 3.8 shows that the vague limit� does not capture
the accumulation of mass at � D 0 and � D 1 of the �n as n ! 1. These effects
can cause the appearance of a > 0 and b > 0 in the Lévy triplet of the limiting
function f , even if an D bn D 0 for all functions fn. Here are two extreme cases:

fn.�/ D n.1 � e��=n/
n!1
����! � D f .�/;

i.e. .an; bn; �n/ D .0; 0; nı1=n/ and .a; b; �/ D .0; 1; 0/, and

fn.�/ D 1 � e�n�
n!1
����! 1 D f .�/

where .an; bn; �n/ D .0; 0; ın/ and .a; b; �/ D .1; 0; 0/.

There is a one-to-one correspondence between bounded Bernstein functions and
bounded completely monotone functions.

Proposition 3.10. If g 2 CM is bounded, then g.0C/ � g 2 BF. Conversely, if
f 2 BF is bounded, there exist some constant c > 0 and some bounded g 2 CM,
lim�!1 g.�/ D 0, such that f D c � g. The constant can be chosen to be c D
f .0C/C g.0C/.
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Proof. Assume that g D L� 2 CM is bounded. This means that �.0;1/ D
g.0C/ D sup�>0 g.�/ < 1. Hence, f .�/ WD g.0C/ � g.�/ D

R
.0;1/.1 �

e��t / �.dt/ is a bounded Bernstein function.
Conversely, if f 2 BF is bounded, f .�/ D a C

R
.0;1/.1 � e

��t /�.dt/ for some
bounded measure�, cf. Corollary 3.7. Thus f .�/ D c�g.�/where g.�/ D L .�I�/

is completely monotone, lim�!1 g.�/ D 0 and c D a C �.0;1/ D f .0C/ C
g.0C/ > 0.

Remark 3.11. Just as in the case of completely monotone functions, see Remark 1.8,
we can understand the representation formula (3.2) as a particular case of a Kreı̆n–
Milman or Choquet representation. The set²

f 2 BF W

Z
.0;1/

f .�/e�� d� D 1
³

is a basis of the convex cone BF, and its extremal points are given by

e0.�/ D �; et .�/ D
1C t
t

.1 � e��t /; 0 < t <1; and e1.�/ D 1;

see Harzallah [122] or [251, Satz 2.9]. These functions are, of course, examples
and building blocks for all Bernstein functions: every f 2 BF can be written as an
‘integral mixture’ of the above extremal Bernstein functions. If we choose �.dt/ D
˛=�.1 � ˛/ t�1�˛ dt , ˛ 2 .0; 1/, �.dt/ D e�t , or �.dt/ D t�1e�t we see that the
functions

�˛ .0 < ˛ < 1/; or
�

1C �
or log.1C �/

are Bernstein functions.
Comments 3.12. The name Bernstein function is not universally accepted in the literature. It originated
in the potential theory school of A. Beurling and J. Deny, but the name as such does not appear in Beur-
ling’s or Deny’s papers. The earliest mentioning of Bernstein functions as well as a nice presentation of
their properties is Faraut [95]. Bochner [50] calls Bernstein functions completely monotone mappings
but this notion was only adopted in the 1959 paper by Woll [292]. Other names include inner transfor-
mations of CM (Schoenberg [255]), Laplace or subordinator exponents (Bertoin [36, 38]), log-Laplace
transforms or positive functions with completely monotone derivative (Feller [100]).

Bochner pointed out the importance of Bernstein functions already in [49] and [50]; he defines them
through the equivalent property (ii) of Theorem 3.6. The equivalence of (i) and (ii) in Theorem 3.6
is already present in Schoenberg’s paper [255, Theorem 8]; Schoenberg defines Bernstein functions
as primitives of completely monotone functions and calls them inner transformations (of completely
monotone functions); his notation is T for the class BF. Many properties as well as higher-dimensional
analogues are given in [50, Chapter 4]. In particular, Theorems 3.2 and 3.6 can already be found there.
An up-to-date account is given in the books by Berg and Forst [29, Chapter 9] (based on [95]) and Berg,
Christensen and Ressel [28]. One can understand (3.2) as a Lévy–Khintchine formula for the semigroup
.Œ0;1/;C/. This justifies the name Lévy measure and Lévy triplet for � and .a; b; �/, respectively; this
point of view is taken in [28]. The representation (3.4) is taken from Prüss [240, Chapter I.4.1] who
calls the functions k.s/ (of the type needed in (3.4), i.e. positive, non-decreasing and concave) creep
functions. The characterization of Bernstein functions using Choquet’s representation is due to Harzallah
[120, 121, 122], a slightly different version is given in [251], reprinted in [157, Theorem 3.9.20].



Chapter 4

Positive and negative definite functions

Positive and negative definite functions appear naturally in connection with Fourier
analysis and potential theory. In this chapter we will see that (bounded) completely
monotone functions correspond to continuous positive definite functions on .0;1/
and that Bernstein functions correspond to continuous negative definite functions on
the half-line. OnRd the notion of positive definiteness is familiar to most readers; for
our purposes it is useful to adopt a more abstract point of view which includes both
settings, Rd and the half-line Œ0;1/.

An abelian semigroup with involution .S;C;�/ is a nonempty set equipped with a
commutative and associative addition C, a zero element 0 and a mapping � W S ! S

called involution, satisfying

(a) .s C t /� D s� C t� for all s; t 2 S ;

(b) .s�/� D s for all s 2 S .

We are mainly interested in the semigroups .Œ0;1/;C/ and .Rd ;C/ where ‘C’ is
the usual addition; the respective involutions are the identity mapping s 7! s in Œ0;1/
and the reflection at the origin � 7! �� in Rd . We will only develop those parts of
the theory that allow us to characterize CM and BF as positive and negative definite
functions on the half-line. Good expositions of the general case are the monographs
by Berg, Christensen, Ressel [28] (for semigroups) and Berg, Forst [29] (for abelian
groups).

Definition 4.1. A function f W S ! C is positive definite if

nX
j;kD1

f .sj C s
�
k / cj Nck > 0 (4.1)

holds for all n 2 N, all s1; : : : ; sn 2 S and all c1; : : : ; cn 2 C.

We need some simple properties of positive definite functions.

Lemma 4.2. Let f W S ! C be positive definite. Then f .s C s�/ > 0 for all s 2 S
and f is hermitian, i.e. f .s�/ D f .s/. In particular, f .0/ > 0.

Lemma 4.2 shows also that positive definite functions on Œ0;1/ are non-negative:
f > 0.
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Proof of Lemma 4.2. That f .s C s�/ > 0 follows immediately from (4.1) if we take
n D 1 and s1 D s; f .0/ > 0 is now obvious.

Again by (4.1) we see that the matrix .f .sj C s�k // is (non-negative definite) her-
mitian. Thus we find with n D 2 and s1 D 0, s2 D s that�

f .0/ f .s/

f .s�/ f .s C s�/

�
D

�
f .0/ f .s�/

f .s/ f .s C s�/

�>
D

�
f .0/ f .s�/

f .s/ f .s C s�/

�
:

Comparing the entries of the matrices we conclude that f .s�/ D f .s/.

Definition 4.3. A function f W S ! C is negative definite if it is hermitian, i.e.
f .s�/ D f .s/, and if

nX
j;kD1

�
f .sj /C f .sk/ � f .sj C s

�
k /
�
cj Nck > 0 (4.2)

holds for all n 2 N, all s1; : : : ; sn 2 S and all c1; : : : ; cn 2 C.

Note that ‘f is negative definite’ does not mean that ‘�f is positive definite’. The
connection between those two concepts is given in the following proposition.

Proposition 4.4 (Schoenberg). For a function f W S ! C the following assertions
are equivalent.

(i) f is negative definite.

(ii) f .0/ > 0, f .s�/ D f .s/ and �f is conditionally positive definite, i.e. for all
n 2 N, all s1; : : : ; sn 2 S and all c1; : : : ; cn 2 C satisfying

Pn
jD1 cj D 0 one

has
nX

j;kD1

f .sj C s
�
k / cj Nck 6 0: (4.3)

(iii) f .0/ > 0 and s 7! e�tf .s/ is positive definite for all t > 0.

Proof. (i))(iii) The Schur (or Hadamard) product of two n � n matrices A D .ajk/
and B D .bjk/ is the n � n matrix C with entries ajkbjk .

IfA;B are non-negative definite hermitian matrices, thenC is non-negative definite
hermitian. Indeed, writing B D PP � where P D .pjk/ 2 C

n�n and P � is the
adjoint matrix of P , we have

bjk D

nX
`D1

pj` Npk`:
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For every choice of c1; : : : ; cn 2 C we get

nX
j;kD1

ajkbjk cj Nck D

nX
`D1

"
nX

j;kD1

ajk .pj`cj /.pk`ck/

#
> 0:

In particular, if .ajk/ is a non-negative definite hermitian matrix, so is .exp.ajk//.
If we apply this to the non-negative definite hermitian matrices�

f .sj /C f .sk/ � f .sj C s
�
k /
�
j;kD1;:::;n; n 2 N; s1; : : : ; sn 2 C;

we conclude that �
exp

�
f .sj /C f .sk/ � f .sj C s

�
k /
��
j;kD1;:::;n

is a non-negative definite hermitian matrix. This implies that for all c1; : : : ; cn 2 C

nX
j;kD1

e�f .sjCs
�
k
/ cj Nck D

nX
j;kD1

ef .sj /Cf .sk/�f .sjCs
�
k
/ e�f .sj /e�f .sk/ cj Nck

D

nX
j;kD1

ef .sj /Cf .sk/�f .sjCs
�
k
/ 
j N
k > 0;

where 
j WD cj e
�f .sj / 2 C. This proves that e�f is positive definite. Replacing f

by tf , t > 0, the same argument shows that e�tf is positive definite.
That f .0/ > 0 follows directly from the definition if we take n D 1, s1 D 0 and

c1 D 1.
(iii))(ii) Let n 2 N, s1; : : : ; sn 2 S and c1; : : : ; cn 2 C with

Pn
jD1 cj D 0.

Because of (iii) we see that for all t > 0

nX
j;kD1

1
t

�
1 � e�tf .sjCs

�
k
/
�
cj Nck D �

nX
j;kD1

1
t
e�tf .sjCs

�
k
/ cj Nck 6 0:

Letting t ! 0 we obtain

nX
j;kD1

f .sj C s
�
k / cj Nck 6 0:

By Lemma 4.2, the functions e�tf are hermitian and so is f D limt!0.1� e�tf /=t .
(ii))(i) We use (4.3) with n C 1 instead of n and for 0; s1; : : : ; sn 2 S and

c; c1; : : : ; cn 2 C where c D �
Pn
kD1 ck . Then

f .0/jcj2 C
nX
jD1

f .sj / cj Nc C

nX
jD1

f .s�j / c Ncj C

nX
j;kD1

f .sj C s
�
k / cj Nck 6 0:
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Using the fact that f .s�j / D f .sj / and inserting the definition of c, we can rewrite
this expression and find

nX
j;kD1

�
f .sj /C f .sk/ � f .sj C s

�
k /
�
cj Nck > f .0/jcj2 > 0:

We will now characterize the bounded continuous positive definite and continuous
negative definite functions on the semigroup .Œ0;1/;C/ with involution �� D �; it
will turn out that these functions coincide with the families CMb and BF, respectively.
Since we are working on the closed half-line Œ0;1/, it is useful to extend f 2 CMb

or f 2 BF continuously to Œ0;1/. Because of the monotonicity of f this can be
achieved by

f .0/ WD f .0C/ D lim
�!0

f .�/:

Note that this extension is unique and that, for a completely monotone function f ,
f .0C/ < 1 if, and only if, f is bounded. Throughout this chapter we will tacitly
use this extension whenever necessary.

Lemma 4.5. Let f 2 CMb . Then f is positive definite in the sense of Definition 4.1.

Proof. From Theorem 1.4 we know that f 2 CMb is the Laplace transform of a finite
measure � on Œ0;1/. Therefore, we find for all n 2 N, all �1; : : : ; �n 2 Œ0;1/ and
all c1; : : : ; cn 2 C

nX
j;kD1

f .�j C �k/cj Nck D

nX
j;kD1

�Z
Œ0;1/

e��j te��kt �.dt/

�
cj Nck

D

Z
Œ0;1/

 
nX

j;kD1

e��j tcj e��ktck

!
�.dt/

D

Z
Œ0;1/

ˇ̌̌̌ nX
jD1

e��j tcj

ˇ̌̌̌2
�.dt/ > 0:

Corollary 4.6. Let f 2 BF. Then f is negative definite in the sense of Definition 4.3.

Proof. Let f 2 BF. From Theorem 3.6 we know that e�tf 2 CM for all t > 0.
Since e�tf is bounded, we can use Lemma 4.5 to infer that (the unique extensions of)
the functions e�tf , t > 0, are positive definite, and we conclude with Proposition 4.4
that (the unique extension of) f is negative definite.

We write �af .�/ WD f .� C a/ � f .�/ for the difference of step a > 0. The
iterated differences of step sizes aj > 0, j D 1; : : : ; n, are defined by

�an : : : �a1f WD �an.�an�1 : : : �a1f /:



4 Positive and negative definite functions 29

Theorem 4.7. Every bounded continuous positive definite function f on .Œ0;1/;C/
satisfies

.�1/n�an � � ��a1f > 0 for all n 2 N; a1; : : : ; an > 0: (4.4)

Proof. Assume that f is positive definite. Then f > 0. Taking n D 2 in (4.1) we see
that the matrix �

f .2�/ f .�C a/

f .�C a/ f .2a/

�
; �; a > 0;

is positive definite. Therefore its determinant is non-negative which implies

f .�C a/ 6
p
f .2�/ f .2a/; �; a > 0: (4.5)

Applying (4.5) repeatedly, we arrive at

f .�/ 6 f 1=2.0/ f 1=2.2�/ 6 f 3=4.0/ f 1=4.4�/ 6 � � � 6 f 1�2�n.0/ f 2�n.2n�/:

Since f is bounded, we can take the limit n!1 to get

f .�/ 6 f .0/; � > 0:

For N 2 N, c1; : : : ; cN 2 C and �1; : : : ; �N > 0 we introduce an auxiliary func-
tion

F.a/ WD

NX
`;mD1

f .aC �` C �m/ c` Ncm:

For all choices of n 2 N, b1; : : : ; bn 2 R and a1; : : : ; an > 0 we find

nX
j;kD1

F.aj C ak/ bj Nbk D

nX
j;kD1

NX
`;mD1

f .aj C ak C �` C �m/ bj Nbkc` Ncm

D

X
.j;`/;.k;m/

f
�
.aj C �`/C .ak C �m/

�
.bj c`/.bkcm/ > 0:

This proves that F is positive definite. Since f is bounded and continuous, so is F ,
and we conclude, as above, that F.a/ 6 F.0/. This amounts to saying that

NX
`;mD1

�
f .�` C �m/ � f .aC �` C �m/

�
cj Ncm > 0;

i.e. the function ��af is continuous and positive definite.
Repeating the above argument shows that .�1/n�an : : : �a1f is continuous and

positive definite for all n 2 N and a1; : : : ; an > 0.

Theorem 4.8 (Bernstein). For a measurable function f W .0;1/ ! R the following
conditions are equivalent.
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(i) f > 0 and .�1/n�an : : : �a1f > 0 for all n 2 N and a1; : : : ; an > 0.

(ii) There exists a non-negative measure � on Œ0;1/ such that

f .�/ D

Z
Œ0;1/

e��t �.dt/:

(iii) f is infinitely often differentiable and .�1/nf .n/ > 0 for all n 2 N.

Proof. (i))(ii) Denote by B.0;1/ the real-valued Borel measurable functions on
.0;1/. Then

C WD
®
f 2 B.0;1/ W f > 0 and .�1/n�an : : : �a1f > 0

for all n 2 N and a1; : : : ; an > 0
¯

is a convex cone. If we equip B.0;1/ with the topology of pointwise convergence,
its topological dual separates points. Since every f 2 C is non-increasing and non-
negative, the limit f .0C/ exists, and f is bounded if, and only if, f .0C/ <1.

For f 2 C the second differences are non-negative; in particular �a�af > 0
which we may rewrite as

f .�/C f .�C 2a/ > 2f .�C a/; �; a > 0:

This means that f is mid-point convex. Since f jŒc;d� is finite on every compact
interval Œc; d � � .0;1/, we conclude that f j.c;d/ is continuous for all d > c > 0,
i.e. f is continuous, see for example Donoghue [83, pp. 12–13].

Define K WD ¹f 2 C W f .0C/ D 1º; this is a closed subset of C. Since it is
contained in the set Œ0; 1�.0;1/ \B.0;1/ which is, by Tychonov’s theorem, compact
under pointwise convergence, it is also compact. Moreover, K is a basis of the cone
Cb since for every f 2 Cb the normalized function f=f .0C/ 2 K.

Now the Kreı̆n–Milman theorem applies and shows that K is the closed convex hull
of its extreme points. For f 2 Cb we write

f .�/ D f .�C a/C
�
f .�/ � f .�C a/

�
D f .�C a/C .�1/�af .�/:

It follows directly from the definition of the set C that f .� C a/ and ��af are again
in Cb . Thus, if f 2 K is extremal, both functions must be multiples of f . In particu-
lar,

f .�C a/ D c.a/f .�/; � > 0; a > 0:

Letting �! 0 we see that f .a/ D c.a/.
Since f .0C/ D 1 and since f is continuous, all solutions of the functional equation

f .�C a/ D f .a/f .�/ are of the form f .�/ D et .�/ D e
�t� where t 2 Œ0;1/. This

means that the extreme points of K are contained in the set ¹et W t > 0º. Since K is
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the closed convex hull of its extreme points, we conclude that there exists a measure
� supported in Œ0;1/ such that �Œ0;1/ D 1 and

f .�/ D

Z
Œ0;1/

e��t �.dt/; f 2 K:

This proves (ii) for f 2 Cb . By the uniqueness of the Laplace transform, see Propo-
sition 1.2, the representing measure � is unique.

If f 2 C is not bounded, we argue as in the proof of Theorem 1.4. In this case,
fa.�/ WD f .�C a/ is in Cb , and we find

f .�C a/ D

Z
Œ0;1/

e��t �a.dt/ for all a > 0:

By the uniqueness of the representation, it is easy to see that the measure eat�a.dt/
does not depend on a > 0. Writing �.dt/ for eat�a.dt/, we get the representation
claimed in (ii) for all f 2 Cb .

(ii))(iii) This is a simple application of the dominated convergence theorem, see
for example the second part of the proof of Theorem 1.4.

(iii))(i) By the mean value theorem we have for all a > 0

.�1/�af .�/ D f .�/ � f .�C a/ D �af 0.�C �a/; � 2 .0; 1/;

hence .�1/�af > 0. Iterating this argument yields

.�1/n�an : : : �a1f .�/ D .�1/na1 � � � an f
.n/.�C �1a1 C � � � C �nan/

for suitable values of �1; : : : ; �n 2 .0; 1/. This proves (i).

Corollary 4.9. The family CMb and the family of bounded continuous positive definite
functions on .Œ0;1/;C/ coincide.

Proof. From Lemma 4.5 we know already that (the extension of) every f 2 CMb

is positive definite. Conversely, if f is continuous and positive definite, Theorem
4.8 shows that f j.0;1/ is completely monotone. Since f is continuous, f .0C/ D
f .0/ < 1 which implies the boundedness of f , because f is non-increasing and
non-negative on .0;1/.

Corollary 4.10. The family BF and the family of continuous negative definite func-
tions on .Œ0;1/;C/ coincide.

Proof. Lemma 4.6 shows that (the extension of) every f 2 BF is negative definite.
Now let f be continuous and negative definite. Thus, for every t > 0 the (extension
of the) function e�tf is bounded, continuous and positive definite; by Corollary 4.9 it
is in CMb , and by Theorem 3.6 we get f 2 BF.
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Let us briefly review the notion of positive and negative definiteness on the group
.Rd ;C/. Our standard reference is the monograph [29] by Berg and Forst.

On Rd the involution is given by �� D ��, � 2 Rd . This means that f is positive
definite (in the sense of Bochner) if

nX
j;kD1

f .�j � �k/ cj Nck > 0; (4.6)

and negative definite (in the sense of Schoenberg) if

nX
j;kD1

�
f .�j /C f .�k/ � f .�j � �k/

�
cj Nck > 0 (4.7)

hold for all n 2 N, �1; : : : ; �n 2 R
d and c1; : : : ; cn 2 C.

TheRd -analogue of Lemma 4.5 and Corollary 4.9 is known as Bochner’s theorem.

Theorem 4.11 (Bochner). A function � W Rd ! C is continuous and positive definite
if, and only if, it is the Fourier transform of a finite measure � on Rd ,

�.�/ D b�.�/ D Z
Rd
eix� �.dx/; � 2 Rd :

The measure � is uniquely determined by �, and vice versa.

Lemma 4.6 and Corollary 4.10 become onRd the Lévy–Khintchine representation.

Theorem 4.12 (Lévy; Khintchine). A function  W Rd ! C is continuous and nega-
tive definite if, and only if, there exist a number ˛ > 0, a vector ˇ 2 Rd , a symmetric
and positive semi-definite matrix Q 2 Rd�d and a measure � on Rd n ¹0º satisfyingR
y¤0.1 ^ jyj

2/ �.dy/ <1 such that

 .�/ D ˛ C iˇ � � C
1
2
� �Q� C

Z
y¤0

�
1 � ei��y C

i� � y

1C jyj2

�
�.dy/: (4.8)

The quadruple .˛; ˇ;Q; �/ is uniquely determined by  , and vice versa.

Comments 4.13. Standard references for positive and negative definite functions are the monographs
[28] by Berg, Christensen and Ressel and [29] by Berg and Forst. For a more probabilistic presentation
we refer to Dellacherie and Meyer [77, Chapter X].

The natural notion of positive and negative definiteness of a (finite-dimensional) matrix was extended
to functions by Mercer [213]. A function (or kernel) of positive type is a continuous and symmetric
function � W Œa; b� � Œa; b�! R satisfyingZ b

a

Z b

a
�.s; t/ �.s/�.t/ ds dt > 0 for all � 2 C Œa; b�:

This condition is originally due to Hilbert [132] who refers to it as Definitheit (definiteness). It is
shown in [213] that this is equivalent to saying that for all n 2 N and s1; : : : ; sn 2 R the matrices
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.�.sj ; sk// are non-negative definite hermitian, which is in accordance with Definition 4.1. Mercer
says that � is of negative type if �� is of positive type. Note that this does not match our definition
of negative definiteness which appears first in Schoenberg [255] and, independently, in Beurling [41];
the name negative definite was first used by Beurling [42] in connection with bounded negative definite
functions—these are all of the form c � f where f is positive definite and c is a constant c > f .0/, see
e.g. [29, 7.11–7.13]—while Definition 4.3 seems to appear first in Beurling and Deny [43].

The notion of a positive definite function was introduced by Mathias [210] and further developed
by Bochner [48, Chapter IV.20] culminating in his characterization of all positive definite functions,
Theorem 4.11.

Note that, in general, a negative definite function is not the negative of a positive definite function—
and vice versa. In order to avoid any confusion, many authors nowadays use ‘positive definite (in the
sense of Bochner)’ and ‘negative definite (in the sense of Schoenberg)’.

The abstract framework of positive (and negative) definiteness on semigroups is due to Ressel [243]
and Berg, Christensen and Ressel [27]. Ressel observes that positive definiteness (in a semigroup sense)
establishes the connection between two seemingly different topics: Fourier transforms and Bochner’s
theorem on the one hand and, on the other, Laplace transforms, completely monotone functions and
Bernstein’s theorem. Note that in the case of abelian groups there are always two choices for involutions:
s� WD �s, which is natural for groups, and s� D s which is natural for semigroups. Each leads to a
different notion of positive and negative definiteness.

The proof of Proposition 4.4 is adapted from [29, Chapter II.7] and [28, Chapters 4.3, 4.4]; for The-
orems 4.7 and 4.8 we used Dellacherie–Meyer [77, X.73 and X.75] as well as Lax [199, Chapter 14.3].
The best references for continuous negative definite functions onRd are [29, Chapter II] and [77, Chap-
ter X].



Chapter 5

A probabilistic intermezzo

Completely monotone functions and Bernstein functions are intimately connected
with vaguely continuous convolution semigroups of sub-probability measures on the
half-line Œ0;1/. The probabilistic counterpart of such convolution semigroups are
subordinators—processes with stationary independent increments with state space
Œ0;1/ and right-continuous paths with left limits, i.e. Lévy processes with values
in Œ0;1/. In this chapter we are going to describe this connection which will lead us
in a natural way to the concept of infinite divisibility and the central limit problem.

Recall that a sequence .�n/n2N of sub-probability measures on Œ0;1/ converges
vaguely to a measure � if

lim
n!1

Z
Œ0;1/

f .t/ �n.dt/ D

Z
Œ0;1/

f .t/ �.dt/

holds for every compactly supported continuous function f W Œ0;1/ ! R, see Ap-
pendix A.1. The convolution of the sub-probability measures � and � on Œ0;1/ is
defined to be the sub-probability measure �?� on Œ0;1/ such that for every bounded
continuous function f W Œ0;1/! R,Z

Œ0;1/
f .t/.� ? �/.dt/ D

Z
Œ0;1/

Z
Œ0;1/

f .t C s/ �.dt/�.ds/:

Definition 5.1. A vaguely continuous convolution semigroup of sub-probability mea-
sures on Œ0;1/ is a family of measures .�t /t>0 satisfying the following properties:

(i) �t Œ0;1/ 6 1 for all t > 0;

(ii) �tCs D �t ? �s for all t; s > 0;

(iii) vague- limt!0 �t D ı0.

It follows immediately from (ii) and (iii) that vague- limt!0 �tCs D �s for all
s > 0. Unless otherwise stated we will always assume that a convolution semigroup
is vaguely continuous.

For all � 2 CcŒ0;1/ satisfying 0 6 � 6 1Œ0;1/ and �.0/ D 1 we find

1 > �t Œ0;1/ >
Z
Œ0;1/

�.s/ �t .ds/
t!0
���!

Z
Œ0;1/

�.s/ ı0.ds/ D 1:

This proves limt!0 �t Œ0;1/ D 1 D ı0Œ0;1/; from Theorem A.4 we conclude that
in this case weak and vague continuity coincide.
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Theorem 5.2. Let .�t /t>0 be a convolution semigroup of sub-probability measures
on Œ0;1/. Then there exists a unique f 2 BF such that the Laplace transform of �t
is given by

L�t D e
�tf for all t > 0: (5.1)

Conversely, given f 2 BF, there exists a unique convolution semigroup of sub-
probability measures .�t /t>0 on Œ0;1/ such that (5.1) holds true.

Proof. Suppose that .�t /t>0 is a convolution semigroup of sub-probability measures
on Œ0;1/. Fix t > 0. Since L�t > 0, we can define a function ft W .0;1/! R by
ft .�/ D � log L .�t I�/. In other words,

L .�t I�/ D e
�ft .�/:

By property (ii) of convolution semigroups, it holds that ftCs.�/ D ft .�/Cfs.�/ for
all t; s > 0, i.e. t 7! ft .�/ satisfies Cauchy’s functional equation. Vague continuity
ensures that this map is continuous, hence there is a unique solution ft .�/ D tf .�/

where f .�/ D f1.�/. Therefore,

L�t D e
�tf for all t > 0I

in particular, e�tf 2 CM for all t > 0. By Theorem 3.6, f 2 BF.
Conversely, suppose that f 2 BF. Again by Theorem 3.6 we have that for all

t > 0, e�tf 2 CM . Therefore, for every t > 0 there exists a measure �t on Œ0;1/
such that L�t D e

�tf . We check that the family .�t /t>0 is a convolution semigroup
of sub-probability measures. Firstly, �t Œ0;1/ D L .�t I 0C/ D e�tf .0C/ 6 1.
Secondly, L .�t ? �s/ D L�tL�s D e�tf e�sf D e�.tCs/f D L�tCs . By
the uniqueness of the Laplace transform we get that �tCs D �t ? �s . Finally,
limt!0 L�t .�/ D limt!0 e

�tf .�/ D 1 D L ı0.�/ for all � > 0 and, by Lemma A.9,
vague- limt!0 �t D ı0.

Remark 5.3. Because of formula (5.1), probabilists often use the name Laplace ex-
ponent instead of Bernstein function.

Definition 5.4. A stochastic process S D .St /t>0 defined on a probability space
.�;F ;P/ with state space Œ0;1/ is called a subordinator if it has independent and
stationary increments, S0 D 0 a.s., and for almost every ! 2 �, t 7! St .!/ is a
right-continuous function with left limits. The measures .�t /t>0 defined by

�t .B/ D P.St 2 B/; B � Œ0;1/ Borel;

are called the transition probabilities of the subordinator S .

Almost all paths t 7! St .!/ of a subordinator S are non-decreasing functions.
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Let ea be an exponential random variable with parameter a > 0, i.e. P.ea > t/ D
e�at , t > 0. We allow that a D 0 in which case ea D C1. Assume that ea is
independent of the subordinator S . We define a process bS D .bS t /t>0 by

bS t WD ´St ; t < ea;

C1; t > ea:
(5.2)

The process bS is the subordinator S killed at an independent exponential time. Any
process with state space Œ0;1� having the same distribution asbS will be called a killed
subordinator.

The connection between (killed) subordinators and convolution semigroups of sub-
probability measures on Œ0;1/ is as follows. For t > 0 let

�t .B/ WD P.bSt 2 B/; B � Œ0;1/ Borel;

be the transition probabilities of .bS t /t>0, and note that

EŒe��
bS t � D Z

Œ0;1/
e��y �t .dy/ D L .�t I�/:

Proposition 5.5. The family .�t /t>0 is a convolution semigroup of sub-probability
measures.

Proof. We check properties (i)–(iii) in Definition 5.1. It is clear that �t Œ0;1/ 6 1.
Let g W Œ0;1/! R be a bounded continuous function. Then by the right-continuity
of the paths, limt!0 g.St / D g.S0/ D g.0/ a.s. By the dominated convergence
theorem it follows that limt!0EŒg.St /� D g.0/, i.e.

lim
t!0

Z
Œ0;1/

g d�t D g.0/ D
Z
Œ0;1/

g dı0;

thus proving property (iii). In order to show property (ii), assume first that a D 0, that
is there is no killing. Then for s; t > 0,

L .�sCt I�/ D EŒe
��SsCt � D EŒe��.SsCt�Ss/e��.Ss�S0/�

D EŒe��St �EŒe��Ss �

D L .�t I�/L .�sI�/;

(5.3)

which is equivalent to �sCt D �s ? �t . If a > 0, we find by independence

EŒe��
bS t � D EŒe��St1¹t<eaº� D P.t < ea/EŒe��St � D e�at EŒe��St �;

which, together with (5.3), concludes the proof.
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The converse of Proposition 5.5 is also true: given a convolution semigroup .�t /t>0
of sub-probability measures on Œ0;1/, there exists a killed subordinator .St /t>0 on a
probability space .�;F ;P/ such that �t D P.St 2 �/ for all t > 0. A proof of this
fact can be found in [36].

Let us rewrite (5.1) as

EŒe��
bS t � D L .�t I�/ D e

�tf .�/:

Recall that f 2 BF has the representation

f .�/ D aC b�C

Z
.0;1/

.1 � e��t / �.dt/:

It is clear from the proof of Theorem 5.2 that a D f .0C/ > 0 if, and only if,
�t Œ0;1/ < 1 for all t > 0; in this case, the associated stochastic process has a.s.
finite lifetime. This is why a is usually called the killing term of the Laplace expo-
nent f .

Let .�t /t>0 be a convolution semigroup of sub-probability measures on Œ0;1/
and let f be the corresponding Bernstein function. Then the completely monotone
function g.�/ WD L .�1I�/ D e�f .�/ has the property that for every t > 0, gt is
again completely monotone. This follows easily from

gt .�/ D e�tf .�/ D L .�t I�/:

From the probabilistic point of view, this means that St is an infinitely divisible ran-
dom variable. To be more precise St D

Pn
jD1.Sjt=n � S.j�1/t=n/ for every n 2 N.

The random variables .Sjt=n � S.j�1/t=n/16j6n are independent and identically dis-
tributed. Hence �t D �?n

t=n
is the n-fold convolution. This motivates the following

definition.

Definition 5.6. A completely monotone function g is said to be infinitely divisible if
for every t > 0 the function gt is again completely monotone.

If g is infinitely divisible and g.0C/ 6 1, the sub-probability measure � on Œ0;1/
satisfying L � D g is said to be an infinitely divisible distribution; we write � 2 ID.

The discussion preceding the definition shows that if f 2 BF, then g WD e�f is
completely monotone and infinitely divisible. Moreover, g.0C/ 6 1. This is already
one direction of the next result.

Lemma 5.7. Suppose that g W .0;1/ ! .0;1/. Then the following statements are
equivalent.

(i) g 2 CM, g is infinitely divisible and g.0C/ 6 1.

(ii) g D e�f where f 2 BF.
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Proof. Suppose that (i) holds. Since gt 2 CM and clearly gt .0C/ 6 1, there ex-
ists a sub-probability measure �t on Œ0;1/ such that gt .�/ D L .�t I�/. Since
limt!0 g

t .�/ D 1, it follows that vague- limt!0 �t D ı0. For s; t > 0 it holds that
gtgs D gtCs , and consequently

L .�t I�/L .�sI�/ D L .�tCsI�/:

By the uniqueness of the Laplace transform this means that .�t /t>0 is a convolution
semigroup of sub-probability measures on Œ0;1/. By Theorem 5.2, there exists a
unique f 2 BF such that L .�t I�/ D e

�tf .�/; in particular, g D e�f .

Lemma 5.7 admits an extension to completely monotone functions g which need
not satisfy g.0C/ 6 1. For the purpose of stating this extension, let us say that a C1

function f W .0;1/! R is an extended Bernstein function if

.�1/n�1f .n/.�/ > 0 for all n > 1 and � > 0:

Note that a non-negative extended Bernstein function is actually a Bernstein function.

Definition 5.8. A C1 function g W .0;1/ ! .0;1/ is said to be logarithmically
completely monotone if

�.logg/0 2 CM: (5.4)

Theorem 5.9. Suppose that g W .0;1/ ! .0;1/. Then the following assertions are
equivalent.

(i) g 2 CM and g is infinitely divisible.

(ii) g D e�f where f is an extended Bernstein function.

(iii) g is logarithmically completely monotone.

Proof. (i))(ii) For c > 0 let gc.�/ WD g.�C c/, � > 0. Then

� 7!
gc.�/

gc.0C/
D
gc.�/

g.c/

is again in CM, infinitely divisible and tends to 1 as � ! 0. By Lemma 5.7, there
exists fc 2 BF such that g.�C c/ D gc.�/ D g.c/e�fc.�/ for all � > 0. This can
be written as

g.�/ D g.� � c C c/ D g.c/e�fc.��c/ D e�fc.��c/Clogg.c/; � > c: (5.5)

If 0 < b < c the same formula is valid with b replacing c. In particular, for 0 < b <
c < � it holds that

�fc.� � c/C logg.c/ D �fb.� � b/C logg.b/:
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This implies that one can define a function f W .0;1/! R by

f .�/ WD fc.� � c/ � logg.c/; � > c:

Clearly, f is C1 on .0;1/. For any � > 0 find 0 < c < �. By (5.5), g.�/ D e�f .�/,
and for n > 1, .�1/n�1f .n/.�/ D .�1/n�1f

.n/
c .� � c/ > 0. Thus, f is an extended

Bernstein function.
(ii))(iii) If g D e�f , then �.logg/0 D f 0 and clearly f 0 2 CM.
(iii))(i) Suppose g is logarithmically completely monotone. For c > 0,

fc.�/ WD

Z �Cc

c

�.logg/0.t/ dt D � logg.�C c/C logg.c/; � > 0;

belongs to BF. Since g.� C c/ D g.c/e�fc.�/, it follows from Theorem 3.6 that
� 7! g.� C c/ is in CM for all c > 0. Since g is continuous, we get that g.�/ D
limc!0 g.� C c/, hence g 2 CM. Note that gt is also logarithmically completely
monotone for every t > 0, hence by the already proven fact, gt 2 CM. Thus, g is
infinitely divisible.

Remark 5.10. (i) The concept of infinite divisibility appears naturally in the central
limit problem of probability theory. This problem can be stated in the following way:
Let .Xn;j /jD1;:::;k.n/; n2N be a (doubly indexed) family of real random variables such
that the random variables in each row, Xn;1; : : : ; Xn;k.n/, are independent. When do
the probability distributions

law
�
Xn;1 C � � � CXn;k.n/ � an

bn

�
;

for suitably chosen sequences of real .an/n2N and positive .bn/n2N numbers, have a
non-trivial weak limit as n!1?

The classical example is, of course, the central limit theorem where a sequence of
independent and identically distributed random variables .Xj /j2N is arranged in a
triangular array of the form

X1I X1; X2I X1; X2; X3I : : : X1; X2; : : : ; XnI : : :

where k.n/ D n, an D nEX1 is the mean value and bn D
p
nVarX1 the standard

deviation of the partial sum of the variables in the nth row.
Clearly, every limiting random variable X is infinitely divisible in the sense that for
every n 2 N there are independent copies Y1; : : : ; Yn such thatX and Y WD Y1C� � �C

Yn have the same probability distribution. The corresponding probability distributions
are also called infinitely divisible.



40 5 A probabilistic intermezzo

It can be shown, see e.g. Gnedenko and Kolmogorov [108], that every infinitely di-
visible distrubition can be obtained as the limiting distribution of a triangular array
.Xn;j /jD1;:::;k.n/;n2N, where each rowXn;1; : : : ; Xn;k.n/ consists of independent ran-
dom variables which are asymptotically negligible, i.e.

lim
n!1

max
16j6k.n/

P.jXn;j j > �/ D 0 for all � > 0:

(ii) Specializing to one-sided distributions � supported in Œ0;1/ we can express the
property � 2 ID in terms of the Laplace transform. By Lemma 5.7, g 2 CM with
g.0C/ 6 1 is infinitely divisible if, and only if, for every n 2 N there is some
gn 2 CM such that g D gnn . In probabilistic terms this means that the law � 2 ID
has an nth convolution root �n such that L �n D gn and � D �?nn . If X denotes
a random variable with distribution � and Yj , 1 6 j 6 n, denote independent and
identically distributed random variables with the common distribution �n, this means
that X and Y1 C � � � C Yn have the same probability distribution.

Depending on the structure of the triangular array, the limiting distributions may
have different stability properties. We will discuss this for one-sided distributions
supported in Œ0;1/. Often it is easier to describe them in terms of the corresponding
Laplace transforms.

Definition 5.11. A completely monotone function g 2 CM with g.0C/ 6 1 is said to
be (weakly) stable if

for all a > 0 there are b > 0; c > 0 such that g.�/a D g.c�/ � e�b� I (5.6)

if b D 0 we call g strictly stable.
The corresponding random variables and sub-probability distributions are also called

(weakly or strictly) stable.

We will see below in Proposition 5.13 that the constant c appearing in (5.6) is
necessarily of the form c D a1=˛ for some ˛ 2 Œ0; 1�; ˛ is often called the index of
stability.

It can be shown, cf. [108], that every stable � is the limiting distribution of a se-
quence of independent and identically distributed random variables .Xj /j2N and suit-
able centering and norming sequences .an/n2N, an > 0, and .bn/n2N, bn > 0:

law

0@ 1
bn

0@ nX
jD1

Xj � an

1A1A weak
����!
n!1

�: (5.7)

All (weakly) stable distributions on Œ0;1/ have Laplace transforms given by g.�/ D
exp.�ˇ�˛ � 
�/ with ˛ 2 Œ0; 1� and ˇ; 
 > 0. The distributions are (strictly) stable
if 
 D 0.
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If theXj are only independent and if limn!1 bn D1 and limn!1 bnC1=bn D 1,
then the limit (5.7) characterizes all self-decomposable (also: class L) distributions;
we write � 2 SD. Again we focus on one-sided distributions where we can express
self-decomposability conveniently in terms of Laplace transforms.

Definition 5.12. A completely monotone function g 2 CM with g.0C/ 6 1 is said to
be self-decomposable, if

� 7!
g.�/

g.c�/
D gc.�/ is completely monotone for all c 2 .0; 1/: (5.8)

We will see in Proposition 5.15 that the Laplace exponent f of a � 2 SD, i.e.
L � D e�f , is a Bernstein function with a Lévy triplet of the form .a; b;m.t/ dt/

such that t 7! t m.t/ is non-increasing.
The rather deep limit theorems—or the equally difficult structure results on the

completely monotone functions—of Remark 5.10 show that ¹stable lawsº � SD �
ID. The following two results contain a simple, purely analytic proof for this.

Proposition 5.13. Let g 2 CM, g.0C/ 6 1, be (weakly) stable. Then there exist
˛ 2 Œ0; 1� and ˇ; 
 > 0 such that

g.�/ D e�ˇ�
˛�
�:

In particular, g.0C/ D 1. In the strictly stable case, 
 D 0.

Proof. The function � 7! g.c�/e�b� appearing in (5.6) is a product of two com-
pletely monotone functions, hence itself completely monotone. Thus, for every a > 0,
ga 2 CM, which means that g is infinitely divisible. By Lemma 5.7, there exists some
f 2 BF such that g D e�f . The structure equation (5.6) becomes, in terms of f ,

for all a > 0 there are c > 0; b > 0 such that af .�/ D f .c�/C b�: (5.9)

This implies that f .0C/ D 0. Differentiating this equality twice yields

af 00.�/ D c2f 00.c�/: (5.10)

In the trivial case where f 00 � 0 we have f .�/ D 
� for a suitable integration con-
stant 
 > 0, and we are done. In all other cases, (5.10) shows that c is a function of a
only and that it does not depend on b. Indeed, if both .a; c/ and .a; Qc/ satisfy (5.9),
we find from (5.10) with � D 1= Qc

c2

Qc2 f
00
�c
Qc

�
D f 00.1/:

As f 00 is increasing and non-trivial, it is easy to see that c D Qc and c D c.a/. Setting
� D 1 in (5.9) we see that b D af .1/� f .c/ is also unique. Since the inverse f �1 of
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a non-trivial, i.e. non-constant, Bernstein function is again a continuous function, we
get from (5.9)

c D c.a/ D
1
�
f �1�af .�/ � b��I

this proves that c D c.a/ depends continuously on a > 0. For any two a; Qa > 0 we
can use (5.10) twice to find

a Qaf 00.�/ D ac2. Qa/f 00
�
c. Qa/�

�
D c2. Qa/af 00

�
c. Qa/�

�
D c2. Qa/c2.a/f 00

�
c.a/c. Qa/�

�
:

On the other hand, a Qaf 00.�/ D c2.a Qa/f 00.c.a Qa/�/, so that c.a Qa/ D c.a/c. Qa/. Since
c.a/ is continuous, there exists some ˛ 2 R such that c.a/ D a1=˛. Inserting this into
(5.10) we have

f 00.�/ D a
2
˛
�1 f 00.a

1
˛ �/ for all a; � > 0:

Now take a D ��˛ to get f 00.�/ D �˛�2 f 00.1/ and integrate twice. Using that
f .0C/ D 0 we find

f .�/ D
f 00.1/
˛.˛ � 1/

�˛ C f 00.1/ C�

with some integration constant C 2 R. Since f 2 BF is non-trivial, we know that
0 < ˛ 6 1. Finally, we can use (5.9) to work out that f 00.1/ C D b=.a � a1=˛/.

Corollary 5.14. We have ¹stable lawsº � SD � ID.

Proof. The first inclusion follows from Proposition 5.13. If g is (weakly) stable,
f .�/ WD logg.�/ D ˇ�˛ C 
�. Thus, for 0 < c < 1,

f .�/ � f .c�/ D ˇ.1 � c˛/ �˛ C 
.1 � c/ �

is a Bernstein function, and we get that gc.�/Dg.�/=g.c�/Dexp.�.f .�/�f .c�///
is completely monotone.

If (5.8) holds for g and all 0 < c < 1, we have

�
g0.�/

g.�/
D lim
c!1�

g.c�/ � g.�/

.1 � c/�g.c�/
D lim
c!1�

1
.1 � c/�

�
1 �

g.�/

g.c�/

�
:

Since g.�/=g.c�/ is bounded by 1 and completely monotone, the expression inside
the brackets is a Bernstein function by Proposition 3.10. Dividing by � makes it
completely monotone, cf. Corollary 3.7(iv). Since limits of completely monotone
functions are again completely monotone, cf. Corollary 1.7, we know that g is logar-
ithmically completely monotone, hence infinitely divisible by Theorem 5.9.

Proposition 5.15. Let � 2 SD and let f 2 BF satisfy L � D e�f . Then the Lévy
measure � of f has a density m.t/ such that t 7! t �m.t/ is non-increasing.
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Proof. Set g WD L � , and for c 2 .0; 1/, gc.�/ WD g.�/=g.c�/. Since g.�/ D
e�f .�/, we have that gc.�/ D exp.�.f .�/ � f .c�///.

We will now show that gc is for each c 2 .0; 1/ logarithmically completely mono-
tone. For this we have to check that �g0c=gc 2 CM. A small change in the proof of
Corollary 5.14 shows that

�.�/ WD ��
g0.�/

g.�/
D lim
c!1�

g.c�/ � g.�/

.1 � c/g.c�/
D lim
c!1�

1
.1 � c/

�
1 �

g.�/

g.c�/

�
is a Bernstein function and, therefore, �0 is completely monotone. Moreover,

�
g0c.�/

gc.�/
D �

d
d�

g.�/
g.c�/

g.�/
g.c�/

D �
g0.�/g.c�/ � g.�/cg0.c�/

g2.c�/
�
g.c�/

g.�/

D �
g0.�/

g.�/
C
cg0.c�/

g.c�/

D
1
�

Z �

c�

�0.s/ ds D

Z 1

c

�0.t�/ dt:

Thus, �g0c=gc is an integral mixture of completely monotone functions and as such,
see Corollary 1.6, itself completely monotone.

Now define fc.�/ WD f .�/ � f .c�/; by Theorem 5.9, fc 2 BF. Let

f .�/ D aC b�C

Z
.0;1/

.1 � e��t / �.dt/ D aC b�C �
Z 1

0
e��tM.t/ dt;

where M.t/ D �.t;1/. Then

fc.�/ D f .�/ � f .c�/

D

�
aC b�C

Z
.0;1/

.1 � e��t / �.dt/
�

�

�
aC bc�C

Z
.0;1/

.1 � e�c�t / �.dt/
�

D b.1 � c/�C
Z
.0;1/

.1 � e��t / �.dt/ �
Z
.0;1/

.1 � e��t / �.c/.dt/;

where �.c/.�/ WD �.c�1�/. On the other hand, fc being a Bernstein function, it has a
representation

fc.�/ D Qb�C

Z
.0;1/

.1 � e��t / �c.dt/:
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Hence, �c D � � �.c/, implying in particular that for every Borel set B � .0;1/ it
holds that �.B/ > �.c�1B/. For B D .s; t �, this gives �.s; t � > �.c�1s; c�1t � for
every c 2 .0; 1/.

For s 2 R define h.s/ WD M.e�s/ D �.e�s;1/. Clearly, h is non-negative and
non-decreasing. Moreover, we have for all u > 0 and c 2 .0; 1/

h.s C u/ � h.s/ DM.e�s�u/ �M.e�s/ D �.e�s�u; e�s�

> �.e�s�u�log c ; e�s�log c�

D h.s C uC log c/ � h.s C log c/:

This shows that for all u > 0 the function s 7! h.s C u/ � h.s/ is non-decreasing.
Therefore, h is convex. Being non-negative, non-decreasing and convex, h can be
written in the form

h.s/ D

Z s

�1

`.u/ du

where ` is non-negative and non-decreasing. Define k W .0;1/ ! R by k.v/ WD
`.e�v/. Then k is non-negative and non-increasing. For t > 0 a change of variables
shows

M.t/ D h.� log t / D
Z � log t

�1

`.u/ du D

Z 1
t

`.e�v/

v
dv D

Z 1
t

k.v/

v
dv;

and the proof is finished by defining m.t/ WD k.t/=t .

Now we define the potential measure of a vaguely continuous convolution semi-
group .�t /t>0 of sub-probability measures on Œ0;1/. Notice thatZ 1

0

Z
Œ0;1/

e�s� �t .ds/ dt D

Z 1
0

e�tf .�/ dt D
1

f .�/
: (5.11)

Since every continuous function u.s/ with compact support in Œ0;1/ can be domi-
nated by a multiple of e�s�, this implies that the vague integral U WD

R1
0 �t dt ex-

ists, see Remark A.3. U is called the potential measure of the convolution semigroup
.�t /t>0 or, equivalently, of the corresponding killed subordinator .St /t>0. Moreover,

U.A/ D

Z 1
0

�t .A/ dt D E

Z 1
0

1¹St2Aº dt for all Borel sets A � Œ0;1/:

It is a simple consequence of Fubini’s theorem and (5.11) that

L .U I�/ D

Z
Œ0;1/

e�s�
�Z 1

0
�t .ds/ dt

�
D

1
f .�/

; (5.12)
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where f 2 BF is the Bernstein function corresponding to the convolution semigroup
.�t /t>0. This shows, in particular, that for all � > 0

1 > L .U I�/ D

Z
Œ0;1/

e��t U.dt/ >
Z
Œ0;��

e��t U.dt/ > e��
2
U Œ0; ��;

proving that U is finite on bounded sets.
In a similar way one defines for � > 0 the �-potential measure as the vague integral

U� WD

Z 1
0

e��t�t dt: (5.13)

Definition 5.16. A function f W .0;1/! .0;1/ is said to be a potential if f D 1=g
where g 2 BF� D BF n ¹0º. The set of all potentials will be denoted by P.

By (5.12), P consists of Laplace transforms of potential measures. In particular,
P � CM, and P consists of exactly those completely monotone functions f which
have the property that 1=f 2 BF, i.e.

P D

²
1
f
W f 2 BF�

³
D

²
g 2 CM W

1
g
2 BF

³
: (5.14)

Proposition 5.17. Let g 2 P be a potential. Then g is logarithmically completely
monotone and hence there exists an extended Bernstein function f such that gDe�f .

Proof. Let g 2 P. Then h D 1=g 2 BF and

�.logg/0 D .log h/0 D h0
1
h
D h0g:

Since both h0 and g are in CM, it follows that their product �.logg/0 2 CM. The
second part of the statement follows from Theorem 5.9.

The converse does not hold. Indeed, f .�/ D � is a Bernstein function, so g.�/ WD
e�f .�/ D e�� is logarithmically completely monotone. Since 1=g.�/ D e� … BF, g
is not a potential.

Remark 5.18. Proposition 5.17 can be restated as follows. For every h 2 BF�, there
exists an extended Bernstein function f such that h D ef . In other words, log h is an
extended Bernstein function.

In Corollary 3.7(iii) we have proved that the set BF is closed under composition.
Now we are going to give an alternative proof of this fact by explicitly producing
the corresponding convolution semigroup. Suppose that .�t /t>0 and .�t /t>0 are two
convolution semigroups on Œ0;1/ with the corresponding Bernstein functions

f .�/ D aC b�C

Z
.0;1/

.1 � e��t / �.dt/
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and

g.�/ D ˛ C ˇ�C

Z
.0;1/

.1 � e��t / �.dt/:

Let us define a new family of measures .�t /t>0 by

�t .dr/ D

Z
Œ0;1/

�s.dr/ �t .ds/ (5.15)

where the integral is a vague integral in the sense of Remark A.3.

Theorem 5.19. The family .�t /t>0 is a convolution semigroup of sub-probability mea-
sures on Œ0;1/ whose corresponding Bernstein function is equal to f ı g. Moreover,

.f ı g/.�/ D f .˛/C ˇb�C

Z
.0;1/

.1 � e��t / �.dt/ (5.16)

and the Lévy measure is given by the vague integral

�.dt/ D b�.dt/C

Z
.0;1/

�s.dt/ �.ds/: (5.17)

Remark 5.20. (i) Once formula (5.16) is established, it follows immediately that � is
a Lévy measure, i.e.

R
.0;1/.1 ^ t / �.dt/ <1.

(ii) The convolution semigroup .�t /t>0 is called subordinate to .�t /t>0 by .�t /t>0.
If .St /t>0 and .Tt /t>0 are independent subordinators corresponding to .�t /t>0 and
.�t /t>0, respectively, then the subordinator corresponding to .�t /t>0 is the process
.T .St //t>0. This process, called a subordinate to T by the subordinator S , is a par-
ticular form of a stochastic time change: T .St /.!/ D TSt .!/.!/.
We will extend the concept of subordination to strongly continuous semigroups on a
Banach space in Section 12.2.

Proof of Theorem 5.19. We check first that each �t is a sub-probability measure. In-
deed,

�t Œ0;1/ D
Z
Œ0;1/

�sŒ0;1/ �t .ds/ 6
Z
Œ0;1/

�t .ds/ 6 1:

Let us compute the Laplace transform of the measure �t :

L .�t I�/ D

Z
Œ0;1/

e��u �t .du/ D

Z
Œ0;1/

�Z
Œ0;1/

e��u �s.du/

�
�t .ds/

D

Z
Œ0;1/

L .�sI�/�t .ds/

D

Z
Œ0;1/

e�sg.�/ �t .ds/

D L
�
�t Ig.�/

�
D e�tf .g.�//:
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This proves also that

L .�tCsI�/ D e
�.tCs/f .g.�//

D e�tf .g.�//e�sf .g.�//

D L .�t I�/L .�sI�/;

as well as vague continuity since t 7! L .�t I�/ D e
�tf .g.�// is continuous. In order

to obtain formula (5.16), first note that e�˛s D �sŒ0;1/, andZ
.0;1/

.1 � e�t�/
Z
.0;1/

�s.dt/ �.ds/

D

Z
.0;1/

�Z
.0;1/

.1 � e�t�/ �s.dt/
�
�.ds/

D

Z
.0;1/

�
e�˛s �L .�sI�/

�
�.ds/

D

Z
.0;1/

.e�s˛ � e�sg.�// �.ds/

D

Z
.0;1/

.1 � e�sg.�// �.ds/ �
Z
.0;1/

.1 � e�˛s/ �.ds/

D

Z
.0;1/

.1 � e�sg.�// �.ds/ � .f .˛/ � a � b˛/:

Every function u 2 Cc.0;1/ can be estimated by ju.t/j 6 c�;u.1 � e�t�/, t > 0,
with a suitable constant c�;u > 0. Therefore, the above calculation shows that the
vague integral (5.17) exists and defines a measure � on .0;1/, cf. Remark A.3. Now
we have

f
�
g.�/

�
D aC bg.�/C

Z
.0;1/

.1 � e�tg.�// �.dt/

D aC b

�
˛ C ˇ�C

Z
.0;1/

.1 � e�t�/ �.dt/
�

C

Z
.0;1/

.1 � e�t�/
Z
.0;1/

�s.dt/ �.ds/C
�
f .˛/ � a � b˛

�
D f .˛/C ˇb�C

Z
.0;1/

.1 � e�t�/ �.dt/:

Comments 5.21. A good treatment of convolution semigroups and their potential theory is the mono-
graph by Berg and Forst [29]; the classic exposition by Feller, [100], covers the material from a prob-
abilistic angle and is still readable. Subordinators are treated in most books on Lévy processes, for
example in Bertoin [36] and his St.-Flour course notes [38].
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Infinitely divisible and self-decomposable functions can be found in many books on probability the-
ory. The monograph by Steutel and van Harn [267, Sections I.5, V.2] is currently the most comprehen-
sive study and has dedicated chapters for one-sided laws, but Gnedenko and Kolmogorov [108], Lukacs
[206], Loève [203, vol. 1, Chapter VI], Petrov [232, pp. 82–87], [233, Chapters 3,4], Rossberg, Jesiak,
Siegel [248, Sections 7, 11–13] and Sato [250, Chapter 3] contain most of the material mentioned in
Remark 5.10. That all infinitely divisible functions in CM are of the form exp.�BF/ was discovered by
Schoenberg [255, Theorem 9, p. 835]. An alternative short proof is in Horn [142, Theorem 4.4]; note
that one has to have Œ0;1� as support of the measure d� and not, as stated in [142], .0;1/.

Our presentation of the stable distributions is from Sato [250, Examples 24.12, 21.7], the represen-
tation of the Laplace exponents of self-decomposable distributions is from Steutel and van Harn [267,
Theorem 2.11, p. 231]. The short proofs of Proposition 5.13 and Corollary 5.14 seem to be new. The
proof of Proposition 5.15, which is due to Lévy [202, Section VII.55], is adapted from Sato [250, p. 95].

Self-decomposable distributions were characterized by P. Lévy as limit distributions of normed partial
sums of sequences of independent random variables, see [201] and [202, pp. 192–193]; Lévy mentions
that Khintchine drew his attention to this problem in a letter in 1936. The name self-decomposable
appears for the first time in 1955 in the first edition of Loève’s book on probability theory [203], the
notation L goes back to Khintchine [175], see the comment in Gnedenko and Kolmogorov [108, Sec-
tion 29].

The best sources for potential theory of convolution semigroups are Berg and Forst [29, Chapter III]
and the original papers by F. Hirsch from the early 1970s. A more probabilistic approach can be found
in Bertoin [36, Chapter II, III]. A somewhat hard to read but otherwise most comprehensive treatment is
the monograph by Dellacherie and Meyer [77, 78].

M. Itô [155, Section 2], see also [154], gives the following interesting characterization of potential
measures and potentials: U is a potential measure on Œ0;1/ if, and only if, for all vaguely continuous
convolution semigroups .�t /t>0 of measures on, say Rd , the measure

R1
0 �t U.dt/ is of the formR1

0 �t dt for some other vaguely continuous convolution semigroup .�t /t>0 of measures onRd . Since
the potential measures onRd are of the form

R1
0 �t dt , this means that P or the potential measures on

Œ0;1/ are characterized by the fact that they operate on the potentials in Rd . It is also shown in [155,
pp. 118–119] that U is a potential measure on Œ0;1/ if, and only if, it satisfies the domination principle,
i.e. if for all continuous, positive and compactly supported v;w 2 CCc Œ0;1/

U ? v 6 U ? w on supp v implies U ? v 6 U ? w on Œ0;1/:

Subordination was introduced by Bochner in the short note [49], see also his monograph [50, Chap-
ter 4.4]. A rigorous functional analytic and stochastic account is in the paper by Nelson [219].



Chapter 6

Complete Bernstein functions: representation

The class of complete Bernstein functions has been used throughout the literature in
many branches of mathematics but under various names and for very different reasons,
e.g. as Pick or Nevanlinna functions in (complex) interpolation theory, Löwner or
operator monotone functions in functional analysis, or as class .S/ in the Russian
literature on complex function theory in a half-plane.

Many explicitly known Bernstein functions are actually complete Bernstein func-
tions, which is partly due to the fact that the measure � in the representation formula
(3.2) for complete Bernstein functions has a nice density. We take this as our starting
point and show that our definition coincides with other known approaches.

Definition 6.1. A Bernstein function f is said to be a complete Bernstein function if
its Lévy measure � in (3.2) has a completely monotone density m.t/ with respect to
Lebesgue measure,

f .�/ D aC b�C

Z
.0;1/

.1 � e��t /m.t/ dt: (6.1)

We will use CBF to denote the collection of all complete Bernstein functions.
Denote byH" andH# the open upper and lower complex half-planes where Im z >

0 and Im z < 0, respectively.

Theorem 6.2. Suppose that f is a non-negative function on .0;1/. Then the follow-
ing conditions are equivalent.

(i) f 2 CBF.

(ii) The function � 7! f .�/=� is in S.

(iii) There exists a Bernstein function g such that

f .�/ D �2L .gI�/; � > 0:

(iv) f has an analytic continuation toH" such that Imf .z/ > 0 for all z 2 H" and
such that the limit f .0C/ D lim.0;1/3�!0 f .�/ exists and is real.

(v) f has an analytic continuation to the cut complex plane C n .�1; 0� such that
Im z � Imf .z/ > 0 and such that the limit f .0C/ D lim.0;1/3�!0 f .�/ exists
and is real.
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(vi) f has an analytic continuation to H" which is given by

f .z/ D aC bz C

Z
.0;1/

z

z C t
�.dt/

where a; b > 0 are non-negative constants and � is a measure on .0;1/ such
that

R
.0;1/.1C t /

�1 �.dt/ <1.

Proof. (i),(ii) If m is completely monotone, we know from Theorem 1.4 that m D
L � for some measure � on Œ0;1/. By Fubini’s theoremZ

.0;1/
.1 � e��t /m.t/ dt D

Z
Œ0;1/

Z
.0;1/

.1 � e��t /e�ts dt �.ds/

D

Z
Œ0;1/

�
1
s
�

1
�C s

�
�.ds/

D

Z
Œ0;1/

�

�C s
s�1�.ds/:

The expression on the right-hand side converges if, and only if, �¹0º D 0, i.e. if � is
supported in .0;1/, and if

R
.0;1/ s

�1�.ds/C
R
.1;1/ s

�2�.ds/ <1. This shows that

f .�/

�
D
a

�
C b C

Z
.0;1/

1
�C s

s�1�.ds/

is indeed a Stieltjes function. The converse direction follows easily by retracing the
above steps.

(ii))(iii) Note that h.�/ � a has L .aI�/ D a
�

as Laplace transform. Moreover,
we have �L .hI�/ D h.0C/CL .h0I�/. Thus,

f .�/

�
D b C

a

�
CL 2�s�1�.ds/I�

�
D b CL

�
aCL

�
s�1�.ds/

�
I�
�

D �L .gI�/;

where we set g0 WD aCL .s�1�.ds// 2 CM so that g 2 BF, cf. the remark following
Definition 3.1.

(iii))(i) If g.t/ D ˛ C ˇt C
R
.0;1/.1 � e

�ts/ �.ds/, we find

�2L .gI�/ D �2
�
˛

�
C
ˇ

�2 C

Z 1
0

e��t
Z
.0;1/

.1 � e�ts/ �.ds/ dt
�

D ˛�C ˇ C

Z
.0;1/

�2
�

1
�
�

1
�C s

�
�.ds/
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D ˛�C ˇ C

Z
.0;1/

s2
�

1
s
�

1
�C s

�
�.ds/

D ˛�C ˇ C

Z 1
0
.1 � e��t /

Z
.0;1/

e�tss2�.ds/ dt

and (i) follows.
(ii))(iv) Since f .�/ D a C b�C

R
.0;1/

�
�Ct

�.dt/, the natural way to extend f
is to replace � by z 2 H". If we write z D �C i�, then

z

z C t
D
z Nz C zt

jz C t j2
D
�2 C t�C �2

.�C t /2 C �2 C i
t�

.�C t /2 C �2 :

Moreover, for any fixed z D �C i� 2 H" we have

�2 C t�C �2

.�C t /2 C �2 �
1

1C t
and

t�

.�C t /2 C �2 �
t

1C t2

(�.t/ �  .t/ means that there exist two absolute constants c2 > c1 > 0 such that
c1 �.t/ 6  .t/ 6 c2 �.t/) which entails that the integralZ
.0;1/

z

z C t
�.dt/ D

Z
.0;1/

�2 C t�C �2

.�C t /2 C �2 �.dt/C i

Z
.0;1/

t�

.�C t /2 C �2 �.dt/

converges locally uniformly and defines an analytic function on H" with positive
imaginary part whenever � D Im z > 0. All these remain true if we add aC bz.

The above estimates and the integration properties of the measure � also show that

lim
H"3z!0

Z
.0;1/

z

z C t
�.dt/ D lim

.0;1/3�!0

Z
.0;1/

�

�C t
�.dt/ D 0

so that the limit lim.0;1/[H"3z!0 f .z/ D a exists and is real.
(iv))(v) This is an easy consequence of the Schwarz reflection principle: since

f j.0;1/ is real-valued, we may use f . Nz/ WD f .z/, z 2 H", to extend f across .0;1/
to the lower half-plane. By the reflection principle this gives an analytic function on
C n .�1; 0� D H" [ .0;1/ [ H#. Since Im f .z/ D �Imf .z/ < 0 for z 2 H",
we get Im f .z/ > 0 or Im f .z/ < 0 according to z 2 H" or z 2 H#, which can be
expressed by Im z � Imf .z/ > 0. Since limH"3z!0 f .z/ exists and is real, the above
construction automatically shows that the limit limCn.�1;0�3z!0 f .z/ exists.

(v))(vi) Note that for p; q > 0 the function

fp;q.z/ WD
p.f .z/C iq/

p C .f .z/C iq/
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is analytic in H". Write f .z/ D u.z/ C iv.z/ and observe that v.z/ > 0 on H".
Then

fp;q.z/ D
p.u.z/C p/u.z/C p.v.z/C q/2

.u.z/C p/2 C .v.z/C q/2
C

i p2.v.z/C q/

.u.z/C p/2 C .v.z/C q/2
:

This shows that fp;q maps H" into itself. Moreover, on H"

jfpqj D
pjf C iqj

jp C .f C iq/j
6
pjp C f C iqj C p2

jp C .f C iq/j

6 p C
p2

jIm .p C .f C iq//j
6 p C

p2

q
:

Now set p D n and q D 1=n, n 2 N, and write

fn.z/ WD fn;1=n.z/ D
f .z/C i

n

1C 1
n
f .z/C i

n2

:

-

6

ih

iR

z + ih

θθ

−R R

Clearly, fn is analytic onH", bounded
by 2n3 and limn!1 fn.z/ D f .z/.
We want to apply Cauchy’s theorem.
For this we fix z 2 H" and consider
the following integration contour �R
(in counterclockwise orientation) con-
sisting of a circular arc of radius R ex-
tending from ! D � to ! D � � � .
The arc is closed by a straight line,
parallel to the x-axis; the distance between this line and the x-axis is h D h.�;R/.
The parametersR and � are chosen in such a way that zCih lies inside �R and NzCih
outside of �R but not on the real axis. Using Cauchy’s formula we find

f 00n .z C ih/ D
2

2�i

Z
�R

fn.�/

.� � z � ih/3
d�

D
1
�i

Z R cos �

�R cos �

fn.t C ih/

.t � z/3
dt C

1
�

Z ���

�

Rei! fn.Re
i!/

.Rei! � z � ih/3
d!:

Since fn is bounded, the second integral converges to 0 as R!1. Therefore,

f 00n .z C ih/ D
1
�i

Z 1
�1

fn.t C ih/

.t � z/3
dt:

A similar calculation where we replace z C ih by Nz C ih which is not surrounded by
�R shows

N0 D
1
�i

Z 1
�1

fn.t C ih/

.t � Nz/3
dt D �

1
�i

Z 1
�1

fn.t C ih/

.t � z/3
dt:
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Adding these two equalities yields

f 00n .z C ih/ D
2
�

Z 1
�1

Imfn.t C ih/

.t � z/3
dt D

2
�

Z 1
�1

Imfn.�s C ih/

.s C z/3
ds: (6.2)

Since 1
2
d 2

dz2 .s C z/
�1 D .s C z/�3 we find by integrating twice that for every � > 0

fn.i C ih/ � fn.i� C ih/ D
1
�

Z 1
�1

i.1 � �/
.i C s/.i� C s/

Imfn.�s C ih/ ds:

Therefore,

Imfn.i C ih/ � Imfn.i� C ih/

D
1
�

Z 1
�1

.1 � �/.s2 � �/

.1C s2/.�2 C s2/
Imfn.�s C ih/ ds

D
1��
�

� Z 1
�1

s2 Imfn.�sCih/

.1Cs2/.�2Cs2/
ds�

Z 1
�1

1
.1Ct2/

Imfn.��tCih/

1C.�t/2
dt

�
where we used the change of variables s D �t in the last step. Using dominated
convergence we get, as � ! 0,

Imfn.i C ih/ � Imfn.ih/

D
1
�

Z 1
�1

Imfn.�s C ih/

1C s2 ds �
1
�

Z 1
�1

Imfn.ih/

1C t2
dt

D
1
�

Z 1
�1

Imfn.�s C ih/

1C s2 ds � Imfn.ih/:

This and an application of Fatou’s lemma show that

Imf .i C ih/ D lim
n!1

Imfn.i C ih/

D lim
n!1

1
�

Z 1
�1

Imfn.�s C ih/

1C s2 ds

>
1
�

Z 1
�1

Imf .�s C ih/

1C s2 ds: (6.3)

We conclude that the family of measures ¹.1 C s2/�1Imfn.�s C ih/ dsºn2N is
vaguely bounded, hence relatively compact in the vague topology of measures, cf.
Theorem A.5; thus, every subsequence has a vaguely convergent subsequence. Note
that limn!1 Imfn.�s C ih/ D Imf .�s C ih/ boundedly as is easily seen from

Imfn.�s C ih/ D
n2.Imf .�s C ih/C n�1/

.Ref .�s C ih/C n/2 C .Imf .�s C ih/C n�1/2

6
Imf .�s C ih/C 1

.n�1 Ref .�s C ih/C 1/2

6 CK .Imf .�s C ih/C 1/
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as long as s is in a compact set K � R and n is sufficiently large. This means that by
dominated convergence

lim
n!1

Z 1
�1

�.s/
Imfn.�s C ih/

1C s2 ds D

Z 1
�1

�.s/
Imf .�s C ih/

1C s2 ds

for all � 2 Cc.R/. Thus, the limiting measure is .1 C s2/�1 Imf .�s C ih/ ds and
we get from (6.2)

f 00.z C ih/ D
2
�

Z 1
�1

1
.z C s/3

Imf .�s C ih/ ds:

From (6.3) we deduce with a similar argument that ¹Imf .�s C ih/ dsºh>0 is a
vaguely relatively compact family of measures. For some subsequence hk ! 0 we
get

2
�

Imf .�s C ihk/

1C s2 ds
k!1
����!

�.ds/

1C s2

for a suitable limiting measure � satisfying
R1
�1

1
1Cs2 �.ds/ 6 Imf .i/ < 1. We

will see below in Corollary 6.3 that � does actually not depend on the subsequence.
Since limh!0 Imf .�s C ih/ D 0 locally boundedly on the negative half-axis s < 0,
the measure � is supported in Œ0;1/ and we get

f 00.z/ D

Z
Œ0;1/

1
.z C s/3

�.ds/:

Integrating twice, we find for w; z 2 H", with a suitable constant b 2 C,

f .z/ � f .w/ D b.z � w/C
1
2

Z
Œ0;1/

z � w

.z C s/.w C s/
�.ds/

and it is clear that this formula extends to all z; w 2 C n .�1; 0�. In particular we get
for z D � > 0 and w D � > 0

f .�/ � f .�/ D b.� � �/C
1
2

Z
Œ0;1/

� � �

.�C s/.� C s/
�.ds/:

If we set � D 1 and let � ! 1, we find that b > 0. By Fatou’s lemma and the
finiteness of f .0C/ D lim�!0 f .�/ we conclude that

f .�/ � f .0C/ >
1
2

Z
Œ0;1/

�

�C s

�.ds/

s
:

This shows that �¹0º D 0 and we get

f .z/ D aC bz C

Z
.0;1/

z

z C s
�.ds/;

where a D f .0C/ > 0, b > 0 and �.ds/ D 1
2 s
�1�.ds/ is a measure on .0;1/ such

that
R
.0;1/.1C s/

�1�.ds/ <1.
(vi))(ii) This is obvious if we take z D � 2 .0;1/.
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Theorem 6.2 and its proof allow us to draw a few interesting conclusions.

Corollary 6.3. The representation measure � in Theorem 6.2(vi) is given by

�.u; v� D lim
h!0C

1
�

Z
.u;v�

1
s

Imf .�s C ih/ ds

D lim
h!0C

1
�

Z
.u;v�

Im
f .�s C ih/

s � ih
ds

(6.4)

which holds for all continuity points u; v of the distribution function t 7! �.�1; t �.

Proof. The proof of Theorem 6.2 (v))(vi) shows that the limits appearing in (6.4)
exist along some sequence .hk/k2N, 0 < hk ! 0. Since f is analytic in H", the
limit does not depend on the particular sequence and we conclude that � (hence,
�) is uniquely determined by f . Note that a D �¹0º. Moreover, a D f .0C/ D
lim�!0 f .�/ and b D lim�!1 f .�/=�.

Remark 6.4. It follows from Theorem 6.2 and Corollary 6.3 that every function f 2
CBF can be uniquely represented in the following form

f .�/ D aC b�C

Z
.0;1/

�

�C t
�.dt/; � > 0; (6.5)

where a; b > 0 are non-negative constants and � is a measure on .0;1/ such thatR
.0;1/.1C t /

�1 �.dt/ <1. (6.5) is called the Stieltjes representation of the function
f and the measure � is called the Stieltjes measure of the function f .

Corollary 6.5 (Angular limits; G. Julia et al.). Let f be (the analytic extension of) a
complete Bernstein function. Then the limit

lim
R!1

f .Rei!/

Rei!
D b

exists uniformly for all ! 2 .�; � � �/ and all fixed � 2 .0; �=2/.

Proof. Let z D Rei! with � < ! < � � � for some fixed � 2 .0; �=2/. From the
formula in Theorem 6.2(vi) we get

f .Rei!/

Rei!
D

a

Rei!
C b C

Z
.0;1/

�.dt/

Rei! C t
:

An elementary but somewhat tedious calculation shows thatˇ̌̌̌
1

Rei! C t

ˇ̌̌̌
D

ˇ̌̌̌
Re�i! C t

R2 C 2Rt cos! C t2

ˇ̌̌̌
6

RC t

R2 � 2Rt cos � C t2

6
5

1 � cos �
1

RC t
:
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From dominated convergence we conclude

lim
R!1

f .Rei!/

Rei!
D b

uniformly for all ! 2 .�; � � �/. In fact, our consideration showsˇ̌̌̌
f .Rei!/

Rei!
� b

ˇ̌̌̌
6
a

R
C

5
1 � cos �

Z
.0;1/

1
RC t

�.dt/ 6
5

1 � cos �

�
f .R/

R
� b

�
which is valid for all ! 2 .�� C �; � � �/.

Corollary 6.6. Let f be (the analytic extension of) a complete Bernstein function.
Then

f .S� / � S� with S� D ¹z 2 C W 0 6 arg z 6 �º; � 2 .0; �/: (6.6)

Proof. This follows again from the formula in Theorem 6.2(vi). Indeed, if we add
z D rei� ; w D Rei� 2 C, the argument of w C z lies between � and � ; a similar
statement is true for integrals:

arg
Z
f .t; z/ �.dt/ 2

�
inft argf .t; z/; supt argf .t; z/

�
:

Note that for all t > 0

z

z C t
D

rei�

rei� C t
D

rei�

r 0ei�
0

where 0 < � 0 < �:

Thus, arg. z
zCt

/ 6 arg z and the same is true for f .z/ because of the formula in
Theorem 6.2(vi).

An analytic function f that preserves the upper half-planeH" is often called a Pick
function, a Nevanlinna function or a Nevanlinna–Pick function. Theorem 6.2 shows
that complete Bernstein functions are exactly those Nevanlinna–Pick functions which
are non-negative on the positive half-axis. A small change in the proof of Theorem 6.2
yields the canonical representation for (this particular class of) Nevanlinna–Pick func-
tions.

Theorem 6.7. The set CBF consists of all those Nevanlinna–Pick functions which are
non-negative on .0;1/. In particular, the following integral representations hold for
all f 2 CBF and z 2 C n .�1; 0�

f .z/ D ˛ C ˇz C

Z
.0;1/

zt � 1
z C t

�.dt/ (6.7)

D ˛ C ˇz C

Z
.0;1/

�
t

1C t2
�

1
z C t

�
.1C t2/ �.dt/: (6.8)

Here � is a measure on .0;1/ such that
R
.0;1/ t

�1 �.dt/ C
R
Œ1;1/ �.dt/ < 1 and

˛; ˇ > 0 are constants with ˛ >
R
.0;1/ t

�1 �.dt/.
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Proof. The equivalence of the two formulae (6.7) and (6.8) is obvious.
Assume now that f is the function given by (6.7). Then

f .z/ � ˇz � ˛

D

Z
.0;1/

zt � 1
z C t

�.dt/

D

Z
.0;1/

z

z C t
t �.dt/ �

Z
.0;1/

�
1

z C t
�

1
t

�
�.dt/ �

Z
.0;1/

1
t
�.dt/

D

Z
.0;1/

z

z C t

�
t C

1
t

�
�.dt/ �

Z
.0;1/

1
t
�.dt/

which becomes the formula in Theorem 6.2(vi) if we set �.dt/ WD .t C t�1/ �.dt/ D
t2C1
t
�.dt/, a WD ˛ �

R
.0;1/ t

�1 �.dt/ and b WD ˇ. By assumption, a; b > 0 andZ
.0;1/

�.dt/

1C t
D

Z
.0;1/

t2 C 1
t .1C t /

�.dt/ 6 2
Z
.0;1/

�.dt/

t
C

Z
Œ1;1/

�.dt/ <1:

The same calculation, run through backwards, shows that the formula in Theo-
rem 6.2(vi) entails (6.7), and the proof is complete.

Remark 6.8. (i) The (unique) representing measure � from (6.7) of Theorem 6.7 is
called the Pick measure or Nevanlinna measure or Nevanlinna–Pick measure.
(ii) Just as in Corollary 6.3 we can calculate the coefficients ˛; ˇ and the representing
measure � appearing in (6.7) from f . Clearly,

˛ D Ref .i/; ˇ D lim
�!1

f .i�/

i�

while Z
.u;v�

.1C t2/ �.dt/ D lim
h!0

1
�

Z
.u;v�

Imf .�s C ih/ ds (6.9)

holds for all u < v which are continuity points of �. To see this, recall from the proof
of Theorem 6.7 that t �.dt/ D .1 C t2/ �.dt/ where � is the representing measure
from the formula in Theorem 6.2(vi) and use Corollary 6.3.
(iii) For further reference let us collect the relations between the various representing
measures and densities appearing in Definition 6.1, Theorem 6.2 and Theorem 6.7:

m.t/ D

Z
.0;1/

e�ts s �.ds/ D L
�
s�.ds/I t

�
D

Z
.0;1/

e�ts .s2
C 1/�.ds/ D L

�
.s2
C 1/ �.ds/I t

�
;

�.dt/ D
t2 C 1
t

�.dt/:
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An analytic function ˆ on a domain � is said to be of bounded type (or bounded
character) if ˆ can be written as a quotient ˆ D G=H where G and H are bounded
analytic functions in �. If ˆ is of bounded type in the upper half-plane, it satisfies
the canonical or Nevanlinna factorization, i.e.

ˆ.z/ D cb.z/d.z/s.z/

where jcj D 1, b.z/ is a Blaschke product, see e.g. [208, Vol. 2, Section 36],

d.z/ D exp
�

1
�i

Z
R

�
1

z C t
�

t

1C t2

�
q.t/ dt

�
with

R
jq.t/j dt <1, and

g.z/ D
1

2�i

Z
R

1 � zt
z C t

!.dt/

for some signed measure ! such that
R
R
.1C t2/ j!j.dt/ <1, see e.g. Krylov [189,

Theorem XX] and the comments below.

Lemma 6.9. Let ˆ W H" ! H" be an analytic function such that Reˆ > 0. Then ˆ
is of bounded type.

Proof. Note that j1 C ˆj > Re .1 C ˆ/ > 1. Therefore � WD log j1 C ˆj is a non-
negative harmonic function on H". Since H" is simply connected, � is the real part
of an analytic function h, i.e. Re h D �. DefineH WD e�h andG WD ˆ �e�h. Clearly,
G and H are analytic,

jH j D je�hj D e�Reh
D e�� 6 1

and, since jˆj2 6 jˆj2 C 2ReˆC 1 D jˆC 1j2,

log jGj D log jˆj � log jˆC 1j 6 0I

thus, jGj 6 1. By definition ˆ D G=H , and the assertion follows.

If f 2 CBF,ˆ.z/ WD �if .z/ is analytic inH" and Reˆ D Imf > 0. Lemma 6.9
tells us that �if is of bounded type and has therefore a Nevanlinna factorization. This
is the background for the next theorem. For CBF functions the factorization turns out
to be rather easy and we can give a direct proof without resorting to the elaborate
machinery of complex function theory in a half-plane.

Theorem 6.10. For f 2 CBF, there exist a real number 
 and a function � on .0;1/
taking values in Œ0; 1� such that

f .�/ D exp
�

 C

Z 1
0

�
t

1C t2
�

1
�C t

�
�.t/ dt

�
; � > 0: (6.10)
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Conversely, any function of the form (6.10) is in CBF. Thus there is a one-to-one
correspondence between CBF and the set

� D
°
.
; �/ W 
 2 R and � W .0;1/

measurable
�������! Œ0; 1�

±
: (6.11)

Proof. Assume first that f is given by (6.10). From the structure of the integral kernel
it is clear that f extends to an analytic function for all z D �C i� 2 H". Moreover,

Im
�

logf .z/
�
D

Z 1
0

�

.�C t /2 C �2 �.t/ dt

6
Z 1

0

�

.�C t /2 C �2 dt

6
Z 1
�1

�

�2 C t2
dt D �

shows that f preserves the upper half-plane. Since f is positive on .0;1/, f 2 CBF

by Theorem 6.2.
Conversely, assume that f 2 CBF. Using the principal branch of the logarithm we

get g.z/ WD logf .z/ D log jf .z/j C i argf .z/ and argf .z/ 2 Œ0; �/. This means
that g maps z 2 H" to H"; since g is clearly analytic in H" and real (but not neces-
sarily positive) on .0;1/, it is ‘almost’ a complete Bernstein function. Nevertheless,
the argument used in the proof of Theorem 6.7 applies and shows that

g.z/ D ˛0 C ˇ0z C

Z �
t

1C t2
�

1
z C t

�
.1C t2/ �0.dt/

where ˛0; ˇ0 2 R and �0 is a measure on .0;1/ such that �0Œ1;1/ < 1. Note that
we no longer require that

R
.0;1/ t

�1 �0.dt/ <1 and that ˛0 >
R
.0;1/ t

�1 �0.dt/. This
is only needed to ensure that g would be positive on .0;1/.

We will now determine the possible values of .˛0; ˇ0; �0/. Set 
 WD ˛0. Since
f 2 CBF we know that f .�/, � > 0, grows at most linearly and g.�/ at most
logarithmically as �!1, i.e. ˇ0 D 0. Using Remark 6.8(ii) we find thatZ

.u;v�

.1C t2/ �0.dt/ D lim
h!0C

1
�

Z
.u;v�

Img.�s C ih/ ds

D lim
h!0C

1
�

Z
.u;v�

argf .�s C ih/ ds 6 vC � uC

where we used that �0 is supported on .0;1/ and that argf .�s C ih/ 2 Œ0; �/. This
means that .1C t2/ �0.dt/ is absolutely continuous with respect to Lebesgue measure
on .0;1/ and that the density �0.t/ takes almost surely values in Œ0; 1�.
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Remark 6.11. If f .0C/ > 0, we see thatZ 1
0

�
t

1C t2
�

1
t

�
�.t/ dt D

Z 1
0

�1
t .1C t2/

�.t/ dt > �1

which is the same as to say that
R 1

0 �.t/t
�1dt < 1. In this case we can rewrite the

exponent in the representation (6.10) in the following form:


 C

Z 1
0

�
t

1C t2
�

1
�C t

�
�.t/ dt

D

�

 C

Z 1
0

�
t

1C t2
�

1
t

�
�.t/ dt

�
C

Z 1
0

�
1
t
�

1
�C t

�
�.t/ dt

D ˇ C

Z 1
0

�

�C t

�.t/

t
dt I

this is a function of the formRCCBF, i.e. an extended (complete) Bernstein function,
see page 38. Therefore, we get the following multiplicative representation:

CBF \
®
f W f .0C/ > 0

¯
D eRCCBF

D .0;1/ � eCBF:

Comments 6.12. The notion of complete Bernstein function seems to appear first in the book by Prüss
[240] in connection with Volterra-type integral equations. Prüss uses (iii) of Theorem 6.2 as definition
of CBF: f .�/ D �2L .gI�/ where g is a Bernstein function. The specification complete derives from
the fact that every Bernstein function can be written in the form �2L .kI�/ where k is positive, non-
decreasing and concave, cf. (3.4), whereas k 2 CM if f 2 CBF. Stieltjes functions and (complete)
Bernstein functions were introduced into integral equations by G. E. H. Reuter [244] who found nec-
essary and sufficient conditions so that certain Volterra integral equations have positive solutions; the
starting point for Reuter’s investigations was a problem from probability theory.

The equivalent integral representations for complete Bernstein functions from Theorems 6.2 and 6.7
have a long history. This is due to the fact that the class CBF has been used under different names and
in different contexts. One of the earliest appearances of CBF is in the papers by Pick [236, 237] and,
independently, R. Nevanlinna [221, 222] in connection with interpolation problems inC and the Stieltjes
moment problem. Pick gives a characterization of all analytic functions in the unit disk or the upper half-
plane which attain the values wj at the points jzj j 6 1 and Im zj > 0, j D 1; 2; : : : ; n, respectively; the
class of functions on the half-plane that admit a unique solution of this interpolation problem satisfy (a
discrete version of) the representation (6.7). Independently of Pick, Nevanlinna arrives in [221] at the
same result for finitely and infinitely many interpolation pairs .zj ; wj /.

In [222] Nevanlinna shows that Hamburger’s solution to the (extended) Stieltjes’ moment problem
[115] can be equivalently stated in terms of analytic functions f in the upper complex half-plane with
negative imaginary part. Nevanlinna proves the equivalence of conditions (iv) and (vi) of Theorem 6.2;
note that he does not assume that f has a positive continuous extension to .0;1/ (as we do). The main
tool are methods from the theory of continued fractions and Schur’s algorithm [257]. Later, he gives in
[223] a different proof for this representation. He solves the above described interpolation problem in
the unit disk for infinitely many pairs .zj ; wj /. For the case where the zj are on the boundary of the disk
or the upper half-plane, respectively, he employs earlier results of Julia [162] and Carathéodory [60] on
non-tangential limits (also angular limits, Winkelderivierte in German). By the Cayley transform the
open disk is mapped onto H" and the zj ’s are mapped into points �j 2 R. Letting the �j ’s collapse
into a single point, the problem becomes the Stieltjes moment problem and one is back in the situation
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of [222]. Note that this approach using non-tangential limits also yields (6.4) which is nowadays called
Stieltjes inversion formula.

It is interesting to note that Nevanlinna did not use Herglotz’ seminal paper [129] on the representa-
tion of analytic functions in the unit disk having positive real part. Using Herglotz’ result and the Cayley
transform, Cauer [62] gives a short proof of the equivalence of Theorem 6.2(iv) and Theorem 6.7, and
refers to [223] for Theorem 6.2(vi). Cauer’s approach is used by most modern presentations of the mate-
rial, see e.g. Akhiezer [2, Chapter 3] or Akhiezer and Glazman [3, Vol. II, Sect. 59] for particularly nice
proofs. Akhiezer [2] contains many interesting notes on the Russian school of complex function theory
and operator theory. The paper [178] by Komatu gives a modern presentation of the material from the
viewpoint of complex function theory in a half-plane.

Hirsch [135, 136, 138] introduces complete Bernstein functions—in [138] they are referred to as
family H —through a variant of (6.5). His intention was to find a cone of functions operating on Hunt
kernels and more general abstract potentials [139]. Hirsch shows, among other things, the equivalence
of (6.1) and (6.5) and that CBF are exactly those functions which operate on all densely defined, closed
operators V on a Banach space such that .�1; 0/ is in the resolvent set and sup�>0 k.idC�V /

�1k <1.
This set includes the abstract potentials in the sense of Yosida [296, XIII.9], as well as all infinitesimal
generators of strongly continuous contraction semigroups.

The present rather complete form of Theorems 6.2 and 6.7 appeared in [251]—this proof is repro-
duced in [157, pp. 193–202]—see also [252] and [253] as well as the survey paper by Berg [25]. The
elementary proof presented here seems to be new. The result contained in Corollary 6.5 is originally due
to Julia [162], Wolff [291], Carathéodory [60] and one of the most elegant direct proofs is by Landau
and Valiron [197]. Some of the above equivalences are part of the mathematical folklore; see e.g. Hirsch
[136], Berg [22] or Nakamura [218] for corresponding remarks and statements.

The Stieltjes-type inversion formulae appearing in Corollary 6.3 and Remark 6.8 are classical and
can be found, e.g. in Akhiezer [2, p. 124], de Branges [76, Chapter 1.3] or Berg [23, 25].

The proof of the canonical or Nevanlinna factorization of bounded type in H" goes back to Krylov
[189]. His paper is still highly readable and the formulation here is taken directly from [189, Theorem
XX]. Other sources include Duren [88, Chapter 11.3], Hoffmann [141, pp. 132-3], de Branges [76,
Chapter I.8] and Rosenblum and Rovnyak [247, Chapter 5]; in [247, Chapter 2] there is also a proof
of Theorem 6.7 using methods from operator theory as well as a discussion of the Nevanlinna–Pick
interpolation problem. The short proof of Theorem 6.10 is inspired by Krein and Nudelman [188,
Appendix, Theorems A.3, A.8].



Chapter 7

Complete Bernstein functions: properties

The representation results of Chapter 6 enable us to give various structural results
characterising complete Bernstein and Stieltjes functions. Our first aim is to make a
connection between Stieltjes and complete Bernstein functions. For this the following
result is useful.

Proposition 7.1. f 2 CBF; f 6� 0; if, and only if, the function f ?.�/ WD �=f .�/ is
in CBF.

Proof. If f 2 CBF we may use the representation (6.5) and get

f .z/

z
D
a

z
C b C

Z
.0;1/

1
z C t

�.dt/; z 2 C n .�1; 0�:

Since

Im z � Im
1

z C t
D Im z �

�Im z

jz C t j2
D
�.Im z/2

jz C t j2
6 0

we see that f .z/=z maps H" into H#. As 1=z switches the upper and lower half-
planes, z=f .z/ D .z�1f .z//�1 maps H" into itself. Further, �=f .�/ 2 .0;1/ for
� > 0, and since a D lim�!0C f .�/, we have

lim
�!0C

�

f .�/
D

8<:0; if a ¤ 0;
1

lim�!0C
f.�/
�

D
1

bC
R
.0;1/

�.dt/
t

2 Œ0;1/; if a D 0:

Theorem 6.2(iv) shows that �=f .�/ is in CBF.
Conversely, if g.�/ D �=f .�/, � 2 .0;1/, is a complete Bernstein function, we

can apply the just established result to this function and get

CBF 3
�

g.�/
D

�

�
f.�/

D f .�/:

Remark 7.2. We call f; f ? a conjugate pair of complete Bernstein functions.

We can now prove a characterization of Stieltjes functions which was already an-
nounced in Chapter 2. Note that this theorem enables us to transfer all statements for
complete Bernstein functions to Stieltjes functions. From a structural point of view
one should compare this theorem with the definition of the cone P, Definition 5.16.
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Theorem 7.3. A function f 6� 0 is a complete Bernstein function if, and only if,
1=f 6� 0 is a Stieltjes function. In other words

CBF� D
®
f W 1=f 2 S�

¯
and S� D

®
g W 1=g 2 CBF�

¯
:

(CBF�; S� refer to the not identically vanishing elements of CBF and S.)

Proof. If f 2 CBF�, Proposition 7.1 shows that � 7! �=f .�/ is a complete Bernstein
function, too. As such, z=f .z/, z 2 Cn.�1; 0�, has a representation of the form (6.5),
and dividing by z we see that 1=f .z/ is a Stieltjes function.

Conversely, if 1=f 2 S�, it is obvious from the definition of Stieltjes functions that
z=f .z/ has a representation of the type (6.5) which means that z=f .z/ is a complete
Bernstein function. By Proposition 7.1 this shows that f 2 CBF�.

The next Corollary is an immediate consequence of Theorem 7.3 combined with
Theorem 6.2(iv), (v).

Corollary 7.4. Let g be a positive function on .0;1/. Then g is a Stieltjes function
if, and only if, g.0C/ exists in Œ0;1� and g extends analytically to C n .�1; 0� such
that Im z � Img.z/ 6 0, i.e. g maps H" to H# and vice versa.

The set S of Stieltjes functions plays pretty much the same role for CBF as do the
completely monotone functions CM for the Bernstein functions BF. The following
theorem is the CBF-analogue of Theorem 3.6

Theorem 7.5. Let f be a positive function on .0;1/. Then the following assertions
are equivalent.

(i) f 2 CBF.

(ii) g ı f 2 S for every g 2 S.

(iii) 1
uCf

2 S for every u > 0.

Proof. (i))(ii) Assume that f 2 CBF and g 2 S. Clearly, g ı f .�/ is positive for
� 2 .0;1/ and by Theorem 6.2(iv) and Corollary 7.4

g ı f W H"
f
���! H"

g
��! H#:

Again by Corollary 7.4, g ı f 2 S.
(ii))(iii) This follows from the fact that g.�/ WD gu.�/ WD .uC �/�1, u > 0, is a

Stieltjes function.
(iii))(i) Note that for z 2 C n .�1; 0�

Im z � Im
1

uC f .z/
D Im z �

�Imf .z/

juC f .z/j2
6 0

so that Im z � Imf .z/ > 0. Since f j.0;1/ is positive we conclude from Theorem
6.2(v) that f 2 CBF.
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Corollary 7.6. (i) The set CBF is a convex cone: if f1; f2 2 CBF, then sf1C tf2 2

CBF for all s; t > 0.

(ii) The set CBF is closed under pointwise limits: if .fn/n2N � CBF and if the limit
limn!1 fn.�/ D f .�/ exists for every � > 0, then f 2 CBF and the Stieltjes
measures �n of fn converge vaguely on .0;1/ to the Stieltjes measure � of f .

(iii) The set CBF is closed under composition: if f1; f2 2 CBF, then f1ıf2 2 CBF.
In particular, � 7! f1.c�/ is in CBF for any c > 0.

(iv) f 2 CBF is bounded on
�!
H if, and only if, in (6.5) b D 0 and �.0;1/ <1.

Proof. (i) This is obvious because of formula (6.5).
(ii) Without loss of generality we may assume that f 6� 0. Then fn.�/! f .�/ if,

and only if, 1=fn.�/ ! 1=f .�/. By Theorem 7.3, 1=fn 2 S; since S is closed under
pointwise limits, cf. Theorem 2.2, 1=f 2 S and, again by Theorem 7.3, f 2 CBF.

Let �n be the Lévy measure of fn, n 2 N, and � the Lévy measure of f . It
follows by Corollary 3.8 that limn!1 �n D � vaguely in .0;1/. Let mn be the
completely monotone density of �n, n 2 N, and m the completely monotone density
of f . Since mn and m are continuous and non-increasing, it is simple to show that
limn!1mn.t/ D m.t/ for all t > 0. By Remark 6.8, mn.t/ D L .s�n.ds/I t / and
m.t/ D L .s�.s/I dt/, and so limn!1 s�n.ds/ D s�.ds/ vaguely in Œ0;1/, cf. the
proof of Corollary 1.6. Therefore, limn!1 �n D � vaguely in .0;1/.

(iii) Let f1; f2 2 CBF. For any g 2 S we use Theorem 7.5 (i))(ii) to get g ı f1 2

S, and then g ı .f1 ı f2/ D .g ı f1/ ı f2 2 S. The converse direction (ii))(i) now
shows that f1 ı f2 2 CBF.

(iv) Note that for all z 2
�!
H and t > 0ˇ̌̌̌

z

z C t

ˇ̌̌̌2
D

.Re z/2 C .Im z/2

.Re z C t /2 C .Im z/2
6 1:

That b D 0 and �.0;1/ <1 imply the boundedness of f j�!
H

is clear from the repre-
sentation (6.5). Conversely, if f j�!

H
is bounded, b D 0 follows from Remark 3.3(iv),

and �.0;1/ < 1 follows from (6.5) and Fatou’s Lemma for z D � ! 1, � 2
Œ0;1/.

Here is the CBF-analogue of Proposition 3.10 which gives a one-to-one correspon-
dence between bounded Stieltjes functions and bounded complete Bernstein func-
tions.

Proposition 7.7. If g 2 S is bounded, then g.0C/ � g 2 CBF. Conversely, if
f 2 CBF is bounded, there exist some constant c > 0 and some bounded g 2 S,
lim�!1 g.�/ D 0, such that f D c � g. The constant can be chosen to be
c D f .0C/C g.0C/.
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Proof. Assume that g.�/ D a��1 C b C
R
.0;1/.� C t /

�1�.dt/ is bounded. This
means that a D 0 and, by monotone convergence,

R
.0;1/ t

�1�.dt/ < 1. Again by
monotone convergence g.0C/ D b C

R
.0;1/ t

�1�.dt/ <1. Hence,

f .�/ WD g.0C/ � g.�/ D
Z
.0;1/

�
1
t
�

1
�C t

�
�.dt/ D

Z
.0;1/

�

t C �

�.dt/

t

is a bounded complete Bernstein function, cf. Corollary 7.6(iv).
Conversely, if f 2 CBF is bounded, f .�/ D a C

R
.0;1/ � .� C t /

�1�.dt/ for
some bounded measure �, cf. Corollary 7.6. Thus f .�/ D c � g.�/ where g.�/ DR
.0;1/ t .� C t /

�1�.dt/ is a bounded Stieltjes function with lim�!1 g.�/ D 0 and
c D aC �.0;1/ D f .0C/C g.0C/ > 0.

Remark 7.8. Just as in the case of Bernstein functions, see Remark 3.11, we can
understand the representation formula (6.5) as a particular case of the Kreı̆n–Milman
or Choquet representation. The set®

f 2 CBF W f .1/ D 1
¯

is a basis of the convex cone CBF, and its extremal points are given by

e0.�/ D 1; et .�/ D
�.1C t /
�C t

; 0 < t <1; and e1.�/ D �:

Their extremal property follows exactly as in Remark 2.4. Thus,

1; �;
�

�C t
; .0 < t <1/

are typical functions in CBF. Using (6.5) with 1
�

sin.˛�/ t˛�1 dt , 1.0;1/.t/ dt2
p
t

or
1
t
1.1;1/.t/ dt as the Stieltjes measures �.dt/ we see that

�˛ .0 < ˛ < 1/;
p
� arctan

1
p
�
; log.1C �/

are also complete Bernstein functions.
The closure assertion of Corollary 7.6 says, in particular, that on the set CBF the

notions of pointwise convergence, locally uniform convergence, and even convergence
in the space C1 coincide.

The next corollary comes in handy if we want to construct new complete Bernstein
functions or Stieltjes functions from given functions in CBF or S. It also shows how
these classes of functions operate on each other. To simplify the exposition we use
shorthand notation of the type CBF ı S � S to indicate that the composition of any
f 2 CBF and g 2 S is an element of S.
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Corollary 7.9. (i) CBF ı S � S;

(ii) S ı CBF � S;

(iii) CBF ı CBF � CBF;

(iv) S ı S � CBF.

Proof. All assertions follow in the same way: all composite functions are positive on
the positive real line .0;1/ and all that remains to be done is to track whether H" is
mapped under the composite map to H" or H#. In the first case we get a complete
Bernstein function, see Theorem 6.2(iv), otherwise we have a Stieltjes function, see
Theorem 7.3.

Corollary 7.9 contains many known characterizations of CBF and S. Several ap-
plications of Corollary 7.9 yield

� 7! f .�/ 2 CBF if, and only if, � 7!
1

f . 1
�
/
2 CBFI (7.1)

� 7! f .�/ 2 S if, and only if, � 7!
1

f . 1
�
/
2 SI (7.2)

just note that � 7! 1=� is a Stieltjes function. The same consideration applied to
� 7! �=f .�/, which is in CBF if, and only if, f 2 CBF, cf. Proposition 7.1, gives

� 7! f .�/ 2 CBF if, and only if, � 7! �f

�
1
�

�
2 CBF: (7.3)

Composing f 2 S with the complete Bernstein function

� 7!
��1�

�C ��1 D
�

��C 1

shows that f � .�f C 1/�1 2 S. Letting � ! 0 brings us back to f 2 S, cf. The-
orem 2.2; thus,

� 7! f .�/ 2 S if, and only if, � 7!
f .�/

�f .�/C 1
2 S for all � > 0: (7.4)

Finally, if we compose f 2 S with 1=� 2 S, we get 1=f 2 CBF and 1=.�f .�// 2 S

by Theorem 6.2(ii). The same reasoning applied to the function 1=.�f .�// gives
f 2 S, and we have shown

� 7! f .�/ 2 S if, and only if, � 7!
1

�f .�/
2 S: (7.5)
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Proposition 7.10. CBF and S are both logarithmically convex, i.e.

for all f1; f2 2 CBF and ˛ 2 .0; 1/ f ˛1 � f
1�˛

2 2 CBF ;

for all g1; g2 2 S and ˛ 2 .0; 1/ g˛1 � g
1�˛
2 2 S:

Proof. Since f 2 CBF exactly if 1=f 2 S, we only need to show the assertion for
CBF. We give two arguments for this result:

The first proof is based on Theorem 6.2(iv). Since f 2 CBF maps H" into itself,
argf .z/ 2 .0; �/ for all z 2 H". Thus, argf ˛.z/ 2 .0; ˛�/ and it is clear that
0 6 arg.f ˛1 � f

1�˛
2 / < ˛� C .1 � ˛/� D � for z 2 H". This means that f ˛1 � f

1�˛
2

preserves the upper half-plane H" and is a complete Bernstein function.
The second proof uses the representation of f1; f2 2 CBF from Theorem 6.10. If

fj is represented by .
j ; �j / 2 � , f ˛1 � f
1�˛

2 corresponds to the convex combination
˛.
1; �1/C .1 � ˛/.
2; �2/ which is again in � .

We will use the following shorthand:

CBF˛ WD ¹f ˛ W f 2 CBFº and S˛ WD ¹f ˛ W f 2 Sº

where CBF0 and S0 are, by definition, the non-negative constants. Moreover, note
that CBF˙˛ D S�˛.

Proposition 7.11. For ˛ 2 Œ�1; 1�, the families CBF˛ and S˛ are convex cones. In
fact, for ˛ 2 Œ0; 1�,

CBF˛ D
®
f 2 CBF W �1�˛f .�/ 2 CBF

¯
;

S˛ D
®
f 2 S W �˛�1f .�/ 2 S

¯
:

Proof. The convexity follows immediately from the identities given in the second
half of the proposition. Since S�1 D CBF and CBF �1 D S it is clearly enough to
consider ˛ 2 Œ0; 1� and CBF.

When ˛ D 1 the assertions are trivial. If ˛ D 0 and f 2 CBF, then �f .�/
can only be of class CBF if f is a positive constant. This follows from the fact
that �f .�/ 2 CBF implies that �=.�f .�// D 1=f .�/ 2 CBF. On the other hand,
1=f 2 S and all functions CBF\ S must be both non-decreasing and non-increasing,
hence constant.

Fix ˛ 2 .0; 1/ and define

Q˛ WD
®
f 2 CBF W �1�˛f .�/ 2 CBF

¯
:

We prove that Q˛ D CBF˛. If f 2 CBF˛, then g D f 1=˛ 2 CBF. Thus by the
logarithmic convexity of CBF, we have �1�˛f .�/ D �1�˛g˛.�/ 2 CBF, which
implies that CBF˛ � Q˛.
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Conversely, suppose f 2 Q˛, that is, f 2 CBF and h.�/ WD �1�˛f .�/ 2 CBF.
By Theorem 6.10, there exists a pair .
; �/ 2 � such that

logf .�/ D 
 C
Z 1

0

�
t

1C t2
�

1
�C t

�
�.t/ dt;

where � is the set defined in (6.11). Since log h.�/ D .1 � ˛/ log�C logf .�/ and

log� D
Z 1

0

�
t

1C t2
�

1
�C t

�
dt;

we have

log h.�/ D 
 C
Z 1

0

�
t

1C t2
�

1
�C t

� �
�.t/C 1 � ˛

�
dt:

Since h 2 CBF, we have 0 6 �.t/C 1 � ˛ 6 1, which implies 0 6 �.t/ 6 ˛. Hence
f 1=˛ 2 CBF, that is, Q˛ � CBF˛.

Proposition 7.11 is very useful when it comes to compositions and products of
complete Bernstein functions with fractional powers. The following corollary collects
a few examples:

Corollary 7.12. Let f; g 2 CBF. Then

(i) .f ˛.�/C g˛.�//1=˛ 2 CBF for all ˛ 2 Œ�1; 1� n ¹0º;

(ii) .f .�˛/C g.�˛//1=˛ 2 CBF for all ˛ 2 Œ�1; 1� n ¹0º;

(iii) f .�˛/ � g.�1�˛/ 2 CBF for all ˛ 2 Œ0; 1�.

Proof. Without loss of generality we can assume ˛ ¤ 0 throughout.
(i) follows immediately from the fact that CBF˛ is a convex cone, cf. Proposi-

tion 7.11.
(ii) can be rephrased as h.�˛/1=˛ 2 CBF where h WD f C g 2 CBF. Assume first

that 0 < ˛ 6 1. Note that h 2 CBF implies �=h.�/ 2 CBF. Therefore, �˛=h.�˛/ 2
CBF as well as �1�˛h.�˛/ D �=.�˛=h.�˛// 2 CBF. Since h.�˛/ 2 CBF, we have
h.�˛/ 2 CBF˛, and consequently h.�˛/1=˛ 2 CBF. If �1 6 ˛ < 0, set ˇ WD �˛ >
0. Since h.�ˇ /1=ˇ is in CBF, (7.1) shows that also h.�˛/1=˛ D 1=h.1=�ˇ /1=ˇ is a
complete Bernstein function.

To see (iii), observe that for f; g 2 CBF and ˛ 2 .0; 1/ part (ii) implies that
f .�˛/1=˛ and g.�1�˛/1=.1�˛/ are in CBF; because of Proposition 7.10 we get

f .�˛/g.�1�˛/ D
�
f .�˛/1=˛

�˛�
g.�1�˛/1=.1�˛/

�1�˛
2 CBF:

The principle used in Corollary 7.12 to get new functions of type CBF from given
ones can be generalized in the following way.
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Proposition 7.13. Let f; g; h 2 CBF and f 6� 0. Then

(i) f .�/ � g. �
f.�/

/ 2 CBF;

(ii) h.f .�// � g. �
f.�/

/ 2 CBF.

Proof. (i) f; g 2 CBF implies that �=f .�/ and �=g.�/ are in CBF; by Corol-
lary 7.9(iii) the function

�

f .�/ g
�
�

f.�/

� D �
f.�/

g
�
�

f.�/

�
is in CBF, and Proposition 7.1 shows f .�/g.�=f .�// 2 CBF.

(ii) Since f; g 2 CBF and f is non-zero, we know that �=f .�/, g.�=f .�// and,
by (i), f .�/g.�=f .�// are complete Bernstein functions. Thus, for every t > 0,

f .�/C t

f .�/g
�
�

f.�/

� D 1

g
�
�

f.�/

� C t

f .�/g
�
�

f.�/

� 2 S

or, equivalently,

f .�/

f .�/C t
g

�
�

f .�/

�
D

1
f .�/C t

f .�/g

�
�

f .�/

�
2 CBF: (7.6)

Since any h 2 CBF can be written as

h.�/ D aC b�C

Z
.0;1/

�

�C t
�.dt/; � > 0;

we arrive at the desired conclusion by integrating (7.6) in t and adding the complete
Bernstein function ag.�=f .�//C bf .�/g.�=f .�//.

Proposition 7.14. If f 2 CBF is non-constant, then for any �0 > 0, the functions

g.�/ D
� � �0

f .�/ � f .�0/
1¹�¤�0º C

1
f 0.�0/

1¹�D�0º;

h.�/ D
�f .�/ � �0f .�0/

� � �0
1¹�¤�0º C

�
�0f

0.�0/C f .�0/
�
1¹�D�0º;

k.�/ D

�
�f .�/ � �0f .�0/

f .�/ � f .�0/

�1=2

1¹�¤�0º C

�
�0 C

f .�0/

f 0.�0/

�1=2

1¹�D�0º;

`.�/ D exp
�
� logf .�/ � �0 logf .�0/

� � �0

�
1¹�¤�0º C

�
f .�0/C e

�0f
0.�0/

f.�0/

�
1¹�D�0º

are in CBF.



70 7 Complete Bernstein functions: properties

Proof. Since f 2 CBF, f has a representation of the following form, cf. Theo-
rem 6.7,

f .�/ D ˛ C ˇ�C

Z
.0;1/

�t � 1
�C t

�.dt/

for some ˛; ˇ > 0 and some measure � on .0;1/. For � ¤ �0 we see

f .�/ � f .�0/

� � �0
D ˇ C

Z
.0;1/

1
�C t

1C t2

�0 C t
�.dt/:

The right-hand side is defined for all � > 0 and it is clearly an element of S. Moreover,
if � D �0, the value f 0.�0/ extends the left-hand side continuously. This shows that
the function g given in the statement of the proposition is defined for all � > 0, it
satisfies 1=g 2 S and, therefore, g 2 CBF. Further,

h.�/ D �
f .�/ � f .�0/

� � �0
C f .�0/ D

�

g.�/
C f .�0/ 2 CBF

because of Proposition 7.1. Using the log-convexity of CBF we see

k.�/ D
�
g.�/

�1=2�
h.�/

�1=2
2 CBF:

For the function `.�/ we use the representation (6.10) for f to find

log `.�/ D
� logf .�/ � �0 logf .�0/

� � �0

D 
 C

Z 1
0

�
t

1C t2
�

t

.�C t /.�0 C t /

�
�.t/ dt

D 
 C

Z 1
0

�0 t �.t/

.1C t2/.�0 C t /
dt C

Z 1
0

�
t

1C t2
�

1
�C t

�
t�.t/

�0 C t
dt:

Since 0 6 �.t/ 6 1, we have 0 6 t�.t/.�0 C t /�1 6 1 which shows that ` 2
CBF.

Just as for Bernstein functions, cf. Proposition 3.4, we can characterize those com-
plete Bernstein functions which have derivatives in S.

Proposition 7.15. Let h.�/ D a��1CbC
R
.0;1/.�Ct /

�1 �.dt/ be a Stieltjes function
where a; b > 0 and with representing measure � , i.e.

R
.0;1/.1C t /

�1 �.dt/ <1.
Then h has a primitive f which is in CBF if, and only if, a D 0 and if the repre-

senting measure satisfiesZ
.0;1/
j log t j �.dt/C

Z
Œ1;1/

1
t
�.dt/ <1: (7.7)
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If the primitive f is a complete Bernstein function, it is given by

f .�/ D c C b�C

Z
.0;1/

log
�

1C
�

t

�
�.dt/ (7.8)

where f .0C/ D c > 0 is some integration constant.
Conversely, every function of the form (7.8) with the representing measure � satis-

fying (7.7) is contained in CBF. Moreover, its derivative f 0 is in S.

Proof. Let h be a Stieltjes function given by

h.�/ D
a

�
C b C

Z
.0;1/

1
�C t

�.dt/:

Using Fubini’s theorem we find for all � > � > 0Z �

�

h.s/ ds D

Z �

�

�
a

s
C b C

Z
.0;1/

1
s C t

�.dt/

�
ds

D a log
�

�
C b.� � �/C

Z
.0;1/

Z �

�

1
s C t

ds �.dt/

D a log
�

�
C b.� � �/C

Z
.0;1/

log

�
�
t
C 1

��
�
t
C 1

� �.dt/:
Note that this expression has a finite limit as � ! 0 if, and only if, a D 0 and if �
satisfies (7.7). Indeed, since

lim
t!0

log
�
1C �

t

�
log

�
1C 1

t

� D 1 and lim
t!1

log
�
1C �

t

�
log

�
1C 1

t

� D �;
the integral expression is finite, if and only if,Z

.0;1/
log

�
1C

1
t

�
�.dt/ <1:

Because of

lim
t!0

log
�
1C 1

t

�
log 1

t

D 1 and lim
t!1

log
�
1C 1

t

�
1
t

D 1

we get (7.7).
If a D 0 and if the representing measure � satisfies (7.7), the primitive f exists,

and we have f .0C/ < 1. Therefore, f .�/ is given by (7.8) and it is a complete
Bernstein function. The latter follows from the fact that CBF is a convex cone which
is closed under pointwise convergence.

Conversely, if the primitive exists and if f 2 CBF, we know that f .0C/ <1 and
the above calculation shows that a D 0 and that the measure � satisfies (7.7).
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Comments 7.16. Proposition 7.1 appears in [218, 25] and, independently, in [253]. The second equality
of Theorem 7.3 is already mentioned in [218] and it is implicitly contained in [135, 136]. Stability
properties of CBF and S under particular compositions have been studied by Hirsch [135, 136], see also
[23, 25]: the ‘if’ directions of (7.1)–(7.4) appear in [135], (7.5) is due to Reuter [244] and (7.2) and the
Stieltjes version of (7.3) can be found in van Herk [284, Theorems 7.49, 7.50]. The general statement of
Corollary 7.9 and the characterizations of CBF and S in terms of their stability properties, Theorem 7.5,
seem to be new.

The calculations for the examples in Remark 7.8 are the same as those of the corresponding Re-
mark 2.4 for Stieltjes functions. An easier way to arrive there, without duplicating all calculations,
would be to use the examples of Remark 2.4 and to observe that f 2 CBF if, and only if, f .�/=� 2 S,
see Theorem 6.2(ii).

The log-convexity of CBF and S, Proposition 7.10, was originally shown by Berg [22] using a rather
complicated function-theoretic proof. Our first argument is from Nakamura [218] while the second is
due to Berg, see [23].

The cones CBF˛ and S˛ were introduced by Nakamura [218] for ˛ ¤ 0, and Proposition 7.11 along
with Corollary 7.12 can be found there for positive ˛ > 0. Since lim˛!0.

1
2f

˛ C
1
2g
˛/1=˛ D

p
fg

(use, e.g. de l’Hospital’s rule), the limiting case of Corollary 7.12(i) contains yet another proof of the
log-convexity of CBF. Part (ii) of Corollary 7.12 seems to be due to Ando [8]; for general j˛j 6 1 it
appears, with a different proof using the mapping property of CBF, in [251, 252]. Proposition 7.13 is
from Uchiyama [280, Lemma 2.1], but his proof of part (ii) has a gap. Proposition 7.14 is again from
[218].



Chapter 8

Thorin–Bernstein functions

Proposition 7.15 contains a characterization of those complete Bernstein functions f
whose derivative f 0 is a Stieltjes function. For probabilists this subclass of CBF is
quite important, see Proposition 9.10 and Remark 9.17. We begin with a definition
which reminds of the definition of complete Bernstein functions, Definition 6.1, based
on the representation result for general Bernstein functions, cf. Theorem 3.2.

Definition 8.1. A Bernstein function f is called a Thorin–Bernstein function if the
Lévy measure � from (3.2) has a density m.t/ such that t 7! t � m.t/ is completely
monotone, i.e.

f .�/ D aC b�C

Z
.0;1/

.1 � e��t /m.t/ dt; (8.1)

where a; b > 0,
R
.0;1/.1^ t /m.t/ dt <1 and t 7! t �m.t/ is completely monotone.

We will use TBF to denote the family of all Thorin–Bernstein functions.

Observe that the complete monotonicity of t 7! t � m.t/ implies that also m.t/ D
t�1 � .t �m.t// is completely monotone. Therefore, TBF � CBF.

Theorem 8.2. For a function f W .0;1/ ! .0;1/ the following assertions are
equivalent.

(i) f 2 TBF.

(ii) f 0 2 S and f .0C/ D lim�!0C f .�/ exists.

(iii) f is of the form

f .�/ D aC b�C

Z
.0;1/

log
�

1C
�

t

�
�.dt/ (8.2)

where a; b > 0 and with an unique representing measure � on .0;1/ satisfyingR
.0;1/ j log t j �.dt/C

R
Œ1;1/ t

�1 �.dt/ <1.

(iv) f 2 CBF and f 0 2 S.

(v) f is of the form

f .�/ D aC b�C

Z 1
0

�

�C t

w.t/

t
dt (8.3)

where a; b > 0 are positive constants and w W .0;1/ ! Œ0;1/ is a non-
decreasing function such that

R1
0 .1C t /�1t�1w.t/ dt <1. In order to assure

uniqueness of w we can, and will, assume that w is left-continuous.
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Proof. (i))(ii) Let f 2 TBF. Then f .0C/ exists and is finite. Moreover,

f .�/ D aC b�C

Z 1
0
.1 � e��t /m.t/ dt;

where t � m.t/ is completely monotone. Write t � m.t/ D L .�I t / with a suitable
measure �. Differentiation gives

f 0.�/ D b C

Z 1
0

e��t t m.t/ dt D b CL
�
L .�I t / dt I�

�
;

and by Theorem 2.2(i) we find f 0 2 S.
(ii))(iii) By assumption,

f 0.�/ D
˛

�
C ˇ C

Z
.0;1/

1
�C t

�.dt/:

Since the primitive f .�/ exists with f .0C/ finite, we see that necessarily ˛ D 0 as
well as

f .�/ D aC ˇ�C

Z
.0;1/

�
log.�C t / � log t

�
�.dt/

D aC ˇ�C

Z
.0;1/

log
�

1C
�

t

�
�.dt/:

Since f is non-negative, the integration constant a has to be non-negative and if we
set b D ˇ we have shown (8.2). Since f .1/ is finite, � integrates the function t 7!
log.1C t�1/ or equivalently, see the proof of Proposition 7.15,

R
.0;1/ j log t j �.dt/CR

Œ1;1/ t
�1 �.dt/ < 1. The uniqueness of � follows immediately from the unique-

ness of the representing measure of Stieltjes functions, see the comment following
Definition 2.1.

(iii))(iv) This is the converse direction in Proposition 7.15.
(iv))(v) By Proposition 7.15 every f 2 CBF with f 0 2 S is of the form (7.8).

Using Fubini’s theorem we get

f .�/ D f .0C/C b�C
Z
.0;1/

Z 1
t

.�1/
d

ds
log

�
1C

�

s

�
ds �.dt/

D f .0C/C b�C
Z
.0;1/

Z 1
t

1
s

�

�C s
ds �.dt/

D f .0C/C b�C
Z 1

0

�

�C s

1
s

Z
.0;s/

�.dt/ ds:

This shows (8.3) with the left-continuous density w.t/ D �.0; t / and a D f .0C/; the
integrability condition on w.t/ is a consequence of Fubini’s theorem and the fact that
f .1/ <1.
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(v))(i) We may use Fubini’s theorem to get

f .�/ D aC b�C

Z 1
0

�

�C s

w.s/

s
ds

D aC b�C

Z 1
0

�1
s
�

1
�C s

�
w.s/ ds

D aC b�C

Z 1
0

Z 1
0
.e�st � e�.�Cs/t / w.s/ dt ds

D aC b�C

Z 1
0
.1 � e��t /

�Z 1
0

e�ts w.s/ ds

�
dt:

Since w is non-decreasing, we haveZ 1
0

1
1C s

w.0C/
s

ds 6
Z 1

0

1
1C s

w.s/

s
ds <1

which is only possible if w.0C/ D 0. Thus, w.s/ D �.0; s/ for a suitable measure �
defined on .0;1/, and thus

m.t/ WD

Z 1
0

e�ts w.s/ ds D

Z 1
0

e�ts
Z
.0;s/

�.du/ ds

D

Z
.0;1/

Z 1
u

e�ts ds �.du/

D
1
t

Z
.0;1/

e�tu �.du/:

Hence, t �m.t/ D
R
.0;1/ e

�tu �.du/ is completely monotone, and (i) follows. A com-
parison with the formulae in the second half of the proof of Proposition 7.15 allows us,
because of the uniqueness of the measure in (8.2), to identify �.ds/ with �.ds/.

Remark 8.3. (i) (8.2) is called the Thorin representation of f 2TBF and the (unique)
representing measure � appearing in (8.2) is called the Thorin measure of f .

(ii) For further reference let us collect the relations between the various representing
measures and densities from Definition 8.1 and Theorem 8.2:

m.t/ D

Z
.0;1/

e�ts w.s/ ds D L .wI t /I

t �m.t/ D

Z
.0;1/

e�ts dw.s/ D

Z
.0;1/

e�ts �.ds/ D L .� I t /I

w.t/ D �.0; t /I

�.dt/ D
w.t/

t
dt:
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(iii) The Thorin measure � of f 2 TBF is the Stieltjes measure of the complete
Bernstein function �f 0.�/. This useful observation can be seen in the following way:
Let f 2 TBF be given by

f .�/ D aC b�C

Z
.0;1/

log
�

1C
�

t

�
�.dt/:

Then f 0 2 S and

f 0.�/ D b C

Z
.0;1/

1

1C �
t

1
t
�.dt/:

Thus,

�f 0.�/ D b�C

Z
.0;1/

�

�C t
�.dt/:

This shows that whenever we have an explicit representation for f 2 TBF in terms of
the Thorin measure, then we have an explicit representation of the complete Bernstein
function �f 0.�/ in terms of the Stieltjes measure.

(iv) With formula (8.3) it is easy to find examples of complete Bernstein functions
which do not have derivatives in S. For example,

f .�/ WD
p
� arctan

1
p
�
D

Z 1

0

�

�C t

dt

2
p
t
D

1
2

Z 1

0

�

�C t

p
t

t
dt;

cf. Remark 7.8; but the density 1
2

p
t
t
1.0;1/.t/ is clearly not of the form 1

t

R
.0;t/ �.ds/

which shows that f is of class CBF having a derivative which is not a Stieltjes func-
tion; in other words, f 2 CBF n TBF.

The next two theorems describe the structure of the family TBF.

Theorem 8.4. Let f 2 TBF. The following statements are equivalent.
(i) g ı f 2 TBF for every g 2 TBF.

(ii) f 0=f 2 S.

Proof. (ii))(i) Assume that f 2 TBF and f 0=f 2 S. By Theorem 8.2, f 0 2 S.
From 1=S D CBF we conclude that

1
f 0.�/
f .�/Ct

D
f .�/C t

f 0.�/
D
f .�/

f 0.�/
C

t

f 0.�/
D

1
f 0.�/
f .�/

C
t

f 0.�/

is a complete Bernstein function. This means that f 0.�/=.f .�/ C t / is a Stieltjes
function. For all g 2 TBF we know that g0 2 S and

g0.�/ D b C

Z
.0;1/

1
�C t

�.dt/:
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Therefore

.g ı f /0.�/ D g0
�
f .�/

�
f 0.�/ D bf 0.�/C

Z
.0;1/

f 0.�/

f .�/C t
�.dt/:

The integrand is a Stieltjes function, thus .g ı f /0 2 S. Since .g ı f /.0C/ < 1,
Theorem 8.2 shows that g ı f 2 TBF.

(i))(ii) Since g.�/ D log.1C�=t/ 2 TBF for all t > 0, we see log.1Cf .�/=t/ 2
TBF for all t > 0. This implies that

� 7!
d

d�
log

�
1C

f .�/

t

�
D

f 0.�/

t C f .�/
2 S

for all t > 0. By letting t ! 0, we get that f 0=f 2 S.

Theorem 8.5. The set TBF is a convex cone which is closed under pointwise limits.

Proof. That TBF is a convex cone follows immediately from the representation (8.1).
Suppose that .fn/n2N is a sequence of functions in TBF such that limn!1 fn D f

pointwise. It follows from Corollary 7.6(iii) that f 2 CBF and by Corollary 3.8 we
find that limn!1 f 0n D f 0. Since f 0n 2 S, we get from Theorem 2.2 that f 0 2 S.
Hence, f 2 TBF, cf. Theorem 8.2.

Corollary 8.6. If .fn/n2N � TBF with Thorin measures .�n/n2N, and f D limn fn
pointwise, then limn!1 �n D � vaguely in .0;1/, where � is the Thorin measure
of f .

Proof. This is proved similarly to the proof of Corollary 7.6(ii).

The following assertion should be compared with Theorem 5.9.

Proposition 8.7. Suppose that g W .0;1/ ! .0;1/. Then the following statements
are equivalent.

(i) g D e�f where f 2 TBF.

(ii) �.logg/0 2 S and g.0C/ 6 1.

Proof. Suppose that g D e�f where f 2 TBF. Then g D e�f where f 0 2 S, and
since f D � logg we get (ii). The converse assertion follows by retracing the steps
backwards.

Remark 8.8. Just as in the case of (complete) Bernstein functions, see Remarks 3.11
and 7.8, we can understand the representation formula (8.2) as a particular case of the
Kreı̆n–Milman or Choquet representation.
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For this we rewrite (8.2) as

f .�/ D aC b�C

Z
.0;1/

log
�
1C �

t

�
log

�
1C 1

t

� log
�

1C
1
t

�
�.dt/

D

Z
Œ0;1�

log
�
1C �

t

�
log

�
1C 1

t

� N�.dt/
where N� D aı0 C log.1C t�1/ � C bı1 is a finite measure on Œ0;1�. Here we used,
cf. the proof of Proposition 7.15, that

R
.0;1/ log

�
1C t�1

�
�.dt/ <1 and that

lim
t!0

log
�
1C �

t

�
log

�
1C 1

t

� D 1 and lim
t!1

log
�
1C �

t

�
log

�
1C 1

t

� D �:
The set ®

f 2 TBF W f .1/ D 1
¯

is a basis of the convex cone TBF, and its extremal points are given by

e0.�/ D 1; et .�/ D
log

�
1C �

t

�
log

�
1C 1

t

� ; 0 < t <1; and e1.�/ D �:

Their extremal property follows exactly as in Remark 2.4. Thus,

1; �;
log

�
1C �

t

�
log

�
1C 1

t

� ; .0 < t <1/;
are typical functions in TBF. Note that these are the logarithms of the Laplace trans-
forms of the following (degenerate) Gamma distributions


0;0; 
1;1; and 
1= log.1C 1
t
/; t ; .0 < t <1/; respectively:

As usual,


˛;ˇ .x/ D
ˇ˛

�.˛/
x˛�1e�ˇx; x > 0:

Comments 8.9. The class TBF appears for the first time in Thorin’s 1977 papers [274, 275] as the
family of Laplace exponents of a class of probability distributions, the so-called generalized Gamma
convolutions. This class of distributions will be discussed in the next chapter, Chapter 9. Nowadays the
standard reference are the comprehensive lecture notes [54] by Bondesson and the monograph [267] by
Steutel and van Harn.

The exposition in Bondesson [54] focusses on probability distributions which are generalized Gamma
convolutions, GGC for short. Bondesson calls, in honor of O. Thorin, the family of (sometimes: Laplace
exponents of) distributions from GGC the Thorin class, T . It is easy to see that for f 2 T the reflected
function � 7! f .��/ is a Thorin–Bernstein function TBF in the sense of Definition 8.1. Taking this
reflection into account, we find in [53, 54] the following further extensions of TBF: for 
 2 .0;1/,

f 2 TBF
 if, and only if, f 0.�/ D b C

Z
Œ0;1/

1
.�C t /


�.dt/
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for some b > 0 and a suitable measure � on Œ0;1/. Thus, TBF1 D TBF and TBF2 D CBF. The
integral appearing above is sometimes called generalized Stieltjes transform, see e.g. Hirschman and
Widder [140].

The above mentioned reflection in the argument of the log-Laplace exponent makes Bonedesson
sometimes difficult to read. The presentation in Steutel and van Harn [267] uses our convention but does
not always contain (complete) proofs.

Theorem 8.2 is, in less comprehensive form, essentially contained in [53], see also [54]. Note that
Thorin [274] uses Theorem 8.2(iii) as definition of GGC or TBF, respectively. Since we want to em-
phasize the ‘(complete) Bernstein’ nature of TBF, we prefer (8.1) as the basic definition. Part (iv)
of Theorem 8.2 is the main characterization theorem of GGC in [54]. It appears in [274] and in the
present form in [53]; both references use the connection with complex analysis that complete Bernstein
(respectively, Stieltjes) functions preserve (respectively, switch) the upper and lower half-planes, see
Theorem 6.2. The stability result of Theorem 8.4 is the counterpart of [54, Theorem 3.3.1], the closure
result Theorem 8.5 is due to Thorin [275]; among probabilists it is often referred to as Thorin’s continu-
ity theorem. Theorem 9.12 was the starting point of Thorin’s investigations [274, 275]. Proposition 8.7
is due to Bondesson [53, Remark 3.2]. It provides, in particular, another proof for the fact that all prob-
ability distributions in GGC are infinitely divisible; this will again be proved in Proposition 9.10 of the
next chapter. The interpretation of (8.2) in the context of Choquet theory seems to be new.



Chapter 9

A second probabilistic intermezzo

In Chapter 5 we discussed the relation between (extended) Bernstein functions BF

and the infinitely divisible elements in CM, see Lemma 5.7 and Theorem 5.9. This
allowed us to give a probabilistic characterization of the cone BF. A similar charac-
terization is possible for complete Bernstein functions. To do this we use Lemma 5.7
as starting point.

Definition 9.1. A measure � on Œ0;1/ belongs to the Bondesson class if

L .� I�/ D e�f .�/

for some f 2 CBF. We write � 2 BO.

Note that � 2 BO is a sub-probability measure: �Œ0;1/ D L .� I 0C/ 6 1.
A probabilistic characterization of the class BO will be given in Theorem 9.7 below.

Let us first collect a few elementary properties of the Bondesson class BO.

Lemma 9.2. (i) A sub-probability measure � on Œ0;1/ is in BO if, and only if,
there exist a measure � on .0;1/ with

R
.0;1/ s

�1 �.ds/C
R
.1;1/ s

�2 �.ds/ <1

and constants a; b > 0 such that

L .� I�/ D exp
�
�a � b� �

Z
.0;1/

�
1
s
�

1
�C s

�
�.ds/

�
: (9.1)

(ii) Every � 2 BO is infinitely divisible.

(iii) BO is closed under convolutions: if �; � 2 BO, then � ? � 2 BO.

(iv) BO is closed under vague convergence.

Proof. (i) Because of Theorem 6.2, see also Remark 6.4, every f 2 CBF has a
representation

f .�/ D aC b�C

Z
.0;1/

�
1
s
�

1
�C s

�
�.ds/;

with a; b and � as claimed.
(ii) Since CBF � BF, Lemma 5.7 tells us that each � 2 BO is infinitely divisible.
(iii) Since CBF is a convex cone, this follows immediately from the convolution

theorem for the Laplace transform: L .� ? �/ D L � �L �.
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(iv) Let .�n/n2N � BO be a sequence of sub-probability measures and denote by
.fn/n2N � CBF the complete Bernstein functions such that L .�nI�/ D e

�fn.�/. If
limn!1 �n D � vaguely, then limn!1L .�nI�/ D L .� I�/ for every � > 0, and
the claim follows from the fact that CBF is closed under pointwise limits.

Since CBF � BF, Theorem 5.2 guarantees the existence of a unique semigroup of
sub-probability measures .�t /t>0 on Œ0;1/ such that L .�t I�/ D e

�tf .�/, t > 0; in
particular, �t 2 BO. Clearly, the converse is also true and we arrive at the analogue
of Theorem 5.2.

Theorem 9.3. Let .�t /t>0 � BO be a convolution semigroup of sub-probability mea-
sures on Œ0;1/. Then there exists a unique f 2 CBF such that the Laplace transform
of �t is given by

L�t D e
�tf for all t > 0: (9.2)

Conversely, given f 2 CBF, there exists a unique convolution semigroup of sub-
probability measures .�t /t>0 � BO such that (9.2) holds true.

Note that the set e�BF D ¹g W 9 f 2 BF; g D e�f º is a relatively simple subset
of CM: it consists of all infinitely divisible functions from CM \ ¹g W g.0C/ 6 1º,
cf. Lemma 5.7. The structure of e�CBF � CM is more complicated. If we restrict our
attention to g 2 CBF such that g.0C/ > 1, we find that

f D logg D log
�
.g � 1/C 1

�
2 CBF

and e�f D 1=g 2 S with 1=g.0C/ 6 1. This motivates the following definition.

Definition 9.4. A measure � on Œ0;1/ is a mixture of exponential distributions if

L � 2 S and L .� I 0C/ 6 1: (9.3)

We write � 2 ME.

Note that � 2 ME is a sub-probability measure: �Œ0;1/ D L .� I 0C/ 6 1.
The reason for the name mixture of exponential distributions is given in part (iii) of

the following theorem.

Theorem 9.5. Let � be a measure on Œ0;1/. Then the following conditions are equiv-
alent.

(i) � 2 ME.

(ii) There exist ˇ > 0 and a measurable function � W .0;1/ ! Œ0; 1� satisfyingR 1
0 �.t/ t

�1dt <1, such that

L .� I�/ D exp
�
�ˇ �

Z 1
0

�
1
t
�

1
�C t

�
�.t/ dt

�
: (9.4)
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(iii) There exists a sub-probability measure � on .0;1� such that

�Œ0; t � D
Z
.0;1�

.1 � e�ts/ �.ds/: (9.5)

Proof. (i))(ii) Since L .� I�/ D g.�/ with g 2 S and g.0C/ 6 1 we know from
Theorem 7.3 that f WD 1=g 2 CBF and f .�/ > f .0C/ > 1. From the representation
(6.10) of Theorem 6.10, we find that

logf .�/ D 
 C
Z 1

0

�
t

1C t2
�

1
�C t

�
�.t/ dt

for some 
 2 R and a measurable function � W .0;1/! Œ0; 1�. Since1 > f .0C/ >
1, we see that


 C

Z 1
0

1
t .1C t2/

�.t/ dt <1

which entails that
R 1

0 �.t/ t
�1dt < 1. Because of this integrability condition, we

have

logf .�/ D 
 C
Z 1

0

�
t

1C t2
�

1
t

�
�.t/ dt �

Z 1
0

�
1

�C t
�

1
t

�
�.t/ dt

D ˇ C

Z 1
0

�
1
t
�

1
�C t

�
�.t/ dt:

Since f .0C/ > 1, we conclude that ˇ > 0.
(ii))(iii) In view of Theorem 6.10 formula (9.4) means that L .� I�/ is of the

form 1=f where f 2 CBF and f .0C/ > 1; hence, h.�/ D L .� I�/ is a Stieltjes
function satisfying h.0C/ 6 1. But then h.�/ D b C

R
.0;1/.� C s/

�1 �.ds/ and
b C

R
.0;1/ s

�1 �.ds/ D h.0C/ 6 1. Define a sub-probability measure � on .0;1�
by �.ds/ D s�1�.ds/ on .0;1/, and �¹1º D b. By Fubini’s theorem

L .� I�/ D b C

Z
.0;1/

s

�C s
�.ds/

D b C

Z
.0;1/

�Z 1
0

e�.�Cs/t dt

�
s�.ds/

D

Z
Œ0;1/

e��t bı0.dt/C

Z
Œ0;1/

e��t
Z
.0;1/

se�ts �.ds/ dt

D

Z
Œ0;1/

e��t
�
bı0.dt/C

Z
.0;1/

se�ts �.ds/ dt

�
which is equivalent to saying that �Œ0; t � D

R
.0;1�.1 � e

�ts/ �.ds/.
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(iii))(i) If �Œ0; t � D
R
.0;1�.1� e

�ts/ �.ds/ we can perform the calculation of the
previous step in reverse direction and arrive at

L .� I�/ D b C

Z
.0;1/

s

�C s
�.ds/:

Set �.ds/ D s�.ds/. Since
R
.0;1/.1C s/

�1 �.ds/ D
R
.0;1/ s.1C s/

�1 �.ds/ <1,
we see that L � 2 S. Moreover, L .� I 0C/ D b C �.0;1/ D �.0;1� 6 1.

Corollary 9.6. We have ME � BO. Moreover, ME is closed under vague limits.

Proof. Let � 2 ME. By Theorem 9.5, the Laplace transform L � is of the form e�f

where f 2 CBF � BF. This shows that � 2 BO.
If .�n/n2N � ME converges vaguely to � , we see that limn!1L .�nI�/ D

L .� I�/. Since Stieltjes functions are closed under pointwise limits, cf. Theorem
2.2(iii), L � 2S is a Stieltjes function. Moreover, L .� I 0C/ D lim�!0CL .� I�/ D

lim�!0C limn!1L .�n; �/ 6 1. Thus, � 2 ME.

We are now ready for the probabilistic interpretation of the class BO.

Theorem 9.7. BO is the vague closure of the set MEF
WD ¹�1 ? � � � ? �k W �j 2

ME; j D 1; 2; : : : ; k; k 2 Nº, i.e. BO is the smallest class of sub-probability
measures on Œ0;1/ which contains ME and which is closed under convolutions and
vague limits.

Proof. We have already seen in Corollary 9.6 that ME � BO. That BO is vaguely
closed and stable under convolutions has been established in Lemma 9.2. It is there-
fore enough to show that the extremal elements of CBF,

� 7! 1; � 7!
�

�C s
; s > 0; � 7! �;

can be represented as pointwise limits of Laplace exponents of measures in MEF. For
� 7! 1 there is nothing to show. Note that

lim
r!1

1

log rC1
r

Z 1
r

�

�C t

dt

t
D �:

If we set �r.t/ WD 1Œr;1/.t/ and pick a sequence of r such that .log rC1
r
/�1 2 N, we

see that � 7! � is the limit of Laplace exponents of convolutions of measures from
ME. Further,

�

�C s
D lim
r!1

r

Z sC1=r

s�1=r

�

�C t

�r;s.t/

t
dt

where r 2 N, t�1�r;s.t/ is a tent-function centered at s with basis Œs � r�1; s C r�1�

and height 1, i.e. �r;s.t/ D rt Œ.t�sCr�1/C^.sCr�1� t /C�. Therefore � .�Cs/�1

is the limit of Laplace exponents of convolutions of measures from ME. This proves
that BO � vague-closure.MEF/.
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Remark 9.8. The proof of Theorem 9.7 uses implicitly the representation of CBF in
terms of its extremal points es.�/ D � .1Cs/=.�Cs/, 0 6 s 61, cf. Remark 7.8. It
shows that we can approximate the corresponding representing measures ıs as vague
limits of probability measures of the form c .1C t /�1t�1�.t/ dt where � W Œ0;1/!
Œ0; 1�.

Let us introduce a class of sub-probability measures which is related to the family
TBF in the same way as BO is related to CBF, see Definition 9.1.

Definition 9.9. A measure � on Œ0;1/ is a generalized Gamma convolution if

L .� I�/ D e�f .�/

for some f 2 TBF. We write � 2 GGC.

Note that � 2 GGC is a sub-probability measure: �Œ0;1/ D L .� I 0C/ 6 1.
A probabilistic characterization of the class GGC will be given below. Let us first

collect a few elementary properties of this class.

Proposition 9.10. (i) A sub-probability measure � is in GGC if, and only if, there
exist a measure � on .0;1/ with

R
.0;1/ j log t j �.dt/ C

R
.1;1/ t

�1 �.dt/ < 1

and constants a; b > 0 such that

L .� I�/ D exp
�
�a � b� �

Z
.0;1/

log
�

1C
�

t

�
�.dt/

�
;

resp. a non-decreasing function w.t/ on .0;1/ with
R1

0 .1C t /�1 t�1w.t/ dt <

1 such that

L .� I�/ D exp
�
�a � b� �

Z
.0;1/

�

�C t

w.t/

t
dt

�
:

(ii) GGC � SD � ID.

(iii) GGC � BO � ID.

(iv) GGC contains all Gamma distributions 
˛;ˇ , ˛; ˇ > 0.

(v) GGC is closed under convolutions: if �; � 2 GGC, then � ? � 2 GGC.

(vi) GGC is closed under vague convergence.

Proof. Since TBF � CBF � BF, and since TBF is a convex cone which is closed
under pointwise limits, (iii), (v) and (vi) follow as in Lemma 9.2. To see (ii), note that
the Lévy measure of a Thorin–Bernstein function has a densitym.t/ such that t �m.t/
is completely monotone, cf. Definition 8.1; as such, t �m.t/ is non-increasing and the
assertion follows from the structure result for Laplace exponents of SD distributions,
cf. Proposition 5.15. For (i) we have to use the representations (8.2) and (8.3) of
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Thorin–Bernstein functions. Property (iv) can be directly verified: suppose that 
˛;ˇ
is a Gamma distribution with parameters ˛; ˇ > 0, then

L .
˛;ˇ I�/ D

�
1C

�

ˇ

��˛
D e�˛ log.1C�

ˇ
/
D e�f .�/:

The Thorin measure � of f is equal to ˛ıˇ . Thus, GGC contains all Gamma distri-
butions.

Since TBF � BF, Theorem 5.2 guarantees the existence of a unique semigroup of
sub-probability measures .�t /t>0 on Œ0;1/ such that L .�t I�/ D e

�tf .�/, t > 0; in
particular, �t 2 GGC. Clearly, the converse is also true and we arrive at the analogue
of Theorem 5.2:

Theorem 9.11. Let .�t /t>0 � GGC be a convolution semigroup of sub-probability
measures on Œ0;1/. Then there exists a unique f 2 TBF such that the Laplace
transform of �t is given by

L�t D e
�tf for all t > 0: (9.6)

Conversely, given f 2 TBF, there exists a unique convolution semigroup of sub-
probability measures .�t /t>0 � GGC such that (9.6) holds true.

We are now ready for the probabilistic interpretation of the class GGC.

Theorem 9.12. GGC is the vague closure of the set ¹
˛;ˇ W ˛; ˇ > 0ºF of all finite
convolutions of Gamma distributions. In particular, GGC is the smallest class of sub-
probability measures on Œ0;1/ which contains all Gamma distributions and which is
closed under convolutions and vague limits.

Proof. We have seen that 
˛;ˇ 2 GGC in Proposition 9.10. Moreover,

L .
˛;ˇ I�/ D e
�˛ log.1C�

ˇ
/

which shows that the extreme points et .�/ D log.1C �
t
/= log.1C 1

t
/; 0 < t < 1,

of TBF are the Laplace exponents of 
1= log.1C 1
t
/; t , 0 < t <1.

Since TBF are integral mixtures of its extreme points, cf. Remark 8.8, we conclude
that GGC is the vague closure of finite convolutions of Gamma distributions.

There seems to be no deeper relation between the classes ME and GGC. Indeed,
the Laplace exponent of � 2 ME is of the form

ˇ C

Z 1
0

�

�C t

�.t/

t
dt
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with � taking values in Œ0; 1�; on the other hand, the Laplace exponent of a distribution
in GGC looks like

aC b�C

Z 1
0

�

�C t

w.t/

t
dt

where w is a non-decreasing function. The intersection GGC \ME is characterized
in Proposition 9.13(iii).

We have seen in Proposition 9.10 that GGC distributions are self-decomposable,
i.e. they satisfy (5.8). In fact, GGC contains all distributions � that are S-self decom-
posable in the following sense: g D L � , g.0C/ 6 1 and

� 7!
g.�/

g.c�/
is a Stieltjes function for all c 2 .0; 1/: (9.7)

Proposition 9.13. Let � be a sub-probability measure and g D L � . The condi-
tion (9.7) is equivalent to any of the following assertions.

(i) � 2 GGC with Laplace exponent f 2 TBF having no linear part, i.e. b D 0 in
(8.3), and with a bounded density w.t/ 2 Œ0; 1�.

(ii) � 2 GGC with Laplace exponent f 2 TBF having no linear part, i.e. b D 0 in
(8.1) and such that t � m.t/ D L .� I t / for some sub-probability measure � on
.0;1/.

(iii) � 2 GGC \ME.

Proof. The equivalence of (i) and (ii) follows immediately from Remark 8.3(ii).
Assume that (9.7) holds true; we want to show (i). Let us begin with the proof that

� 2 GGC. By (9.7), we get

�
g0.�/

g.�/
D lim
c!1�

g.c�/ � g.�/

.1 � c/�g.c�/
D lim
c!1�

1
.1 � c/�

�
1 �

g.�/

g.c�/

�
:

Since g.�/=g.c�/ is bounded by 1 and since it is a Stieltjes function, the expression
inside the brackets is a complete Bernstein function by Proposition 7.7; dividing by
� transforms it into a Stieltjes function. Since limits of Stieltjes functions are again
Stieltjes functions, cf. Theorem 2.2, we conclude that �g0=g 2 S and so � 2 GGC
by Proposition 8.7.

Consequently, L .� I�/ D e�f .�/ where f 2 TBF; since f can be written as

f .�/ D aC b�C

Z 1
0

�

t C �

w.t/

t
dt;

we see that

g.c�/

g.�/
D exp

�
b.1 � c/�C

Z 1
0

�

t C �

w.t/ � w.ct/

t
dt

�
:
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By assumption, � 7! g.�/=g.c�/ is a Stieltjes function so that, by Theorem 7.3,
� 7! g.c�/=g.�/ is in CBF. In view of the uniqueness of the representation in
Theorem 6.10 and Remark 6.11 this is only possible, if in the above representation
b D 0 and 0 6 w.t/ � w.ct/ 6 1 for all t > 0 and c 2 .0; 1/; letting c ! 0 proves
w.t/ 2 Œ0; 1�. Here we used that w.0C/ D 0, which follows from the integrability
condition

R1
0 .1C t /�1t�1w.t/ dt <1.

Conversely, assume that g D e�f where f 2 TBF can be represented by (8.3)
where b D 0 and w.t/ takes values in Œ0; 1� for all t > 0. For any 0 < c < 1 we find

f .�/ � f .c�/ D

Z 1
0

�

t C �

w.t/

t
dt �

Z 1
0

c�

t C c�

w.t/

t
dt

D

Z 1
0

�

t C �

w.t/ � w.ct/

t
dt:

Since w.t/ is non-decreasing, we get w.t/ � w.ct/ > 0 and w.t/ � w.ct/ 6 1 since
w is bounded by 1. Thus,

g.c�/

g.�/
D exp

�
f .�/ � f .c�/

�
D exp

�Z 1
0

�

t C �

w.t/ � w.ct/

t
dt

�
;

and we conclude from Theorem 6.10 and Remark 6.11 that � 7! g.c�/=g.�/ is for all
c 2 .0; 1/ a complete Bernstein function. Together with Theorem 7.3 this proves (9.7).

Since S is closed under pointwise limits, cf. Theorem 2.2, and since g.0C/ > 0,
(iii) follows from (9.7) if we let c ! 0.

On the other hand, we infer (i) from (iii) by Theorem 6.10 and Remark 6.11.

We will now discuss another class of probability measures on Œ0;1/. This class
is related to the exponential distributions in the same way as GGC is related to the
Gamma distributions.

Definition 9.14. Let CE be the smallest class of sub-probability measures on Œ0;1/
which contains all exponential laws and which is closed under convolutions and weak
limits.

The class CE is called the class of convolutions of exponential distributions. It is
straightforward to see that � 2 CE if, and only if, � D ıc for some c > 0, or if there
exist c > 0 and a sequence .bn/n>1 satisfying

P
n b
�1
n <1 such that

L .� I�/ D e�c�
Y
n

�
1C

�

bn

��1

: (9.8)

The sequence .bn/n>1 will be called the representing sequence of the measure � .
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Corollary 9.15. (i) CE � GGC.

(ii) CE\ME D Exp, where Exp denotes the family of all exponential distributions.
Here the point mass at zero ı0 is interpreted as an exponential distribution with
mean zero.

Proof. (i) Let � 2 CE. It follows from the representation (9.8) that L � D e�f with

f .�/ D c�C
X
n

log
�

1C
�

bn

�
D c�C

Z
.0;1/

log
�

1C
�

t

�
�.dt/ (9.9)

where � D
P
n ıbn . Thus f 2 TBF, and hence � 2 GGC.

(ii) Assume that � 2 CE \ ME and � ¤ ı0. Let L � D e�f where f has the
representation (9.9). Then the Stieltjes measure � of f is given by

�.dt/ D
�.0; t /
t

dt D
#¹n W bn < tº

t
dt;

cf. Remark 8.3(ii). On the other hand, comparing this representation with (9.4), it
follows that t 7! �.0; t / is bounded by 1. Hence, � D ıb for some b > 0. Again by
comparing (9.4) and (9.9), it follows that c D 0 and ˇ D 0. Hence � is an exponential
distribution.

Suppose that 0 < b < a 61 and define a measure � on .0;1� by

� D

�
1 �

b

a

�
ıb C

b

a
ı1;

and a measure � 2 ME by

�Œ0; t � D
Z
.0;1�

.1 � e�ts/ �.ds/:

Note that � is the mixture of a point mass at 0 and the exponential distribution with
parameter b. By integration it follows that

L .� I�/ D

�
1C

�

a

��
1C

�

b

��1

:

In the case when a D1, � is the exponential law with parameter b.

Corollary 9.16. Let .an/n>1 and .bn/n>1 be two sequences of non-negative real num-
bers such that 0 < bn < an 61 for all n > 1 and

P
n b
�1
n <1. Then the function

g.�/ WD
Y
n

�
1C

�

an

��
1C

�

bn

��1

; � > 0;

is well defined, strictly positive, and it is the Laplace transform of a probability mea-
sure from the Bondesson class.

If all an D1, then g is the Laplace transform of a probability measure from CE.
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Proof. By the assumptions on .an/n>1 and .bn/n>1 the product converges to a strictly
positive function. Since the factors are Laplace transforms of probability measures in
BO, the claim follows from Theorem 9.7. The case when an D 1 for all n 2 N
follows from the definition of CE.

Another way to prove the corollary is to notice that

� 7! log
�

1C
�

an

�
� log

�
1C

�

bn

�
2 CBF

and to apply the closure property of CBF, Corollary 7.6.

Remark 9.17. Let us briefly give an overview of all classes of distributions and their
Laplace exponents we have encountered so far. The numbers n.m in the ‘references’
column of the table below refer to the corresponding statements in this tract. We use
log-CM as a shorthand for logarithmically completely monotone (see Definition 5.8)
and, analogously, log-S as a shorthand for logarithmically Stieltjes in the sense that
the condition in Proposition 8.7(ii) holds.

measure Laplace transform Laplace exponent references

ID log-CM extended BF 5.6, 5.8, 5.9

ID, �Œ0;1/ 6 1 log-CM, f .0C/ 6 1 BF 5.7

SD — BF, �.dt/ D m.t/ dt , 5.15

t m.t/ non-increasing

BO — CBF 9.1, 9.2

ME S, f .0C/ 6 1 CBF, �.dt/ D �.t/
t
dt , 9.4, 9.5

0 6 �.t/ 6 1

GGC log-S, f .0C/ 6 1 TBF 8.7, 9.9, 9.10

CE e�c�
Q
n

�
1C �

bn

��1
TBF; � D

P
n ıbn (9.8), 9.15

Exp
�
1C �

b

��1
TBF; � D ıb 9.15

Overview of the classes of distributions, Laplace transforms and exponents

We follow Bondesson [54] and use Venn diagrams to illustrate the relations among
the classes of distributions and their Laplace exponents.
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ID

BO

GGC
Exp

CE

ME

SD

Relations between various classes of distributions. . .

BF

τ=δb

τ=
∑
n
δbn

t dµdt non-increasing

CBF

t dσdt ∈ [0, 1]

TBF

. . . and their Laplace exponents

The non-inclusions shown in the above diagrams are easily verified by the following
examples:

SD 6� BO, in particular SD 6� ME. Consider the Lévy measure with density

m.t/ D
1
t
1.0;1/.t/; t > 0:

The corresponding Bernstein function is f .�/ D 
 C log.�/ � Ei.�/ where

 D 0:5772 : : : is Euler’s constant and Ei.�/ D �pv

R1
�� t

�1 e�t dt stands for
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the exponential integral. Clearly, t �m.t/ is non-increasing, but m.t/ is not com-
pletely monotone.

ME 6� SD, in particular BO 6� SD. This is shown by Entry 3 in the Tables 15.2. The
corresponding Bernstein function is f .�/ D 1 � .1C �/˛�1, 0 < ˛ < 1.

GGC 6� ME. This follows from Entry 1 in the Tables 15.2. The corresponding Bern-
stein function is f .�/ D �˛, 0 < ˛ < 1.

ME 6� GGC. This follows from Entry 3 in the Tables 15.2. The corresponding Bern-
stein function is f .�/ D 1 � .1C �/˛�1, 0 < ˛ < 1.

Comments 9.18. The class of Bondesson distributions, BO, appears first in Bondesson’s 1981 paper
[53] under the name g.c.m.e.d. distributions. In his lecture notes [54] he also calls them class T2 dis-
tributions. The best source for the history is the following quote from Bondesson [54, p. 151] (with
references pointing to our bibliography): The T2 [here: BO] distributions were introduced in [53] for
the purpose of finding a class of ID densities containing the MED’s [here: ME] as well as the B-densities
[B denotes the hyperbolically completely monotone functions]. The attempt was not successful and I
[i.e.: L. Bondesson] have often considered the class as a failure. Others have been much more interested
in it and my name was even attached to it by Kent [173]. Unfortunately, some people have also called
it B , e.g. Küchler & Lauritzen [194]. Earlier, Ito & McKean [152, pp. 214–217] encountered the class
in connection with first passage times for diffusion processes [see Chapter 14].

Thorin introduced the notion of generalized Gamma convolutions in his two 1977 papers [274, 275] in
order to show the infinite divisibility of certain probability distributions. Subsequently, a large number
of papers appeared on the subject, many of them in the Scandinavian Actuarial Journal. Nowadays
the standard texts in the field are the survey paper [53] and the comprehensive lecture notes [54] by
Bondesson. Chapter VI of the monograph [267] by Steutel and van Harn contains a digest of this
material.

Most of the results of this section are already in the original papers by Thorin [274, 275] and Bon-
desson [53]. New is the presentation, which emphasizes the analogy with the material of Chapter 5, in
particular with infinite divisibility and self-decomposability. Theorem 9.3 is from [53], Theorem 9.5 and
its Corollary 9.6 are due to Steutel [266]. Our proof of Theorem 9.7 seems to be new. Alternatively, it
is also possible to construct � 2 vague-closure.MEF/ such that L .� I�/ D exp

�
� �=.�C t /

�
resp.

L .� I�/ D exp.�b�/. Typically, such distributions � are vague limits of convolutions of elementary
measures of the form �.tC�/�1ıt C t .tC�/

�1ı1. This is the usual way to prove Theorem 9.7, see e.g.
Steutel and van Harn [267, Chapter VI.3] and Bondesson [54, p. 141]. The first part of Proposition 9.10
appears as Theorem 5.2 in [53], while all other assertions seem to be general knowledge. Theorems 9.11
and 9.12 are due to Thorin [274, 275], while Proposition 9.13 and the notion of S-self decomposability
seem to be new. Probabilistically, (9.7) can be interpreted in the following way: (the distribution of) a
random variable X is S-self decomposable if, and only if, X has a GGC distribution and if for every
c 2 .0; 1/ there is a further random variable X .c/ with distribution in GGC such that X D cX CX .c/.

The class of convolutions of exponential distributions, CE, is introduced by Yamazato in [293], see
also [294], in the context of first passage distributions. The notion itself appears in the same context much
earlier, see Keilson [169] and Kent [171, 172]. Corollary 9.16 is taken from Kent [171, 172]; he refers
to this class of distributions as infinite convolutions of elementary MEDs, i.e. mixtures of exponential
distributions.

The diagrams appearing in Remark 9.17 owe much to the presentation in Bondesson [54, p. 4].



Chapter 10

Special Bernstein functions and potentials

In the first section of this chapter we will focus our attention on a less known family
of Bernstein functions, the special Bernstein functions. This family, denoted by SBF,
contains CBF and inherits some of its good properties. The main interest in special
Bernstein functions lies in the fact that the potential measure, restricted to .0;1/,
of the convolution semigroup corresponding to a special Bernstein function admits a
non-increasing density. On the other hand, a non-increasing function on .0;1/ need
not be a potential density of any convolution semigroup. The best known sufficient
condition for this to be true is that the function is non-increasing and log-convex.
The Laplace transforms of such functions form the so-called Hirsch class of functions
which is between the families S and CM. The Hirsch class is studied in the second
part of this chapter.

10.1 Special Bernstein functions

It was shown in Proposition 7.1 that f 6� 0 belongs to CBF if, and only if, the
function � 7! �=f .�/ belongs to CBF. Generalizing this property leads to the larger
class of special Bernstein functions which enjoy certain desirable properties. On the
other hand, the class itself does not have good structural properties.

Definition 10.1. A function f 2 BF is said to be a special Bernstein function if the
function f ?.�/ WD �=f .�/ is again a Bernstein function, i.e. f ? 2 BF. We will use
SBF to denote the collection of all special Bernstein functions.

A subordinator S whose Laplace exponent f belongs to SBF will be called a
special subordinator.

Note that if f 2 SBF, then also f ? 2 SBF, where f ?.�/ WD �=f .�/. We call
f and f ? a conjugate pair of special Bernstein functions. It is clear from Propo-
sition 7.1 that CBF � SBF. We will show later that CBF ¤ SBF ¤ BF, cf.
Propositions 10.16, 10.17 and Example 10.18.

Remark 10.2. Suppose that f 2 BF. Then �=f .�/ 2 BF if, and only if, f .�/=� 2
P. Hence f 2 SBF if, and only if, f 2 BF and f .�/=� 2 P.
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Let

f .�/ D aC b�C

Z
.0;1/

.1 � e��t / �.dt/; (10.1)

f ?.�/ D a? C b?�C

Z
.0;1/

.1 � e��t / �?.dt/ (10.2)

be representations of f and its conjugate f ?. Then, using the convention 1
1
D 0,

a? D lim
�!0

f ?.�/ D lim
�!0

�

f .�/
D

8<:0; a > 0;
1

bC
R
.0;1/ t �.dt/

; a D 0;
(10.3)

b? D lim
�!1

f ?.�/

�
D lim
�!1

1
f .�/

D

8<:0; b > 0;
1

aC�.0;1/ ; b D 0:
(10.4)

The following theorem gives a characterization of a special subordinator in terms
of its potential measure. Roughly speaking, it says that a subordinator is special if,
and only if, its potential measure restricted to .0;1/ has a non-increasing density.

Theorem 10.3. Let S be a subordinator with potential measure U . Then S is special
if, and only if,

U.dt/ D cı0.dt/C u.t/ dt (10.5)

for some c > 0 and some non-increasing function u W .0;1/ ! .0;1/ satisfyingR 1
0 u.t/ dt <1.

Remark 10.4. (i) In general, the measure U given by (10.5)—with c > 0 and a non-
increasing function u satisfying

R 1
0 u.t/ dt < 1—need not be the potential measure

of any subordinator.
For example, if U.dt/ D u.t/ dt with u.t/ D 1 ^ e1�t , then

L .U I�/ D
1C � � e��

�.1C �/
:

If U were the potential measure of a subordinator, then f .�/ WD 1=L .U I�/ would
be a Bernstein function, see (5.14). A direct calculation shows that, for example,
f 00.1/ > 0, hence f 62 BF.

(ii) Let f 2 BF be the Laplace exponent of the subordinator S . Theorem 10.3 can
be equivalently stated in the following way: f 2 SBF if, and only if,

1
f .�/

D c C

Z 1
0

e��tu.t/ dt (10.6)

for some c > 0 and some non-increasing function u W .0;1/ ! .0;1/ satisfyingR 1
0 u.t/ dt <1.
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Proof of Theorem 10.3. Suppose that S is a special subordinator, and let f be its
Laplace exponent. Then f and its conjugate f ? have representations (10.1) and
(10.2) where the coefficients a? and b? are given by (10.3) and (10.4). Define

u.t/ WD a? C �?.t;1/; t > 0; (10.7)

and note that

L .U I�/ D
1

f .�/
D
f ?.�/

�
D
a?

�
C b? C

Z 1
0

e��t�?.t;1/ dt

D b? C

Z 1
0

e��t u.t/ dt:

This shows that U.dt/ D b? ı0.dt/Cu.t/ dt , with u given by (10.7). It is clear that u
is non-increasing and that

R 1
0 u.t/ dt <1.

Conversely, suppose that (10.5) holds with a density u W .0;1/! .0;1/ which is
non-increasing and satisfies

R 1
0 u.t/ dt <1. Then

1
f .�/

D L .U I�/ D c C

Z 1
0

e��tu.t/ dt:

Let 
 be the measure on .0;1/ defined by 
.t;1/ D u.t/ � u.1/, where u.1/ D
limt!1 u.t/. ThenZ

.0;1�
s 
.ds/ D

Z
.0;1�

Z s

0
dt 
.ds/ D

Z 1

0

Z
.t;1�


.ds/ dt

D

Z 1

0

�
u.t/ � u.1/

�
dt <1

by the assumption on u. Hence,
R
.0;1/.1 ^ s/ 
.ds/ <1. It follows from (10.6) by

Fubini’s theorem that

�

f .�/
D c�C

Z 1
0

�e��tu.1/ dt C

Z 1
0

�e��t
�
u.t/ � u.1/

�
dt

D c�C u.1/C

Z 1
0

�e��t
.t;1/ dt

D c�C u.1/C

Z
.0;1/

.1 � e��t / 
.ds/: (10.8)

Therefore, �=f .�/ is a Bernstein function and S is a special subordinator.

Remark 10.5. In case c D 0, we will call u the potential density of the subordinator S
or of the Laplace exponent f .
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The following remark provides yet another characterization of complete Bernstein
functions, this time in terms of the corresponding potential measures.

Remark 10.6. Let S be a subordinator with Laplace exponent f and potential mea-
sure U . Then f is a complete Bernstein function if, and only if, U restricted to .0;1/
has a completely monotone density u. This follows immediately from Theorem 7.3
and Theorem 2.2.

If we compare the expressions (10.2) and (10.8) for �=f .�/, and use formulae
(10.3) and (10.4), we get immediately

c D b? D

8<:0; b > 0;
1

aC�.0;1/ ; b D 0;

u.1/ D a? D

8<:0; a > 0;
1

bC
R
.0;1/ t �.dt/

; a D 0;

u.t/ D a? C �?.t;1/: (10.9)

In particular, it cannot happen that both a and a? are positive, or that both b and b?

are positive. Moreover, it is clear from the definition of a? and b? that a? > 0 if,
and only if, a D 0 and

R
.0;1/ t �.dt/ < 1, and b? > 0 if, and only if, b D 0 and

�.0;1/ <1.
The following two corollaries follow immediately, if we combine Theorem 10.3

and Remark 3.3(v) with the formulae for a?; b? and (10.9).

Corollary 10.7. Suppose that S D .St /t>0 is a subordinator whose Laplace exponent

f .�/ D aC b�C

Z
.0;1/

.1 � e��t / �.dt/

is a special Bernstein function with b > 0 or �.0;1/ D 1. Then the potential
measure U of S has a non-increasing density u satisfying

lim
t!0

tu.t/ D 0 and lim
t!0

Z t

0
s du.s/ D 0: (10.10)

Corollary 10.8. Suppose that S D .St /t>0 is a special subordinator with the Laplace
exponent given by

f .�/ D aC

Z
.0;1/

.1 � e��t / �.dt/
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where � satisfies �.0;1/ D1. Then

f ?.�/ WD
�

f .�/
D a? C

Z
.0;1/

.1 � e��t / �?.dt/ (10.11)

where the Lévy measure �? satisfies �?.0;1/ D1.
Let T be a subordinator with Laplace exponent f ?. If u and v denote the potential

densities of S and T , respectively, then

v.t/ D aC �.t;1/: (10.12)

In particular, a D v.1/ and a? D u.1/.

Assume that f is a special Bernstein function of the form (10.1) where b > 0
or �.0;1/ D 1. Let S be a subordinator with Laplace exponent f , and let U
denote its potential measure. By Corollary 10.7, U has a non-increasing density u W
.0;1/! .0;1/. Let T be a subordinator with Laplace exponent f ?.�/ D �=f .�/
and let V denote its potential measure. Then V.dt/ D bı0.dt/ C v.t/ dt where
v W .0;1/! .0;1/ is a non-increasing function. If b > 0, the potential measure V
has an atom at zero, and hence the subordinator T is a compound Poisson process. If
b D 0, we require that �.0;1/ D 1, and then, by Corollary 10.8, f ? has the same
structure as f , namely b? D 0 and �?.0;1/ D 1. In this case, the subordinators S
and T play symmetric roles.

The defining property of special Bernstein functions says that the identity function
is factorized into the product of two Bernstein functions. The following theorem is
the counterpart of this property in terms of potential densities.

Theorem 10.9. Let f be a special Bernstein function with representation (10.1) sat-
isfying b > 0 or �.0;1/ D1. Then

b u.t/C

Z t

0
u.s/v.t � s/ ds D b u.t/C

Z t

0
v.s/u.t � s/ ds D 1; t > 0: (10.13)

Proof. Since for all � > 0 we have

1
f .�/

D L .uI�/;
f .�/

�
D b CL .vI�/;

we get after multiplying

1
�
D bL .uI�/CL .uI�/L .vI�/

D bL .uI�/CL .u ? vI�/:

By Laplace inversion we see

1 D b u.t/C
Z t

0
u.s/v.t � s/ ds; t > 0:
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Our next goal is to describe a sufficient condition on the Lévy measure of the subor-
dinator which guarantees that the subordinator is special. Since logarithmic convexity
will play a major role, we recall the definition.

Definition 10.10. (i) A function f W .0;1/! .0;1/ is said to be logarithmically
convex (or log-convex) if logf is convex.

(ii) A sequence .an/n>0 of non-negative real numbers is logarithmically convex (or
log-convex) if a2

n 6 an�1anC1 for all n > 1.

Let f be a Bernstein function with the representation (10.1). It will be convenient
to extend the measure � onto .0;1� by defining �¹1º D a. Let N�.x/ WD �.x;1�,
x > 0, be the tail of �. Then one can write, as in Remark 3.3(ii),

f .�/ D b�C �

Z 1
0

e��t N�.t/ dt: (10.14)

Theorem 10.11. Suppose that f is given by (10.14) and that x 7! N�.x/ is log-convex
on .0;1/.

(i) If b > 0 or �.0;1/ D 1, then the potential measure U has a non-increasing
density u.

(ii) If b D 0 and �.0;1/ < 1, then the restriction U j.0;1/ has a non-increasing
density u.

In both cases, f 2 SBF.

Before we give the proof of the theorem we note some immediate consequences.

Corollary 10.12. Suppose that u W .0;1/ ! .0;1/ is non-increasing, log-convex
and satisfies

R 1
0 u.t/ dt <1, and let c > 0. Then the measure U defined by

U.dt/ D cı0.dt/C u.t/ dt

is the potential measure of a special subordinator S D .St /t>0.

Proof. Set a? WD u.C1/ and define a measure �? on .0;1/ by �?.t;1/ WD u.t/�
a?. Then �? is a Lévy measure, i.e.

R
.1 ^ t / �?.dt/ < 1, and the tail �?.t;1� D

u.t/ is log-convex.
Define f ?.�/ WD a? C b?� C

R
.0;1/.1 � e

��t / �?.dt/, where b? D c. By
Theorem 10.11, f ? is a special Bernstein function. Let f .�/ WD �=f ?.�/ with
corresponding special subordinator S D .St /t>0. It follows from Theorem 10.3 and
(10.9) that the potential measure of S is given by

b?ı0.dt/C a
?
C �?.t;1/ dt D cı0.dt/C u.t/ dt D U.dt/:

Hence, U is the potential measure of the special subordinator S .
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Remark 10.13. As a consequence of the above corollary, we can conclude that LU 2

P. In this form, Corollary 10.12 is due to [137]. See also [29, Corollary 14.9],
and [154, 155]. Corollary 10.12 will be strengthened in the next section, see The-
orem 10.23.

In order to prove Theorem 10.11 we need two preliminary lemmas.

Lemma 10.14. Let .vn/n>0 be a sequence satisfying v0 D 1 and 0 < vn 6 1, n > 1.
Assume that .vn/n>0 is a log-convex sequence. Then there exists a non-increasing
sequence .rn/n>0 such that rn > 0 for all n > 0, and

1 D
nX
jD0

rj vn�j for all n > 0: (10.15)

Proof. Note that the inequality v2
n 6 vn�1vnC1 is equivalent to vn=vn�1 6 vnC1=vn.

Therefore, the sequence .vn=vn�1/n>1 is non-decreasing.
Define f1 WD v1 and recursively

fn WD vn �

n�1X
jD1

fj vn�j ; n D 2; 3; : : : (10.16)

We claim that fn > 0 for all n > 1. This is clear for f1. Assume that fk > 0 for
1 6 k 6 n. Then

fnC1 D
vnC1

vn
vn �

nX
jD1

fj
vnC1�j

vn�j
vn�j

>
vnC1

vn

0@vn � nX
jD1

fj vn�j

1A
D 0;

where the inequality follows since .vn=vn�1/n>1 is non-decreasing; the last equality
comes from (10.16) and the fact that v0 D 1.

Let V.z/ WD
P1
nD0 vnz

n and F.z/ WD
P1
nD1 fnz

n. Since .vn/n>0 is a bounded
sequence and fn 6 vn for all n > 1, it follows that V.z/ and F.z/ are well defined
for 0 < z < 1. The renewal equation vn D

Pn
jD1 fj vn�j implies that V.z/ D

1C F.z/V .z/, hence

F.z/ D
V.z/ � 1
V.z/

6 1:

By letting z ! 1, it follows that
P1
nD1 fn 6 1.
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Define the sequence .rn/n>0 by r0 WD 1 and rn WD 1 �
Pn
jD1 fk , n > 1. Clearly,

.rn/n>0 is a non-increasing sequence of non-negative numbers. Note that rn�1�rn D

fn for all n > 1. Hence, for all n > 1,

vn D

nX
jD1

fj vn�j D

nX
jD1

.rj�1 � rj / vn�j

D

nX
jD1

rj�1 vn�j �

nX
jD1

rj vn�j

D

n�1X
jD0

rj vn�1�j �

nX
jD1

rj vn�j :

This implies that
Pn
jD0 rj vn�j D

Pn�1
jD0 rj vn�1�j for all n > 1. But for n D 1 we

have that
Pn�1
jD0 rj vn�1�j D r0v0 D 1. This proves that

Pn
jD0 rj vn�j D 1 for all

n > 0.

Lemma 10.15. Suppose that x 7! N�.x/ is absolutely continuous on .0;1/. If the
total mass �.0;1/ D 1 or if b > 0, then the potential measure U is absolutely
continuous. If the total mass �.0;1/ < 1 and b D 0, then U j.0;1/ is absolutely
continuous.

Proof. Assume first that a D 0. If b > 0, then it is well known that U is absolutely
continuous, see e.g. [36, Section III.2, Theorem 5]. Assume that�.0;1/ D1. Since
N�.x/ is absolutely continuous, by [250, Theorem 27.7] the transition probabilities of
S are absolutely continuous and therefore U is absolutely continuous.

If a > 0, then the potential measure of the killed subordinator is equal to the a-
potential measure of the (non-killed) subordinator, hence again absolutely continuous,
see e.g. [250, Remark 41.12].

Assume now that �.0;1/ < 1 and b D 0. Since x 7! N�.x/ is absolutely
continuous, we have �.dx/ D m.x/ dx for some functionm. Let c WD �.0;1/. The
transition probability at time t of the non-killed subordinator is given by

�t D

1X
kD0

e�tc
tk

kŠ
�?k :

Here and in the rest of this proof �?k stands for the k-fold convolution of �, and
�?0 D ı0. Therefore, the potential measure of the killed subordinator is equal to

U D

Z 1
0

e�at�t dt

D

Z 1
0

e�at

 
1X
kD0

e�tc
tk

kŠ
�?k

!
dt
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D

1X
kD0

�?k

kŠ

Z 1
0

e�.aCc/t tk dt

D
1

aC c
ı0 C

1
aC c

1X
kD1

�
�

aC c

�?k
:

This shows that U j.0;1/ is absolutely continuous with the density

u D
1

aC c

1X
kD1

�
m

aC c

�?k
:

Proof of Theorem 10.11. The log-convexity of N�.x/ implies that N�.x/ is absolutely
continuous on .0;1/. By Lemma 10.15 we know that the density of U exists if
�.0;1/ D1 or b > 0. We choose a version of u such that

lim sup
h!0

U.x; x C h/

h
D u.x/ for all x > 0: (10.17)

Because of the log-convexity, N� is strictly positive everywhere. This excludes the case
where aC�.x;1/ D 0 for some x > 0. Fix c > 0 and define a sequence .vn.c//n>0
by

v0.c/ WD
b=c C N�.c/

b=c C N�.c/
D 1; vn.c/ WD

N�.nc C c/

b=c C N�.c/
; n > 1:

Clearly 0 < vn.c/ 6 1 for all n > 0. Moreover, vn.c/2 6 vn�1.c/vnC1.c/ for all
n > 1. Indeed, for n > 2 this is equivalent to

N�.nc C c/2 6 N�
�
.n � 1/c C c

�
� N�
�
.nC 1/c C c

�
which is a consequence of the log-convexity of N�. For n D 1 we have

N�.2c/ 6 N�.c/ N�.3c/ 6
�
b=c C N�.c/

�
N�.3c/:

By Lemma 10.14, there exists a non-increasing sequence .rn.c//n>0 such that

nX
jD0

rj .c/vn�j .c/ D 1 for all n > 0: (10.18)

Define

un.c/ WD
rn.c/

b=c C N�.c/
; n > 0:

Inserting this expression into (10.18) we get for all n > 0

b

c
un.c/C

nX
jD0

uj .c/ N�
�
.n � j /c C c

�
D 1: (10.19)



10.1 Special Bernstein functions 101

Multiplying (10.19) by c�e�.nC1/c� and summing over all n > 0, we obtain

b�

1X
nD0

e�.nC1/c� un.c/C

1X
nD0

nX
jD0

c�e�.nC1/c�uj .c/ N�
�
.n � j /c C c

�
D

1X
nD0

c�e�.nC1/c�:

This can be simplified to

b�e�c�
1X
nD0

e�nc� un.c/C

 
1X
nD0

e�nc�un.c/

! 
c�

1X
nD1

e�nc� N�.nc/

!
D

c�e�c�

1 � e�c�
:

Define a measure Uc on .0;1/ by Uc WD
P1
nD0 un.c/ ınc . Then the above equation

becomes�Z 1
0

e��t dUc.t/

��
b�e�c� C

1X
nD1

c�e�nc� N�.nc/

�
D

c�e�c�

1 � e�c�
:

Let c # 0. The right-hand side converges to 1, while

lim
c#0

�
b�e�c� C

1X
nD1

c�e�nc� N�.nc/

�
D b�C

Z 1
0

�e��t N�.t/ dt D f .�/:

Therefore
lim
c#0

Z
Œ0;1/

e��t dUc.t/ D
1

f .�/
D

Z
Œ0;1/

e��t dU.t/

which means that Uc converges vaguely to U . Since U is absolutely continuous, this
implies that for all x > 0 and all h > 0,

lim
c#0

Uc.x; x C h/ D

Z xCh

x

u.t/ dt:

Now suppose that 0 < x < y and choose h > 0 such that x < x C h < y. Moreover,
let c be such that none of the points x; x C h; y; y C h is an integer multiple of c. By
the monotonicity of .un.c//n>0, it follows that

Uc.y; y C h/ 6 Uc.x; x C h/:

Let c go to zero along values such that the points x; x C h; y; y C h are not integer
multiples of c. It follows that

U.y; y C h/ 6 U.x; x C h/

and (10.17) guarantees that u.y/ 6 u.x/ for all x < y.
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We give now two sufficient conditions such that a Bernstein function is not special.

Proposition 10.16. Let f .�/ D b�C
R
.0;1/.1 � e

��t / �.dt/, b > 0, be a Bernstein
function. If � has bounded support, then f cannot be special.

Proof. Assume that f is a special Bernstein function and �.t0;1/ D 0 for some
t0 > 0. Let f ?.�/ WD �=f .�/with corresponding subordinator T D .Tt /t>0. Denote
by V be the potential measure of T and by v the density of V j.0;1/. Then v.t/ D
�.t;1/ D 0 for all t > t0. But this implies V.t0;1/ D 0 which is impossible.

Proposition 10.17. Let f .�/ D a C
R
.0;1/.1 � e

��t / �.dt/, a > 0, be a Bernstein
function. Assume that the Lévy measure � is nontrivial and that �.0; t0� D 0 for some
t0 > 0. Then f is not special.

Proof. Suppose, on the contrary, that f is a special Bernstein function. Then the
conjugate function f ?.�/ D �=f .�/ is of the form (10.2). The potential density of
the corresponding subordinator T is given by the formula v.t/ D a C �.t;1/. In
particular, v.t/ D a C �.t0;1/ DW 
 for 0 < t < t0. It follows from (10.4) that
b? D 1=
 > 0. On the other hand, from Theorem 10.9 (with the roles of u and v
reversed), we have that

b?v.t/C

Z t

0
u.s/v.t � s/ ds D 1 for all t > 0:

For 0 < t < t0 we have v.t/ D 
 , so

1C 

Z t

0
u.s/ ds D 1; 0 < t < t0:

It follows that
R t

0 u.s/ ds D 0 for all 0 < t < t0, and since u is non-increasing we
have u � 0. Thus U.dt/ D b?ı0, implying that f D 1=b?. But this contradicts the
assumption that the Lévy measure � is not trivial.

The last two propositions clearly show that SBF is strictly smaller than BF. A
typical example of a Bernstein function which is not special is f .�/ D 1� e�
�. The
corresponding subordinator is a Poisson process with rate 
 > 0. The next example
shows that the family SBF is strictly larger than CBF.

Example 10.18. (i) Define

v.t/ WD

´
t�˛; 0 < t < 1;
t�ˇ ; 1 6 t <1

where 0 < ˇ < ˛ < 1. Obviously, v is non-increasing, log-convex and satisfiesR 1
0 v.t/ dt < 1. By Corollary 10.12, v is the potential density of a special subordi-

nator. Since v is not completely monotone—it is clearly notC1—, the corresponding
Laplace exponent is not a complete Bernstein function.
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(ii) For 0 < ˛ < 1 define

v.t/ WD

´
t�˛; 0 < t < 1;
1; 1 6 t <1:

Again, v is non-increasing, log-convex and satisfies
R 1

0 v.t/ dt < 1. Hence, there
exists a special subordinator T D .Tt /t>0 with potential measure V such that v is the
density of V . Let f ? be the Laplace exponent of T , and define f .�/ WD �=f ?.�/.
Since v.1/ D 1, we have that f .�/ D 1C

R
.0;1/.1�e

��t / �.dt/with Lévy measure
�.dt/ D m.t/ dt , where

m.t/ WD

´
˛ t�˛�1; 0 < t < 1;
0; 1 6 t <1:

Note that the Lévy measure � has bounded support. This does not contradict Propo-
sition 10.16 since we have a non-zero killing term of f equal to 1.

This example shows that for f 2 BF it may happen that � 7! a C f .�/ 2 SBF for
some a > 0, while f … SBF.

(iii) This example is similar to the previous one, but the Lévy measure is finite. Let

v.t/ WD

´
e1�t ; 0 < t < 1;
1; 1 6 t <1:

Again, v is non-increasing, log-convex and satisfies
R 1

0 v.t/ dt < 1. Hence, there
exists a special subordinator T D .Tt /t>0 with potential measure V such that v is the
density of V . Let f ? be the Laplace exponent of T , and define f .�/ WD �=f ?.�/.
Then f .�/ D 1 C

R
.0;1/.1 � e

��t / �.dt/ with Lévy measure �.dt/ D m.t/ dt ,
where

m.t/ WD

´
e1�t ; 0 < t < 1;
0; 1 6 t <1:

As already pointed out, the class SBF does not have good structural properties.
Here are a few positive results.

Proposition 10.19. (i) SBF is a cone closed under pointwise convergence.

(ii) f 2 SBF if, and only if, � 7! b�C f .�/ 2 SBF for all b > 0.

(iii) f 2 SBF if, and only if, tf
tCf
2 SBF for all t > 0.

(iv) f 2 SBF if, and only if, � 7! f .�C c/ 2 SBF for all c > 0.
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Proof. (i) follows immediately from the fact that BF is a cone which is closed under
pointwise convergence.

(ii) Let f 2 SBF and b > 0. Define

h.�/ WD
�

1C b�
:

Then h 2 BF, and by the composition result for Bernstein functions, cf. Corollary 3.7
or Theorem 5.19, it follows for the conjugate f ?.�/ D �=f .�/ that

h ı f ?.�/ D
f ?.�/

1C bf ?.�/
D

�

b�C f .�/
2 BF:

Since � 7! b� C f .�/ 2 BF, we know that � 7! b� C f .�/ 2 SBF, too. The
converse statement follows from (i) by letting b ! 0.

(iii) Let f 2 SBF and t > 0. As in (ii), tf =.t C f / 2 BF. Further,

�

tf .�/
tCf .�/

D
t�C �f .�/

tf .�/
D

�

f .�/
C
�

t
2 BF;

implying that tf =.t C f / 2 SBF. The converse follows from (i) by letting t !1.
(iv) First note that if f 2 BF, g 2 CM and f � g > 0, then f � g 2 BF which is

easily seen from the definition of BF and CM. Let now f 2 SBF and c > 0. Then

�

f .�C c/
D

�C c

f .�C c/
�

c

f .�C c/
> 0:

Since � 7! .�C c/=f .�C c/ 2 BF and � 7! c=f .�C c/ 2 CM, we conclude that
�=f .�C c/ is a Bernstein function which proves the claim. The converse follows by
letting c ! 0.

Remark 10.20. We do not know whether SBF is a convex cone. It is even unclear
whether a C f 2 SBF, a > 0, for f 2 SBF. Let f 2 SBF. Then a C f 2 SBF

if, and only if, � 7! .a C f .�//=� 2 P. We can also use potential densities to
characterize when a C f 2 SBF. Assume, for simplicity, that f 2 SBF is of the
form

f .�/ D �

Z 1
0

e��t N�.t/ dt:

Then v.t/ D N�.t/ is the potential density of the conjugate function f ?.�/ D �=f .�/.
For a > 0,

aC f .�/

�
D

Z 1
0

e��t .v.t/C a/ dt;

showing that aC f 2 SBF if, and only if, v.t/C a is a potential density.
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10.2 Hirsch’s class

In this section we describe another family of completely monotone functions which
was introduced by F. Hirsch in [137]. It turns out that this class, H, is a rich inter-
mediate class between the Stieltjes functions S on the one side, and the completely
monotone functions of the form 1=f where f 2 SBF on the other side. In some
sense H is the largest known family of concrete examples for potentials.

Definition 10.21. We call a function f 2 CM a Hirsch function if for all � > 0 the
sequence �

.�1/n

nŠ
f .n/.�/

�
n>0

is log-convex in the sense of Definition 10.10. The set of all Hirsch functions will be
denoted by H.

Proposition 10.22. The set H is a convex cone closed under pointwise convergence.

Proof. The convexity of H follows from the fact that log-convex sequences form a
convex cone. Indeed, let .an/n>0 and .bn/n>0 be two log-convex sequences. Then it
holds for all n > 1 that a2

n 6 an�1anC1 and b2
n 6 bn�1bnC1. Therefore

.an C bn/
2
D a2

n C b
2
n C 2anbn

6 an�1anC1 C bn�1bnC1 C 2
p
an�1anC1bn�1bnC1

6 an�1anC1 C bn�1bnC1 C an�1bnC1 C anC1bn�1

D .an�1 C bn�1/.anC1 C bnC1/:

Since complete monotonicity and log-convexity are preserved under pointwise con-
vergence, H is closed under pointwise convergence.

Theorem 10.23. Suppose that u W .0;1/ ! .0;1/ is non-increasing, log-convex
and satisfies

R 1
0 u.t/ dt <1, and let c > 0. Define a measure U by

U.dt/ D cı0.dt/C u.t/ dt: (10.20)

Then LU 2 H. Conversely, every f 2 H is the Laplace transform of a measure U
of the form (10.20).

Proof. Suppose that U is given by (10.20) and that the function u is twice continu-
ously differentiable. For every � > 0, the function g

�
defined by

g�.s/ D e
��su.s/; s > 0;

is also logarithmically convex and of class C 2, hence

.g0�/
2 6 g�g

00
�:
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Let

f .�/ WD L .uI�/ D

Z 1
0

e��su.s/ ds; � > 0:

Then for n > 1,

.�1/n

nŠ
f .n/.�/ D

Z 1
0

sn

nŠ
g�.s/ ds D �

Z 1
0

snC1

.nC 1/Š
g0�.s/ ds:

As g0
�
6
q
g
�
g00
�

, we find by the Cauchy–Schwarz inequality that

�
.�1/n

nŠ
f .n/.�/

�2

6
Z 1

0

snC1

.nC 1/Š
g�.s/ ds

Z 1
0

snC1

.nC 1/Š
g00�.s/ ds

D

Z 1
0

snC1

.nC 1/Š
g�.s/ ds

Z 1
0

sn�1

.n � 1/Š
g�.s/ ds

D

�
.�1/nC1

.nC 1/Š
f .nC1/.�/

� �
.�1/n�1

.n � 1/Š
f .n�1/.�/

�
;

showing that f 2 H. Every non-increasing log-convex function u W .0;1/! .0;1/
is the supremum of a sequence of C 2 functions un W .0;1/! .0;1/ which are non-
increasing and log-convex. For such functions we have proved that L un 2 H. By
the monotone convergence theorem it follows that L un increases pointwise to L u.
By Proposition 10.22 it follows that L u 2 H. Since positive constants are in H, and
since H is a convex cone, we see that LU 2 H.

Now we prove the converse statement. Let f 2 H � CM and define

fn.�/ WD
.�1/n

nŠ

�n
�

�nC1
f .n/

�n
�

�
; � > 0;

(compare with (1.8)). Then fn is C1 and strictly positive. We are going to prove that
it is log-convex, by showing that .logfn/00.�/ > 0. We first compute

.logf /00.�/ D
nC 1
�2 C

2n
�3

f .nC1/
�
n
�

�
f .n/

�
n
�

�
C

� n
�2

�2 f .nC2/
�
n
�

�
f .n/

�
n
�

� �  n
�2

f .nC1/
�
n
�

�
f .n/

�
n
�

� !2

:

By the inequality

f .n/
�n
�

�
f .nC2/

�n
�

�
>
nC 2
nC 1

�
f .nC1/

�n
�

��2
;
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we obtain

.logf /00.�/ >
nC 1
�2 C

2n
�3

f .nC1/
�
n
�

�
f .n/

�
n
�

� C 1
nC 1

 
n

�2

f .nC1/
�
n
�

�
f .n/

�
n
�

� !2

D

 p
nC 1
�

C
f .nC1/

�
n
�

�
f .n/

�
n
�

� n

�2
p
nC 1

!2

> 0:

The next step is to show that fn is non-increasing. Since f 2 CM, there exists a
measure U on Œ0;1/ such that f D LU . Assume that U is bounded. Differentiating
n times under the integral sign yields

f .n/.�/ D

Z
Œ0;1/

.�1/n e��t U.dt/:

Using the elementary inequality e��t .�t/n 6 .n=e/n, �; t > 0, and dominated con-
vergence we see

lim
�!0

f .n/.�/�nC1
D 0:

Hence

lim
�!1

fn.�/ D lim
�!1

.�1/n

nŠ
f .n/

�n
�

� �n
�

�nC1
D 0:

Since fn is convex, this implies that it is non-increasing. For a general measure U ,
pick c > 0 and set fc.�/ WD f .� C c/ D

R
Œ0;1/ e

��te�ctU.dt/. Then fc 2 H

with a bounded measure e�ctU.dt/. By the proof above, fc;n is non-increasing. As
fn.�/ D limc!0 fc;n.�/, � > 0, it follows that fn is non-increasing.

Let a WD lim�!1 f .�/. Then U D aı0 C U0 where U0 D U j.0;1/. Moreover, if
Qf WD f �a, then the proof of Theorem 1.4 shows that Qfn.x/ dx converges weakly to
U0.dx/ as n ! 1. Since fn D Qfn, n > 1, we get that fn.x/ dx converges weakly
to U0.dx/. Since f 0n 6 0 and f 00n > 0, it follows that DU0 6 0 and D2U0 > 0 where
we take derivatives in the distributional sense. Hence, there exists a convex non-
increasing function u W .0;1/! .0;1/ such that U0.dx/ D u.x/ dx. In particular,
u is continuous. By the result in [289, p. 288] it follows that limn!1 fn.x/ D u.x/

for all x > 0. Since the pointwise limit of log-convex functions is again log-convex,
this finishes the proof.

We record several simple consequences of the preceding theorem.

Corollary 10.24. (i) 1
H�
� SBF and H� � P.

(ii) If h 2 H, then �h.�/ 2 SBF.

(iii) If f 2 BF and N� is log-convex, then f .�/=� 2 H.

(iv) S � H.
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Proof. (i) Let g 2 H�. By Theorem 10.23, g D LU for a measure U of the form
(10.20). By Corollary 10.12, U is the potential measure of a special subordinator, i.e.
LU D 1=f for f 2 SBF. Thus, 1=g D f 2 SBF and, in particular, g 2 P.

(ii) Let f WD 1=h. By (i), f 2 SBF, and therefore �h.�/ D �=f .�/ 2 SBF.
(iii) By (10.14) we have

f .�/ D b�C �

Z 1
0

e��t N�.t/ dt D �L
�
bı0.dt/C N�.t/ dt I�

�
which proves the claim.

(iv) Let g 2 S. By Theorem 7.3, g D 1=f where f 2 CBF. By Remark 10.6, the
potential measure U of f is of the form U.dt/ D cı0.dt/C u.t/ dt with u 2 CM.
Since completely monotone functions are logarithmically convex, Theorem 10.23
yields LU 2 H. But LU D g.

Remark 10.25. In [29] there is a proof of Corollary 10.24(i), H� � P, which does
not rely on Theorems 10.11 and 10.23. By using this fact and Theorem 10.23 one can
give an alternative proof of Theorem 10.11. Indeed, suppose that f 2 BF, f .�/ D
a C b� C

R
.0;1/.1 � e

��t / �.dt/ and that N� is log-convex. Define the measure
V.dt/ WD bı0.dt/ C v.t/ dt where v.t/ D N�.t/. Then L V 2 H� � P, and
f .�/ D �L V.�/. Therefore, �=f .�/ D 1=L V.�/ 2 BF, proving that f 2 SBF.

Remark 10.26. (i) It is shown in [262, Remark 3.5] that there exists a special Bern-
stein function f such that the density u of U j.0;1/ is not continuous. This shows that
1=H� is strictly contained in SBF.

(ii) Suppose that f 2 SBF such that f
�
2 H. Let a > 0. Then

f .�/C a

�
D
f .�/

�
C
a

�
2 H � P;

implying that �=.f .�/C a/ 2 BF, i.e. f C a 2 SBF. Compare with Remark 10.20.

At the end of this section we point out a unified way to describe some of the con-
sidered classes of functions. Consider the family®

f W f D LU; U.dt/ D cı0 C u.t/ dt
¯
� CM;

where c > 0 and u W .0;1/ ! .0;1/ such that
R 1

0 u.t/ dt < 1. Different choices
of u result in different subfamilies of completely monotone functions. More precisely,

(i) u 2 CM if, and only if, LU 2 S;

(ii) u is non-increasing and log-convex if, and only if, LU 2 H;

(iii) u is non-increasing and is a potential density if, and only if, LU 2 1
SBF

;

(iv) u is non-increasing if, and only if, �L .U I�/ 2 BF.
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Statements (i), (ii) and (iii) are proved, respectively, in Remark 10.6, Theorem 10.23
and Theorem 10.3. For the last statement note that if u is non-increasing, then it is the
tail of a measure �, u.t/ D N�.t/. Thus

�L .U I�/ D c�C �

Z 1
0

e��tu.t/ dt D c�C �

Z 1
0

e��t N�.t/ dt 2 BF:

The converse is proved similarly. Hence,

S � H �
1

SBF

�

BF

�
�

1
BF

�

CM;

�

and all inclusions are strict. For the second inclusion see Remark 10.26(i), and for the
third notice that SBF is strictly contained in �=BF and BF, respectively.

Comments 10.27. Section 10.1: The term special Bernstein function was introduced in [261], although
the notion itself is encountered in the literature earlier. Theorem 10.3 is essentially contained in Bertoin
[37, Corollaries 1 and 2] who attributes the result to Van Harn and Steutel [283]. Our presentation
follows [261] where the result was rediscovered. Theorem 10.9 also comes from [261].

Special Bernstein functions were used in [195] to characterize the scale functions of one-dimensional
Lévy processes having only negative jumps, and in [196] to study de Finetti’s optimal dividend problem.

Log-convexity of the tail N� of the Lévy measure was studied by J. Hawkes in [126, Theorem 2.1].
Theorem 10.11, cf. [262], is a slight extension as it allows for the killing term, the drift term, and finite
Lévy measure. Lemma 10.14 appears also in [126] with a proof having a minor gap (namely, it works
only for the case

P1
jD1 fj D 1). The conclusion of the lemma, equation (10.15), is a discrete version

of Chung’s equation, see [70]. Examples 10.18 and Propositions 10.16 and 10.17 are from [262], the
proof of the latter is new. One direction of Proposition 10.19(iv) is proved in [195] where also the
corresponding Lévy measure is identified.

Section 10.2: The class H was introduced by F. Hirsch in [136] and [137]. The starting point of his
investigations is the problem to find a structurally well-behaved family of functions which operate on
the (abstract) potential operators in the sense of Yosida [296, Chapter XIII.9]; these are densely de-
fined, injective operators V such that A D �V �1 is the generator of a strongly continuous contraction
semigroup, cf. Chapter 12 below. Although the Laplace transform induces a bijection between Hunt
kernels on the half-line Œ0;1/ (leading to potential operators) and the family of potentials P, see e.g.
[135, page 175], the set P lacks nice structural properties. Hirsch shows that the family H � P is a
convex cone which allows to define a symbolic calculus on (abstract) potential operators along the lines
of Faraut’s symbolic calculus [96]. See also the Comments 2.5, 5.21 and 6.12. Theorem 10.23 is from
[137, Théorème 2], our proof follows the presentation in Berg and Forst [29, Section 14].



Chapter 11

The spectral theorem and operator monotonicity

In this chapter we look at applications of complete Bernstein functions in operator
theory on Hilbert spaces. First we give a proof of the spectral theorem for self-adjoint
operators on a Hilbert space which uses the Stieltjes representation of complete Bern-
stein functions. Then we prove Löwner’s theorem which says that the family of com-
plete Bernstein functions coincides with the family of non-negative operator mono-
tone functions on .0;1/.

11.1 The spectral theorem

A surprising consequence of the representation formulae for complete Bernstein func-
tions is a simple proof of the spectral theorem for self-adjoint operators on Hilbert
spaces. This was first observed by Doob and Koopman [85] and Lengyel [200]. The
paper by Nevanlinna and Nieminen [224] contains a full account of this approach and
its extensions. Our exposition follows these lines; the monograph by Kato [168] will
be our standard reference for spectral analysis in Hilbert spaces.

Let H be a complex Hilbert space with scalar product h�; �i and norm k � k. We
assume that the scalar product is linear in the first, and skew-linear in the second
argument.

A linear operator A W D.A/ ! H is said to be self-adjoint if D.A/ � H is
dense and .A;D.A// D .A�;D.A�//. The resolvent set %A consists of all � 2 C
such that the operator � � A WD � id�A has a bounded inverse which we denote by
R� WD .� id�A/�1 WD .� � A/�1; the operators .R� /�2%A are the resolvent of A. It
is well known that the resolvent set %A is open. The set �A WD C n %A is called the
spectrum of A.

All self-adjoint operators A have real spectrum �A � R and their resolvents satisfy

kR�uk 6
1

dist.�; �A/
kuk 6

1
jIm �j

kuk; � 2 %A; u 2 H: (11.1)

For �; z 2 %A the following resolvent equation holds

R� �Rz D .z � �/RzR� (11.2)

which is easily seen from R� D R� .z � A/Rz D R� ..z � �/C .� � A//Rz . Since
� 7! hR�u; vi is continuous, the resolvent equation tells us

lim
z!�

�
R� �Rz

� � z
u; v

�
D � lim

z!�
hRzR�u; vi D �hR�R�u; vi: (11.3)
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This means that hR�u; vi, u; v 2 H, is complex differentiable for all � 2 %A, hence it
is analytic.

Recall that a self-adjoint operator .A;D.A// is dissipative if

hAu; ui 6 0 for all u 2D.A/: (11.4)

Lemma 11.1. Let .A;D.A// be a self-adjoint operator on H. Then A is dissipative
if, and only if, the following holds

k�u � Auk > � kuk for all u 2D.A/; � > 0: (11.5)

Proof. Clearly,

k.� � A/uk2
D �2

kuk2
� 2�hAu; ui C kAuk2:

If hAu; ui 6 0 we see that k.� � A/uk2 > �2 kuk2 and (11.5) follows. Conversely,
under (11.5) we have

�2
kuk2

� 2�hAu; ui C kAuk2 > �2
kuk2

or 2�hAu; ui 6 kAuk2. Since � can be arbitrarily large, this is only possible if
hAu; ui 6 0 and (11.4) follows.

Proposition 11.2. Let .A;D.A// be a self-adjoint operator on H. Then A is dissipa-
tive if, and only if, the spectrum �A is contained in .�1; 0�.

Proof. First we suppose that �A � .�1; 0�. Since � > 0 is in the resolvent set, we
may use (11.1) with � D � and u D .� � A/w, w 2D.A/, to get

kwk D kR�.� � A/wk 6
1

dist.�; �A/
k�w � Awk 6

1
�
k�w � Awk:

This proves dissipativity.
Now we suppose that A is dissipative and we want to show that �A � .�1; 0�. For

any � > 0, let v 2 ..A��/.D.A///?. Then v 2D.A/ and Av D �v since A is self-
adjoint. Hence �kvk2 D hAv; vi 6 0, which gives v D 0. Thus .A� �/.D.A// D H

and consequently �A � .�1; 0�.

From now on we will assume that A is a dissipative self-adjoint operator.

Lemma 11.3. Let .A;D.A// be a dissipative self-adjoint operator on H. For every
u 2 H the function f .�/ WD h�R�u; ui, � 2 C n .�1; 0�, is (the extension of) a
complete Bernstein function such that

f .�/ D h�R�u; ui 6 kuk2 for all � > 0; u 2 H:
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Moreover,
lim
�!1

h�R�u; vi D hu; vi; u; v 2 H; (11.6)

and there exists a uniquely determined finite measureE D Eu;u supported in .�1; 0�
such that Eu;u.�1; 0� D kuk2 and

hR�u; ui D

Z
.�1;0�

1
� � t

Eu;u.dt/; � 2 C n .�1; 0�: (11.7)

Proof. It is clear that f .�/ is analytic on %A. Note that

f .�/ D
˝
.� � AC A/R�u; u

˛
D hu; ui C hAR�u; ui: (11.8)

Setting u D .� �A/� for a suitable � D R�u 2D.A/ and � D �C i�, we conclude
that

f .�/ D
˝
�R� .� � A/�; .� � A/�

˛
D
˝
��; .� � A/�

˛
D � N�h�; �i � �h�;A�i:

Thus Imf .�/ D �Im �h�;A�i > 0 for Im � > 0, and for � D � > 0 we see

f .�/ D �2
h�; �i � �h�;A�i > 0:

From (11.3) and (11.8) we get

d

d�
f .�/ D

d

d�
hAR�u; ui D

d

d�
hR�u;Aui D �hR�R�u;Aui

D �hR�u;AR�ui > 0:

Therefore, f .0C/ D inf�>0 f .�/ < 1 exists, and Theorem 6.2(iv) proves that f 2
CBF; in particular,

f .�/ D aC b�C

Z
.0;1/

�

�C t
�.dt/

where a; b > 0 and � is a measure on .0;1/ such that
R
.0;1/.1C t /

�1�.dt/ <1.
The Cauchy–Schwarz inequality and the resolvent estimate (11.1) show for any

self-adjoint operator .A;D.A// on H and u 2D.A/

lim
�!1

jhARi�u; uij 6 lim
�!1

kRi�Auk � kuk 6 lim
�!1

�
1
�
kAuk � kuk

�
D 0:

Thus,
lim
�!1

f .i�/ D hu; ui C lim
�!1

hARi�u; ui D kuk
2

and we find from the integral representation of f 2 CBF that

Ref .i�/ D aC
Z
.0;1/

�2

�2 C t2
�.dt/:
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Monotone convergence now shows that

kuk2
D lim
�!1

f .i�/ D aC �.0;1/:

On the other hand,

Imf .i�/ D b� C

Z
.0;1/

�t

�2 C t2
�.dt/;

so that lim�!1 f .i�/ D kuk2 combined with the dominated convergence theorem
proves that b D 0.

This shows

f .�/ D aC

Z
.0;1/

�

� C t
�.dt/; aC �.0;1/ D kuk2:

Moreover,

f .�/ D aC

Z
.0;1/

�

�C t
�.dt/ 6 aC �.0;1/ D kuk2;

and we can use monotone convergence to get

lim
�!1

h�R�u; ui D lim
�!1

f .�/ D kuk2; u 2 H:

A standard polarization argument proves then (11.6).
To see (11.7), set Eu;u.I / WD ı0.I /C �.�I / for all Borel sets I � .�1; 0�. The

uniqueness of the measure Eu;u follows from the uniqueness of the measure � in the
Stieltjes representation of complete Bernstein functions.

With a simple polarization argument we can extend (11.7) to

hR�u; vi D

Z
.�1;0�

1
� � t

Eu;v.dt/; � 2 C n .�1; 0�; u; v 2 H:

SinceEu;u is uniquely determined by u, the complex-valued measureEu;v is uniquely
determined by u and v, andEu;v depends linearly on u and skew-linearly on v; more-
over, Eu;v D Ev;u is skew-symmetric and Eu;v has total variation less or equal than
kuk � kvk.

Using the inversion formula (6.4) we can actually work out the measure Eu;v. For
˛ < ˇ 6 0 we get the Hellinger–Stone formula

Eu;vŒ˛; ˇ/ D �.�ˇ;�˛�

D lim
h!0C

1
�

Z
.�ˇ;�˛�

Im
�
h.s � ih/R�sCihu; vi

s � ih

�
ds

D � lim
h!0C

1
�

Z
Œ˛;ˇ/

Im hRtCihu; vi dt

(11.9)
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at all continuity points ˛; ˇ of � 7! Eu;v.�1; �/. Note that this formula is still valid
for ˛; ˇ > 0 with Eu;vŒ˛; ˇ/ D 0; this allows to extend Eu;vŒ˛; ˇ/ trivially by 0 onto
the positive real line.

If I � .�1; 0� is a Borel set, this shows that .u; v/ 7! Eu;v.I / is a skew sym-
metric sesquilinear form in the Hilbert space H. By a standard argument, see Lengyel
[200] or Lax [199, Chapter 32], we deduce that there exists a bounded self-adjoint
operator E.I / such that

Eu;v.I / D
˝
E.I /u; v

˛
; u; v 2 H; I � .�1; 0� Borel:

This shows that (11.7) can be written as

hR�u; vi D

Z
.�1;0�

1
� � t

˝
E.dt/u; v

˛
; � 2 C n .�1; 0�; u; v 2 H:

From this point onwards we can argue as usual: one concludes that .E.�1; �//�2R is
a spectral resolution of the operatorA and proves the spectral theorem for (dissipative)
self-adjoint operators.

Theorem 11.4. Let .A;D.A// be a dissipative self-adjoint operator on H. Then there
exists an orthogonal projection-valued measure E on the Borel sets ofR with support
�A such that for all Borel sets I; J � R

(i) E.;/ D 0, E.R/ D id;

(ii) E.I \ J / D E.I /E.J /;

(iii) E.I / WD.A/!D.A/ and AE.I / D E.I /A;

(iv) Au D
R
�A
�E.d�/u for u 2D.A/ D ¹u 2 H W

R
�A
�2hE.d�/u; ui <1º.

Note that kAuk2 D
R
�A
�2hE.d�/u; ui. For ˆ W .�1; 0�! R one can define the

function ˆ.A/ of the operator A by

ˆ.A/u WD

Z
.�1;0�

ˆ.�/E.d�/u; (11.10)

D
�
ˆ.A/

�
WD

²
u2H W kˆ.A/uk2

D

Z
.�1;0�

jˆ.�/j2
˝
E.d�/u; u

˛
<1

³
: (11.11)

Example 11.5. Let .A;D.A// be a dissipative self-adjoint operator on H. Then A
generates a semigroup of linear operators .Tt /t>0 which is strongly continuous, i.e.
t 7! Ttu is a continuous function from Œ0;1/ to H, and contractive, i.e. kTtuk 6
kuk.

Indeed: Let E.d�/ be the spectral resolution of the operator A. Then

Ttu D e
tAu D

Z
.�1;0�

et�E.d�/u; u 2 H; t > 0;
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and by Theorem 11.4 we get for all u; v 2 H and all s; t > 0

hTtTsu; vi D

�
Tt

Z
.�1;0�

es�E.d�/u; v

�
D

Z
.�1;0�

Z
.�1;0�

et� es�
˝
E.d�/u;E.d�/v

˛
D

Z
.�1;0�

e.tCs/�
˝
E.d�/u; v

˛
D hTsCtu; vi

which shows that .Tt /t>0 is a semigroup. That t 7! Ttu, u 2 H, is continuous in the
Hilbert space topology follows directly from the continuity of t 7! et�, � 2 .�1; 0�,
and the fact that

kTtu � uk
2
D

Z
.�1;0�

.et� � 1/2
˝
E.d�/u; u

˛
:

In a similar way we deduce from the fact that et� 6 1, t > 0 and � 2 .�1; 0�, that
kTtuk 6 kuk which proves that Tt is a contraction operator.

Example 11.6. Let .A;D.A// be a dissipative self-adjoint operator on H and denote
by .Tt /t>0 the strongly continuous contraction semigroup generated by A. Let f be
a Bernstein function given by the Lévy–Khintchine representation (3.2),

f .�/ D aC b�C

Z
.0;1/

.1 � e�t�/ �.dt/;

where a; b > 0 and
R
.0;1/.1 ^ t / �.dt/ <1. Then D.A/ �D.f .�A// and

�f .�A/u D �auC bAuC

Z
.0;1/

.Ttu � u/�.dt/; u 2D.A/: (11.12)

Indeed: Let E.d�/ be the spectral resolution of the operator A. The elementary
inequality 1 ^ .t�/ 6 .1C �/.1 ^ t /, �; t > 0, shows that

f .�/ 6 aC b�C .1C �/
Z
.0;1/

.1 ^ t / �.dt/ 6 c .1C �/

for some suitable constant c > 0. ThereforeZ
.�1;0�

jf .��/j2
˝
E.d�/u; u

˛
6 c

Z
.�1;0�

.1 � �/2
˝
E.d�/u; u

˛
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which means that D.A/ � D.f .�A//. The representation (11.12) follows now di-
rectly from the integral formula (3.2) for f . For u 2 D.A/ we get from Fubini’s
theorem

f .�A/ D

Z
.�1;0�

f .��/E.d�/u

D

Z
.�1;0�

�
a � b�C

Z
.0;1/

.1 � et�/ �.dt/
�
E.d�/u

D au � bAuC

Z
.0;1/

Z
.�1;0�

.1 � et�/E.d�/u�.dt/

D au � bAuC

Z
.0;1/

.u � Ttu/�.dt/:

Example 11.7. Let .A;D.A// be a dissipative self-adjoint operator on H, denote by
.R� /�2%A its resolvent, and let f be a complete Bernstein function. We use the Stielt-
jes representation (6.5)

f .�/ D aC b�C

Z
.0;1/

�

�C t
�.dt/;

where a; b > 0 and
R
.0;1/.1C t /

�1 �.dt/ <1. Then D.A/ �D.f .�A// and

�f .�A/u D �auC bAuC

Z
.0;1/

ARtu�.dt/; u 2D.A/: (11.13)

Indeed: Since CBF � BF, the inclusion D.A/ � D.f .�A// follows from Exam-
ple 11.6. Let E.d�/ be the spectral resolution of the operator A. Then

�ARtu D

Z
.�1;0�

��

t � �
E.d�/u; u 2 H; t > 0;

defines a bounded operator. Since .��/=.t � �/ 6 1 ^ .��=t/ for � 6 0 and t > 0,
we conclude from this that

kARtuk 6 min
²
kuk;

1
t
kAuk

³
; t > 0:

From the elementary inequality min¹1; sº 6 2s=.1C s/, s > 0, we get

kARtuk 6 2
1
t
kAuk
kuk

1C 1
t
kAuk
kuk

kuk D 2
kAuk
kuk

t C kAuk
kuk

kuk: (11.14)
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Let us now determine f .�A/.

h�f .�A/u; ui D

Z
.�1;0�

�f .��/
˝
E.d�/u; u

˛
D �ahu; ui C bhAu; ui C

Z
.�1;0�

Z
.0;1/

�

t � �
�.dt/

˝
E.d�/u; u

˛
D �ahu; ui C bhAu; ui C

Z
.0;1/

Z
.�1;0�

�

t � �

˝
E.d�/u; u

˛
�.dt/

D �ahu; ui C bhAu; ui C

Z
.0;1/
hARtu; ui �.dt/:

The change in the order of integration is possible since all integrands are non-negative.
The estimate (11.14) tells us that for u 2D.A/

kf .�A/uk 6 akuk C bkAuk C
Z
.0;1/

kARtuk �.dt/

6 akuk C bkAuk C 2
Z
.0;1/

kAuk
kuk

t C kAuk
kuk

�.dt/ kuk

6 2f
�
kAuk

kuk

�
kuk:

Remark 11.8. Let .A;D.A// be a dissipative self-adjoint operator on H with resol-
vent .R�/�>0. By Lemma 11.3 the function � 7! h�R�u; ui is for all u 2 H a
complete Bernstein function. Therefore, f .�/ WD hR�u; ui is a Stieltjes function.

Consider the special situation where H D L2.Rd ; dx/ and where resolvent opera-
tors R� are integral operators given by kernels R�.x; y/, i.e.

R�u.x/ D

Z
Rd
R�.x; y/u.y/ dy; u 2 L2:

If x 7! R�.x; x/ is continuous at x D x0, then f .�/ WD R�.x0; x0/ is a Stieltjes
function.

Without loss of generality we can assume that x0 D 0. Consider a sequence un 2
C1c .R

d / of type delta, i.e. un
n!1
����! ı0 weakly, then

hR�un; uni D

“
R�.x; y/ un.x/ un.y/ dx dy

n!1
����! R�.0; 0/

since R� is continuous at x D 0. The assertion follows since S is stable under point-
wise limits, cf. Theorem 2.2.
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We have seen in Example 11.5 that A generates a strongly continuous contraction
semigroup .Tt /t>0. Obviously

s 7! hTsu; ui D

Z
.�1;0�

es�
˝
E.d�/u; u

˛
; u 2 L2;

is completely monotone. If Ts is an integral operator with kernel ps.x; y/, we can
show as above that

s 7! ps.x; x/ is completely monotone

for all x such that x 7! ps.x; x/ is continuous.
A particularly interesting example is given by strongly continuous convolution

semigroups or, equivalently, Lévy processes; for details we refer to Jacob [157] Sec-
tion 3.6 or [158]. In this case, A D � .D/ is a pseudo differential operator with
symbol  which is negative definite in the sense of Schoenberg, cf. (4.7), and

Tsu.x/ D

Z
e�s .�/bu.�/ eix� d� D Z u.x C y/ ps.dy/; u 2 C1c .R

d /;

wherebu denotes the Fourier transform and bps D e�s . The resolvent operators are
given by

R�u.x/ D

Z
1

�C  .�/
bu.�/ eix� d�; u 2 C1c .R

d /:

Sincebps.�/ D e�s .�/, it is clear that the measure ps.dy/ is for all s > 0 absolutely
continuous with density ps 2 L1 if, and only if, e�s 2 L1 for all s > 0. In this
case, the Riemann–Lebesgue lemma applies and shows that y 7! ps.y/ is continuous.
Sufficiency is obvious, necessity follows from the fact that ps=2 2 L

1\L1 is already
an L2-function. Therefore,

e�
1
2 s  D bps=2 2 L

2

or e�s 2 L1. This proves that the semigroup and resolvent densities exist and that�
t 7! pt .0/

�
2 CM and

�
� 7! R�.0/

�
2 S

whenever e�s 2 L1 for all s > 0.

11.2 Operator monotone functions

Let .H; h�; �i/ be a finite or infinite-dimensional real Hilbert space and let A and B be
bounded self-adjoint operators on H. If dim H D n, we will identify H with Rn and
A;B with symmetric n� n matrices. We write B 6 A if B �A is dissipative. This is
equivalent to saying that

hBu; ui 6 hAu; ui for all u 2 H: (11.15)
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As usual we define functions of A by the spectral theorem (in finite or infinite dimen-
sion).

Definition 11.9. A function f W .0;1/! R is said to be matrix monotone of order n
if for all symmetric matrices A;B 2 Rn�n with �A; �B � .0;1/

B 6 A implies f .B/ 6 f .A/:

We write Pn for the set of matrix monotone functions of order n. If f is matrix
monotone of all orders n 2 N, we call f operator monotone.

In the remaining part of this section we will assume that the operators .A;D.A//
and .B;D.B// are dissipative self-adjoint operators on H which are not necessarily
bounded. It may happen that the domain D.A/ \D.B/ of the difference B � A of
two unbounded operators is not dense in H; this means that (11.15) might not be well
defined. To circumvent this, we use quadratic forms. Denote by .�A/1=2 the unique
positive square root of .�A/ defined via the spectral theorem. Then

QA.u; u/ WD

´˝
.�A/1=2u; .�A/1=2u

˛
; if u 2D.QA/ DD..�A/1=2/I

C1; for all other u 2 H

defines the quadratic form generated by the operator A. If u 2 D.A/, then we have
QA.u; u/ D �hAu; ui; this is, in particular, the case for bounded operators. There-
fore,

0 6 QA.u; u/ 6 QB.u; u/ 6 C1; u 2 H; (11.16)

is the proper generalization of (11.15) for arbitrary dissipative operators.

Definition 11.10. Let A and B be dissipative self-adjoint operators on H. If (11.16)
holds for the quadratic forms, we say that .�B/ dominates .�A/ in quadratic form
sense and write .�A/ 6qf .�B/.

Note that .�A/ 6qf .�B/ entails

D
�
.�B/1=2�

DD.QB/ �D.QA/ DD
�
.�A/1=2�

and that 0 6 .�A/ amounts to saying that A is dissipative.
Obviously, the condition for f W .0;1/ ! R that f .�A/ 6qf f .�B/ whenever

.�A/ 6qf .�B/ seems to be stronger than f 2
T
n2N Pn. But we will see later in

Theorem 11.17 that these properties are equivalent. A hint in this direction is given
by the following lemma.

Lemma 11.11. Let .A;D.A// and .B;D.B// be two dissipative self-adjoint opera-
tors on H and denote by .RA

�
/�2%A and .RB

�
/�2%B their resolvents. Then the following

assertions are equivalent
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(i) 0 6qf .�A/ 6qf .�B/;

(ii) 0 6qf R
B
t 6qf R

A
t for all t > 0;

(iii) 0 6qf .�A/R
A
t 6qf .�B/R

B
t for all t > 0.

Proof. (i))(ii) Fix t > 0. For any u 2 H set

� WD .t � A/�1u 2D.A/ �D.QA/ �D.QB/;

 WD .t � B/�1u 2D.B/ �D.QB/:

Since A � t is dissipative, we can use the spectral theorem, Theorem 11.4, to de-
fine the square root .t � A/1=2; this is again a self-adjoint operator and D.A/ �

D..�A/1=2/ D D..t � A/1=2/. Since by assumption .t � A/ 6qf .t � B/, we get by
the Cauchy–Schwarz inequality˝

.t � B/�1u; u
˛2
D
˝
.t � B/�1u; .t � A/�

˛2
D
˝
.t � A/1=2.t � B/�1u; .t � A/1=2�

˛2
6
˝
.t � A/1=2 ; .t � A/1=2 

˛
�
˝
�; .t � A/�

˛
6
˝
.t � B/1=2 ; .t � B/1=2 

˛
�
˝
.t � A/�1u; u

˛
D
˝
.t � B/�1u; u

˛ ˝
.t � A/�1u; u

˛
:

This proves .t � B/�1 6qf .t � A/
�1.

(ii))(iii) We have for all t > 0 and u 2 H˝
.�A/RAt u; u

˛
D
˝
.t � A/RAt u � tR

A
t u; u

˛
D hu; ui � htRAt u; ui

6 hu; ui � htRBt u; ui

D
˝
.�B/RBt u; u

˛
:

(iii))(i) Lemma 11.3 shows that

lim
t!1

˝
tRAt .�A/u; u

˛
D lim
t!1

˝
tRAt .�A/

1=2u; .�A/1=2u
˛

D
˝
.�A/1=2u; .�A/1=2u

˛
for all u 2D.QA/. Using a similar argument for tRBt .�B/ yields˝

.�A/1=2u; .�A/1=2u
˛
6
˝
.�B/1=2u; .�B/1=2u

˛
:
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Theorem 11.12. Let f 2 CBF and let .A;D.A// and .B;D.B// be two dissipative
self-adjoint operators on H; denote by .RA

�
/�2%A and .RB

�
/�2%B the corresponding

resolvents. Then

.�A/ 6qf .�B/ implies f .�A/ 6qf f .�B/: (11.17)

In particular, f is operator monotone in the sense of Definition 11.9.

Proof. We have seen in Example 11.7 that˝
f .�A/u; u

˛
D ahu; ui C b

˝
.�A/u; u

˛
C

Z
.0;1/

˝
.�A/RAt u; u

˛
�.dt/

holds for all u 2 D.A/—and even u 2 H if we understand the expression on the
right as a quadratic form which is C1 if u 62 D.Qf .�A//. The operators tRtA are
bounded, see Example 11.7, and �.0; n/ <1 for all n 2 N. Therefore,Z

.0;n/
hARAt u; ui �.dt/ <1 for all u 2 H; n 2 N:

Since limn!1
˝
nRAnAu; u

˛
D
˝
Au; u

˛
on D.A/, we have for u 2D.A/

˝
f .�A/u; u

˛
D lim
n!1

�
ahu; ui C b

˝
nRAn .�A/u; u

˛
C

Z
.0;n/

˝
.�A/RAt u; u

˛
�.dt/

�
where the expression inside the bracket defines a bounded operator. If we understand
this in the sense of quadratic forms, the right-hand side converges to a finite value if,
and only if, u 2 D.Qf .�A//. Analogous assertions hold for the operators B , f .�B/
and the quadratic forms generated by them.

Lemma 11.11 shows that h.�A/RAt u; ui 6 h.�B/RBt u; ui for all u 2 H. If we
apply this to the limit expression above, we get hf .�A/u; ui 6 hf .�B/u; ui or,
more precisely,

0 6 Qf .�A/.u; u/ 6 Qf .�B/.u; u/ 61; u 2 H;

which means that f .�A/ 6qf f .�B/.

Corollary 11.13. Let f 2 CBF and let .A;D.A// be a dissipative self-adjoint oper-
ator on H. Then for all c > 0 it holds that

D
�
f .�cA/

�
DD

�
f .�A/

�
and D

�
f .c � A/

�
DD

�
f .�A/

�
:

Proof. Assume first that c > 1. Observe that for all �; t > 0

c�

t C c�
6 c

�

t C �
and

c C �

t C .c C �/
6

c

t C c
C

�

t C �
:
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Since f 2 CBF is non-decreasing we conclude from this and the Stieltjes represen-
tation (6.5) of f that

f .�/ 6 f .c�/ 6 cf .�/ and f .�/ 6 f .c C �/ 6 f .c/C f .�/:

As both � 7! f .c�/ and � 7! f .cC�/ are complete Bernstein functions, the assertion
follows from (11.11). The argument for 0 < c < 1 is similar.

Corollary 11.14. Let f 2 CBF and let .A;D.A// and .B;D.B// be two dissipative
self-adjoint operators on H. If D.B/ �D.A/, then D.f .�B// �D.f .�A//.

Proof. Since A and B are closed operators with D.B/ � D.A/ we know from an
inequality due to Hörmander, see [296, Chapter II.6, Theorem 2], that there exists a
constant c > 0 such that

kAuk 6 c
�
kBuk C kuk

�
; u 2D.B/:

Using the triangle inequality and dissipativity, (11.5), we find on D.B/

kAuk 6 c
�
k.B � �/uk C .1C �/kuk

�
6 c

�
k.B � �/uk C

.1C �/
�
k.B � �/uk

�
:

With a suitable constant c� > 0 we can recast this inequality as

.�A/2 6qf c
2
� .� � B/

2:

Setting f D g and ˛ D 1=2 in Corollary 7.12(iii), we see that h.�/ WD f 2.
p
�/ is

again a complete Bernstein function. By spectral calculus and Theorem 11.12 we get

f 2.�A/ D f 2
�q

.�A/2
�
6qf f

2
�q

c2
� .� � B/

2

�
D f 2�c� .� � B/�;

hence, kf .�A/uk 6 kf .c� .� � B//uk. Therefore, the claim follows from Corol-
lary 11.13.

If we use the complete Bernstein functions f .�/ D �˛, 0 < ˛ < 1, we obtain the
famous Heinz–Kato-inequality.

Corollary 11.15. Let .A;D.A//, .B;D.B// be two dissipative self-adjoint operators
on H. Then

k.�A/1=2uk 6 k.�B/1=2uk; u 2D
�
.�B/1=2�

implies for all ˛ 2 .0; 1/

k.�A/˛=2uk 6 k.�B/˛=2uk; u 2D
�
.�B/˛=2�:
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In the remaining part of this section we will prove that the family of complete
Bernstein functions and the family of positive operator monotone functions coincide.
Recall that f 2 Pn if for all positive semi-definite symmetric matrices A;B 2 Rn�n,
B 6qf A implies that f .B/ 6qf f .A/. Let ˛1; : : : ; ˛n be the (non-negative) eigen-
values of A and denote by DŒ j̨ � the n � n diagonal matrix with diagonal entries
˛1; : : : ; ˛n. By choosing a suitable orthonormal basis we can assume thatA D DŒ j̨ �;
then f .A/ D DŒf . j̨ /�. Let ˇ1; : : : ; ˇn be the eigenvalues of B . There exists an or-
thogonal n � n matrix Q such that B D Q>DŒ ǰ �Q and f .B/ D Q>DŒf . ǰ /�Q.
The conditions hBx; xi 6 hAx; xi and hf .B/x; xi 6 hf .A/x; xi, x 2 Rn, can be
equivalently restated as

nX
jD1

.Qx/2j ǰ 6
nX
jD1

x2
j j̨ ; x 2 Rn;

and
nX
jD1

.Qx/2jf . ǰ / 6
nX
jD1

x2
j f . j̨ /; x 2 Rn;

respectively.
Define the weighted norm kxk.˛/ WD .

Pn
jD1 x

2
j j̨ /

1=2 and the corresponding oper-
ator norm

kQk.˛;ˇ/ WD sup
x¤0

kQxk.ˇ/

kxk.˛/
:

Then f 2 Pn if, and only if, for every orthogonal n � n matrix Q and all x 2 Rn,

kQk.˛;ˇ/ 6 1 implies that
nX
jD1

.Qx/2jf . ǰ / 6
nX
jD1

x2
j f . j̨ /: (11.18)

We say that a function f W .0;1/ ! R is in the set Mn, n 2 N, if for all distinct
�1; : : : ; �2n > 0 and all a1; : : : ; a2n 2 R with

P2n
jD1 aj D 0

2nX
jD1

aj
�j t � 1
�j C t

> 0 for all t > 0 implies that
2nX
jD1

ajf .�j / > 0: (11.19)

Clearly, Mn �MnC1. Since
2nX
jD1

aj
�j t � 1
�j C t

D

2nX
jD1

aj

��
t C

1
t

�
�j

t C �j
�

1
t

�
D

�
t C

1
t

� 2nX
jD1

aj
�j

t C �j
;

we have f 2Mn if, and only if, for all distinct �1; : : : ; �2n > 0 and all a1; : : : ; a2n 2

R with
P2n
jD1 aj D 0

2nX
jD1

aj
�j

t C �j
> 0 for all t > 0 implies that

2nX
jD1

ajf .�j / > 0: (11.20)
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We explain now yet another way to characterize when f 2 Mn. Denote by ….n/ the
family of all polynomials of degree less than or equal to n. For distinct �1; : : : ; �2n >

0 put �.t/ WD
Q2n
jD1.t C �j / and observe that � 0.��k/ D

Q
j¤k.�j � �k/. For

p 2 ….2n � 1/ set

ak D ak.p/ WD
p.��k/

� 0.��k/�k
; k D 1; : : : ; 2n; (11.21)

and let a D a.p/ D .ak.p//16k62n 2 R
2n. Then

p.t/

�.t/
D

2nX
jD1

aj
�j

t C �j
(11.22)

holds true and shows that p 7! a.p/ defines a linear bijection from ….2n � 1/
onto R2n. By observing that p.0/ D 0 is equivalent to

P2n
jD1 aj .p/ D 0, it follows

from (11.20) that f 2Mn if, and only if, for all p 2 ….2n � 1/ with p.0/ D 0,

p.t/ > 0 for all t > 0 implies that
2nX
jD1

aj .p/f .�j / > 0: (11.23)

Lemma 11.16. For every n 2 N, PCnC1 �M
C
n .

Proof. Every polynomial p 2 ….2n � 1/ with p.0/ D 0 and p.t/ > 0 for all t > 0
can be written as p.t/ D tq2

1.t/C q
2
2.t/ where q1; q2 2 ….n � 1/ and q2.0/ D 0, cf.

Akhiezer [2, p. 77]. Because of the linearity of the map (11.21) it suffices to consider
two cases:

(i) p.t/ D tq2.t/; q 2 ….n � 1/;

(ii) p.t/ D q2.t/; q 2 ….n � 1/; q.0/ D 0.

Relabel �1; �2; : : : ; �2n > 0 as 0 < ˇ1 < ˛1 < ˇ2 < � � � < ˇn < ˛n. Then
� 0.� ǰ / > 0 and � 0.� j̨ / < 0, j D 1; 2; : : : ; n.

(i) Given a polynomial q 2 ….n� 1/ the partial fractions representation (11.22) of
the polynomial tq2.t/ reads

tq2.t/

�.t/
D �

nX
jD1

y2
j

ǰ

t C ǰ
C

nX
jD1

x2
j

j̨

t C j̨
(11.24)

where

yj D
q.� ǰ /

.� 0.� ǰ //1=2
; xj D

q.� j̨ /

.�� 0.� j̨ //1=2
; j D 1; : : : ; n: (11.25)
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Observe that (11.25) defines two linear bijections: ˆ W Rn ! ….n � 1/, ˆ.x/ D q

and ‰ W ….n � 1/ ! Rn, ‰.q/ D y. Let Q WD ‰ ı ˆ be the composition of these
two maps. Then Q is a linear bijection from Rn to Rn. Moreover, for q D ˆ.x/

and y D Qx, the partial fractions representation (11.24) is valid. By taking t D 0
in (11.24) it follows that

�

nX
jD1

y2
j C

nX
jD1

x2
j D 0;

implying thatQ is orthogonal. By multiplying (11.24) by t and letting t !1 we see
that �

Pn
jD1 y

2
j ǰ C

Pn
jD1 x

2
j j̨ > 0, i.e. kQk.˛;ˇ/ 6 1. Let f 2 PCn . By (11.18),

�

nX
jD1

y2
j f . ǰ /C

nX
jD1

x2
j f . j̨ / > 0 (11.26)

for all x 2 Rn and y D Qx, which is precisely (11.23). So far we have only used
that f 2 PCn but not the stronger assumption f 2 PCnC1.

(ii) For q 2 ….n � 1/ with q.0/ D 0 the partial fractions representation (11.22) of
the polynomial q2.t/ is

q2.t/

�.t/
D

nX
jD1

y2
j

ǰ

t C ǰ
�

nX
jD1

x2
j

j̨

t C j̨
(11.27)

where

yj D
q.� ǰ /

.� 0.� ǰ / ǰ /1=2
; xj D

q.� j̨ /

.�� 0.� j̨ / j̨ /1=2
; j D 1; : : : ; n: (11.28)

In order to verify (11.23) for p.t/ D q2.t/ we have to show that

�

nX
jD1

x2
j f . j̨ /C

nX
jD1

y2
j f . ǰ / > 0: (11.29)

Let 0 < ˛0 < ˇ1, ˇnC1 > ˛n and Q�.t/ D .t C ˛0/�.t/.t C ˇnC1/. Then

t

t C ˛0

q2.t/

�.t/

ˇnC1

t C ˇnC1
D
ˇnC1tq

2.t/

Q�.t/

D �

nX
jD0

Qx2
j

j̨

t C j̨
C

nC1X
jD1

Qy2
j

ǰ

t C ǰ
(11.30)
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with Qxj , j D 0; : : : ; n, and Qyj , j D 1; : : : ; n C 1, given by the formulae analogous
to (11.28). Let f 2 PCnC1. From part (i) of the proof we conclude that

� Qx2
0f .˛0/ �

nX
jD1

Qx2
j f . j̨ /C

nX
jD1

Qy2
j f . ǰ /C Qy

2
nC1f .ˇnC1/ > 0: (11.31)

Comparing the rational functions in (11.27) and (11.30) we get for j D 1; : : : ; n,

lim
˛0!0

Qxj D xj ; and lim
ˇnC1!1

Qyj D yj :

Since q.0/ D 0,

Qx2
0 D

q2.�˛0/

�.�˛0/

˛0

˛0 � ˇnC1
D O.˛2

0/ as ˛0 ! 0

and since the degree of q is less than or equal to n � 1,

Qy2
nC1 D

ˇnC1

ˇnC1 � ˛0

q2.�ˇnC1/

�.�ˇnC1/
D O.ˇ�2

nC1/ as ˇnC1 !1:

All f 2 PCnC1 are non-decreasing and non-negative, hence lim˛0!0 ˛
2
0f .˛0/ D 0

implying that lim˛0!0 Qx
2
0f .˛0/ D 0.

If also limˇnC1!1 f .ˇnC1/=ˇ
2
nC1 D 0, then we can let ˛0 ! 0 and ˇnC1 ! 1

in (11.31) to get (11.29).
Since PCnC1 � P

C
2 , we can use formulae (11.26) and (11.25) of part (i) of the proof

with n D 2, ˇ1 D 1, ˛1 D 2, ˇ2 D ˇ, ˛2 D 2ˇ and q.t/ D t C 2ˇ to arrive at

�
2ˇ � 1
ˇ � 1

f .1/ �
ˇ

.ˇ � 1/.ˇ � 2/
f .ˇ/C

2ˇ � 2
ˇ � 2

f .2/ > 0:

Multiplying with .ˇ � 1/.ˇ � 2/=ˇ3 and rearranging yields

0 6
f .ˇ/

ˇ2 6 �
.2ˇ � 1/.ˇ � 2/

ˇ3 f .1/C
2.ˇ � 1/2

ˇ3 f .2/:

Since the right-hand side tends to 0 as ˇ !1, we find limˇ!1 f .ˇ/=ˇ2 D 0.

It remains to verify that
T
n2NM

C
n � CBF. This is now mainly a functional

analytic argument.

Theorem 11.17. The families of complete Bernstein and positive operator monotone
functions coincide:

CBF D
\
n2N

PCn :
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In particular, 0 6qf .�A/ 6qf .�B/ implies 0 6qf f .�A/ 6qf f .�B/ if, and only
if, f 2

T
n2N P

C
n .

Proof of Theorem 11.17. Combining Theorem 11.12 and Lemma 11.16 shows that

CBF �
\
n2N

PCn �
\
n2N

MCn :

It is, therefore, enough to show that the right-hand side is contained in CBF.
Write ��.t/ WD .�t � 1/=.�C t / and consider the set

G WD

´
g W g.t/ D

X
finite

aj ��j .t/; aj 2 R; �j > 0;
X
finite

aj D 0

µ
:

Clearly, G � C Œ0;1� and for each f 2
T
n2NM

C
n

ƒf W G ! R; ƒf

 X
finite

aj ��j

!
WD

X
finite

ajf .�j /

defines a linear functional on G. The defining property (11.19) of the sets Mn just
says that ƒf is positive. Moreover,

g0.t/ WD 5
�
�2.t/ � �1.t/

�
D

5.t2 C 1/
t2 C 3t C 2

>
5.t2 C 1/

t2 C 3t2 C 3C 2
> 1

is an element from G. Let us show that ƒf is bounded. Pick g 2 G and define
s WD supg. Obviously, g.t/ 6 sC � g0.t/ where sC WD max¹s; 0º. Thus we see that
for all h 2 CCŒ0;1�

ƒf .g/ 6 ƒf .sC � g0/ D s
Cƒf .g0/ 6 sup

t>0
jg.t/C h.t/j �ƒf .g0/ :

Since the expression g 7! supt>0 jg.t/C h.t/j �ƒf .g0/ appearing on the right-hand
side is a seminorm on C Œ0;1�, we can use the Hahn–Banach theorem to find an
extension of ƒf as a continuous linear functional on C Œ0;1� bounded by the same
seminorm. Now evaluate ƒf for �h. Then

ƒf .�h/ 6 kh � hk1ƒf .g0/ D 0

which shows that ƒf is a bounded, positive linear functional on C Œ0;1�.
We can now appeal to the Riesz representation theorem to get

ƒf .h/ D

Z
Œ0;1�

h.t/ �.dt/; h 2 C Œ0;1�
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for some finite positive measure � on Œ0;1�. Thus, for g.t/ D ��.t/ � �1.t/,

f .�/ � f .1/ D ƒf .g/ D ƒf .��/ �ƒf .�1/:

This shows

f .�/ D

Z
Œ0;1�

�t � 1
�C t

�.dt/C f .1/ �ƒf .�1/

D ��¹1º C

Z
Œ0;1/

�t � 1
�C t

�.dt/C f .1/ �ƒf .�1/:

Observe that the kernel � 7! .�t�1/=.�C t / is monotonically increasing. Therefore,
monotone convergence shows that f .0C/ exists. Since it is positive, we see thatR
Œ0;1/ t

�1 �.dt/ 6 f .1/ �ƒf .�1/ < 1; in particular, �¹0º D 0. As � is finite, this
shows that

f .�/ D ˛ C ˇ�C

Z
.0;1/

�t � 1
�C t

�.dt/

satisfies all conditions of Theorem 6.7, i.e. f 2 CBF.

Comments 11.18. Section 11.1: Standard references for the spectral theorem for normal and self-adjoint
operators are the monographs by Yosida [296] and Kato [168]. Our exposition owes a lot to Akhiezer
and Glazman [3] and, in particular, to Lax [199, Chapter 32]. Lax [199] is one of the few textbook-style
presentations of the Doob and Koopman [85] and Lengyel [200] approach to the spectral theorem. The
first proof of the spectral theorem (for bounded operators) is due to Hellinger [128] and Hahn [114].
These papers already contain a version of the Hellinger–Stone formula (11.9). The case of unbounded
self-adjoint operators was treated by von Neumann [220] and Stone [271].

We follow Doob and Koopman [85], Lengyel [200] and the beautiful paper by Nevanlinna and Niem-
inen [224]; see also Akhiezer and Glazman [3] or Lax [199]. This approach works also for general,
not necessarily spectrally negative, self-adjoint operators if one uses the version of Theorem 6.2 for
CBF-like functions preserving the upper half-plane—these functions are not necessarily positive on the
positive real line—see Remark 6.11.

The Examples 11.5–11.7 also have an interpretation in connection with Bochner’s subordination
which will be discussed in Chapter 12. It turns out that in the Hilbert space setting the generator of
the subordinate semigroup, Af , f is a Bernstein function, can be identified with the operator �f .�A/
defined by spectral calculus. An interesting application is the subordination of Dirichlet forms: the
subordinate Dirichlet form .Ef ;D.Ef // is generated by �f .�A/; using the spectral representation
of f .�A/, the fact that a Bernstein function is non-decreasing and convex and Jensen’s inequality for
integrals, it is straightforward to show that

Ef .u; u/ 6 kuk2 f
�
E.u; u/

kuk2

�
for all u 2D.E/:

For related results we refer to Ôkura [229] and Section 12.3 below.

Section 11.2: The best reference on quadratic forms is still Kato [168], in particular Sections VI.2–6.
In order to define B 6 A using quadratic forms one does actually not need that the quadratic form

is bounded from below QB .u; u/ > �c
˝
u; u

˛
; it is also not necessary to require that A � B is densely

defined, see Davies [72, Section 4.2]. Lemma 11.11 is from [72, Theorem 4.17] and [251, Lemma 5.19].
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Theorem 11.12 appears for the first time in Heinz [127], our proof is from [251, Satz 5.20]. The Heinz–
Kato inequality, Corollary 11.15, goes back to [127]; we give a different proof based on [72, Chapter 4.2]
and [251].

The characterization of matrix monotone and operator monotone functions goes back to Löwner
[205] who establishes a determinant criterion (in terms of divided differences) for matrix monotonicity.
Section 6 of that paper also contains the representation of matrix monotone function f of finite order
by a discrete Stieltjes-like representation of the form f .�/ D aC a0�C

Pn�1
jD1 aj =.aj C �/; the limit

n ! 1 is discussed and Löwner actually shows that a matrix monotone function (of all orders n)
preserves the upper and lower half-planes. Löwner’s technique is similar to the interpolation technique
of Pick [236]—this paper is the only one quoted in [205]—but he seems to be unaware of the progress
made by Nevanlinna on the integral representation of such functions, see Comments 6.12 and 7.16.

Löwner’s paper had a huge impact on the literature and Theorem 11.17 is nowadays called Löwner’s
theorem. Several books are devoted to this topic, among them the monographs [84] by Donoghue, [44]
and [45] by Bhatia, and the standard treatise by Horn and Johnson [143, 144]. Several quite different
proofs of Löwner’s theorem are known: Bendat and Sherman [20] use the Hamburger moment problem;
Hansen and Pedersen [117] show, using extreme-point methods, that operator monotone functions have a
Nevanlinna–Pick-type representation, see also Bhatia [44]. Both Hansen–Pedersen and Bhatia derive the
integral representation formula for functions which preserve order relations of operators with spectrum
in Œ�1; 1�; the case of operator monotone functions in the sense of Definition 11.10, i.e. for operators with
spectrum in Œ0;1/, can be recovered by mapping Œ�1; 1� to Œ0;1/ by an affine-linear transformation
(which is itself operator monotone). It is possible to determine the extreme points of operator monotone
functions (or complete Bernstein functions) directly: if f is operator monotone, then

f .�/ D
�f .�/ � �f .1/

� � 1
C
�f .1/ � f .�/

� � 1
D g1.�/C g2.�/; � > 0:

Using results from [44] it is possible to show that g1; g2 are again operator monotone and that op-
erator monotone functions are two times continuously differentiable. Consider now the set of op-
erator monotone functions with f 0.1/ D 1. This is a basis of the cone of all operator monotone
functions. One can show that jf 00.1/j 6 2f 0.1/ D 2, and one has ˛ WD �f 00.1/=2 2 .0; 1/.
Since g01.1/ D f 0.1/ C f 00.1/=2 D 1 � ˛ and g02.1/ D �f

00.1/=2 D ˛, we find that f .�/ D
.1�˛/g1.�/=.1�˛/C˛g2.�/=˛. If f is extremal, we conclude that f .�/ D g1.�/=.1�˛/ D g2.�/=˛.
This shows that the extremal points of the basis are necessarily of the form

f .�/ D
f .1/�

�C 1�˛
˛

; � > 0; ˛ 2 Œ0; 1�:

The proof by Korányi [179], see also Sz.-Nagy’s remarks [272] and their joint work [180], uses Hilbert
space methods and the theory of reproducing kernel spaces. A nice presentation can be found in [84,
Chapters X, XI] and [247, Addenda to Chapter 2]. Our proof is a slight simplification of Sparr’s ele-
mentary approach [263] which itself is inspired by the theory of interpolation spaces; a related account
is given by Ameur, Kaijser and Silvestrov [6].

There is a deep relation between operator monotone functions and operator means. Ando [9] proves
that there is a one-to-one relation between the class of operator monotone functions on Œ0;1/ with
f .1/ D 1 and the class of operator means. The latter are extremely useful in the theory of electrical
networks, see e.g. Anderson and Trapp [7]. Other recent papers on operator means and operator mono-
tone functions include [131] and [156]. Operator inequalities are an active area of research with many
contributions by Ando, Furuta [105], Hansen and Pedersen [117], Uchiyama [277, 278, 279, 280, 281]
and others. A recent monograph is Zhan [297].



Chapter 12

Subordination and Bochner’s functional calculus

In this chapter we consider strongly continuous contraction semigroups of operators
on a Banach space. Our focus will be on subordination of such semigroups in the
sense of Bochner. We give a proof of Phillips’ theorem describing the infinitesimal
generator of the subordinate semigroup and discuss the related functional calculus for
generators of semigroups. In the final section of this chapter we discuss the prob-
abilistic counterpart of subordination and use it to obtain eigenvalue estimates for
subordinate processes.

12.1 Semigroups and subordination in the sense of Bochner

In this section we will briefly discuss a method to generate new semigroups from a
given one. We assume that the reader is familiar with the theory of semigroups on a
Banach space .B; k � k/; our standard references are the monographs by Davies [72],
Pazy [230] and Yosida [296].

Throughout this section .B; k�k/ denotes a Banach space, .B�; k�k�/ its topological
dual and hu; �i stands for the dual pairing between u 2 B and � 2 B�. Recall that a
strongly continuous or C0-semigroup of operators on B is a family of bounded linear
operators Tt W B! B, t > 0, which is strongly continuous (at t D 0), i.e.

lim
t!0
kTtu � uk D 0 for all u 2 B;

and has the semigroup property

TtTs D TsTt D TtCs; for all s; t > 0:

If kTtuk 6 kuk for all u 2 B and t > 0, we call .Tt /t>0 a C0-contraction semigroup.
The (infinitesimal) generator of the semigroup is the operator

Au WD strong- lim
t!0

Ttu � u

t
;

D.A/ WD

²
u 2 B W lim

t!0

Ttu � u

t
exists as strong limit

³
:

(12.1)
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Since A is the (strong) right derivative of Tt at zero, and since .Tt /t>0 is a semigroup,
we have

Ttu � u D

Z t

0
TsAuds D

Z t

0
ATsuds; u 2D.A/; t > 0: (12.2)

This shows, in particular, the following elementary but useful inequality

kTtu � uk 6 min
®
t kAuk; 2kuk

¯
; u 2D.A/; t > 0: (12.3)

The generator .A;D.A// of a C0-contraction semigroup is a densely defined linear
operator which is dissipative and closed. Dissipative means that one of the following
equivalent conditions is satisfied

Re hAu; �i 6 0 for all u 2D.A/; � 2 F.u/ (12.4)

where F.u/ D ¹� 2 B� W k�k2 D kuk2 D hu; �iº,

k�u � Auk > � kuk for all u 2D.A/; � > 0; (12.5)

k�u � Auk > Re � kuk for all u 2D.A/; � 2 C; Re � > 0: (12.6)

Generators are, in general, unbounded operators. By the Hille–Yosida theorem an
operator A generates a C0-contraction semigroup if, and only if, D.A/ is dense in B,
A is dissipative and the range .� � A/.D.A// D B for some (hence, all) � > 0.

The resolvent set %A of a closed operator A consists of all � 2 C such that the
operator � � A WD � id�A has a bounded inverse denoted by R� WD .� � A/�1; the
family .R� /�2%A is the resolvent of A. It is well known that %A is open and that for
C0-contraction semigroups ¹Re � > 0º � %A; in particular, .0;1/ � %A. The set
�A WD C n %A is called the spectrum of A.

The resolvent operators satisfy the resolvent estimate

kR�uk 6
1
�
kuk for all u 2 B; � > 0; (12.7)

and the following resolvent equation holds for all �; z 2 %A

R� �Rz D .z � �/RzR� : (12.8)

This follows exactly as in the Hilbert space setting, cf. page 110, and one sees imme-
diately that � 7! hR�u; �i is analytic for all u 2 B and � 2 B�.

There is a one-to-one correspondence between a C0-contraction semigroup .Tt /t>0
and its generator .A;D.A// which can formally be expressed by writing Tt D etA.
If A is bounded, the exponential etA may be defined by the exponential series; in the
general case one has to use the Yosida approximation, A� WD �AR�, � > 0. By the
resolvent estimate (12.7)

kA�uk D � kAR�uk D � k�R�u � uk 6 2� kuk
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which shows that A� is bounded. Therefore, exp.tA�/ can be defined as an exponen-
tial series and one can show that

Ttu D strong- lim
�!1

etA�u:

In this sense, we may indeed write Tt D etA.
The following method to generate a new C0-semigroup from a given one is due to

S. Bochner. It uses vaguely continuous convolution semigroups introduced in Defini-
tion 5.1 and Bernstein functions which appear as Laplace exponents, cf. Theorem 5.2.

Proposition 12.1. Let .Tt /t>0 be a C0-contraction semigroup on the Banach space
B and let .�t /t>0 be a vaguely continuous convolution semigroup of sub-probability
measures on Œ0;1/ with corresponding Bernstein function f . Then the Bochner in-
tegral

T
f
t u WD

Z
Œ0;1/

Tsu�t .ds/; t > 0; (12.9)

defines again a C0-contraction semigroup on the Banach space B.

Proof. Since t 7! Ttu is strongly continuous, and since



Z
Œ0;1/

Tsu�t .ds/





 6 Z
Œ0;1/

kTsuk�t .ds/ 6
Z
Œ0;1/

kuk�t .ds/ 6 kuk;

the operators (12.9) are well defined and contractive. In particular, every T ft , t > 0,
is a bounded linear operator and we find, using the semigroup property of .Tt /t>0, for
all s; t > 0

T fs T
f
t u D

Z
Œ0;1/

T fs Tru�t .dr/

D

Z
Œ0;1/

Z
Œ0;1/

T�Tru�s.d�/�t .dr/

D

Z
Œ0;1/

Z
Œ0;1/

T�Cru�s.d�/�t .dr/

D

Z
Œ0;1/

T�u�s ? �t .d�/:

Since .�t /t>0 is a convolution semigroup, this proves that T fs T
f
t D T

f
sCt . The

strong continuity of .T ft /t>0 finally follows from

T ft u � u

 6 Z
Œ0;1/

kTsu � uk�t .ds/C
�
1 � �t Œ0;1/

�
kuk

which tends to zero as t ! 0 since vague- limt!0 �t D ı0 and limt!0 �t Œ0;1/ D 1,
see the discussion following Definition 5.1.
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Definition 12.2. Let .Tt /t>0 be a C0-contraction semigroup on the Banach space B

and let .�t /t>0 be a vaguely continuous convolution semigroup of sub-probability
measures on Œ0;1/ with corresponding Bernstein function f . Then the semigroup
.T
f
t /t>0 defined by (12.9) is called subordinate (in the sense of Bochner) to the semi-

group .Tt /t>0 with respect to the Bernstein function f .
The infinitesimal generator of .T ft /t>0 will be denoted by .Af ;D.Af //; it is

called the subordinate generator.

From now on, we will indicate all operators related to the subordinate semigroup
.T
f
t /t>0 by the superscript f .
Subordination of subordinate semigroups corresponds to the composition of Bern-

stein functions.

Lemma 12.3. Let .Tt /t>0 be a C0-contraction semigroup on the Banach space B

and let .�t /t>0 and .�t /t>0 be vaguely continuous convolution semigroups of sub-
probability measures on Œ0;1/ with corresponding Bernstein functions f and g.
Then

.T
g
t /
f u D T

f ıg
t u; t > 0; u 2 B:

Proof. From Theorem 5.19 we know that the sub-probability measures �t given by
the vague integral

R
Œ0;1/ �s �t .ds/ form a vaguely continuous convolution semigroup

with corresponding Bernstein function f ı g. Therefore,

.T
g
t /
f u D

Z
Œ0;1/

Z
Œ0;1/

Tru �s.dr/ �t .ds/

D

Z
Œ0;1/

Tru

Z
Œ0;1/

�s.dr/ �t .ds/

D

Z
Œ0;1/

Tru �t .dr/ D T
f ıg
t u:

Remark 12.4. It is instructive to consider Bochner’s subordination in the context of
the spectral calculus of a dissipative operator .A;D.A// on the Hilbert space H. We
denote by E.d�/ the spectral resolution of A and by Ttu D

R
.�1;0� e

�t E.d�/u the
C0-semigroup generated by A, cf. Example 11.5.

Let f 2 BF and let .�t /t>0 be the convolution semigroup associated with it. Then
we find

T
f
t u D

Z
Œ0;1/

Z
.�1;0�

e�s E.d�/u�t .ds/

D

Z
.�1;0�

Z
Œ0;1/

e�s �t .ds/E.d�/u

D

Z
.�1;0�

e�tf .��/E.d�/u D e�tf .�A/u:
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This implies that .Af ;D.Af // coincides with the operator .�f .�A/;D.f .�A///
and that

Af u D �f .�A/u D �auC bAuC

Z
.0;1/

.Ttu � u/�.dt/;

as we have seen in Example 11.6.

The formula for Af from Remark 12.4 remains valid in Banach spaces. This result
is due to R. S. Phillips [235, Theorem 4.3].

As usual, we set .A0;D.A0// D .id;B/, Ak WD A ı A ı � � � ı A (k times), and

D.Ak/ WD
®
u 2D.Ak�1/ W Ak�1u 2D.A/

¯
:

With this definition .Ak;D.Ak// is a closed operator if .A;D.A// is a closed opera-
tor.

Proposition 12.5. Let .Tt /t>0 be a C0-contraction semigroup on the Banach space B

with generator .A;D.A// and let f be a Bernstein function. Then for all k 2 N the
set D.Ak/ is an operator core for the subordinate generator .Af ;D.Af //.

Proof. It is well known that a dense subset D � D.Af / is an operator core for the
generator Af if it is invariant under the semigroup, i.e. if T ft D �D, see e.g. Davies
[72, Theorem 1.9]. Let us show that T ft .D.A

k// � D.Ak/ for all k 2 N. Note that
for all u 2D.Ak/

strong- lim
n!1

Z
Œ0;n/

Tsu�t .ds/ D

Z
Œ0;1/

Tsu�t .ds/ D T
f
t u; u 2D.Ak/:

Since .A;D.A//, hence .Ak;D.Ak//, is a closed operator, we find for all m; n 2 N
with m < n and all u 2D.Ak/



Ak Z

Œm;n/

Tsu�t .ds/





 D 



Z
Œm;n/

TsA
ku�t .ds/






6
Z
Œm;n/

kTsA
kuk�t .ds/

6
Z
Œm;n/

kTsk�t .ds/ kA
kuk;

which shows that .Ak
R
Œ0;n/ Tsu�t .ds//n2N is for all u 2D.Ak/ a Cauchy sequence.

The closedness of Ak now shows that T ft u 2D.Ak/ for all u 2D.Ak/.
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Theorem 12.6 (Phillips). Let .Tt /t>0 be a C0-contraction semigroup on the Banach
space B with generator .A;D.A// and let f be a Bernstein function with Lévy triplet
.a; b; �/. Denote by .T ft /t>0 and .Af ;D.Af // the subordinate semigroup and
its infinitesimal generator. Then D.A/ is an operator core for .Af ;D.Af // and
Af jD.A/ is given by

Af u D �auC bAuC

Z
.0;1/

.Tsu � u/�.ds/; u 2D.A/: (12.10)

The integral is understood as a Bochner integral.

Proof. That D.A/ is an operator core of Af follows from Proposition 12.5. Using
(12.3) we see that the integral term in formula (12.10) converges for all u 2D.A/,Z

.0;1/
kTsu � uk �.ds/ D

Z
.0;1/
kTsu � uk�.ds/C

Z
Œ1;1/

kTsu � uk�.dt/

6
Z
.0;1/

s �.ds/ kAuk C 2�Œ1;1/ kuk;

which means that the operator given by (12.10) is defined on D.A/.
Assume first that f .0C/ D 0 and that .Tt /t>0 satisfies kTtuk 6 e�t�kuk for all

t > 0 and some � > 0.
We write f 2 BF with f .0C/ D 0 as

f .�/ D b�C

Z
.0;1/

.1 � e�s�/ �.ds/;

and denote the corresponding vaguely continuous convolution semigroup of probabil-
ity measures by .�t /t>0. By definition, e�tf .�/ D

R
Œ0;1/ e

�s� �t .ds/, and we see
that

fn.�/ WD

Z
Œ0;1/

.1 � e�s�/ n�1=n.ds/ D
1 � e�

1
n
f .�/

1
n

n!1
����! f .�/

defines a sequence of Bernstein functions fn 2 BF approximating f 2 BF. Obvi-
ously, the Lévy triplet of fn is .0; 0; n�1=n/ and we see from Corollary 3.8 that

vague- lim
n!1

n�1=n D �; (12.11)

0 D lim
C!1

lim inf
n!1

n�1=nŒC;1/; (12.12)

b D lim
c!0

lim inf
n!1

Z
Œ0;c/

s n�1=n.ds/: (12.13)

Throughout the proof we assume, for simplicity, that c and C are always continuity
points of the measure � and that the limits in c and C are taken along sequences of
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continuity points of �. The proof of Corollary 3.8 shows that we may then replace
lim infn by limn.

Since s 7! Tsu� u is strongly continuous, the function s 7! hTsu� u; �i, u 2 B,
� 2 B�, is continuous and we conclude that for all continuity points 0 < c < C <1

lim
n!1

Z
.c;C/

hTsu � u; �in�1=n.ds/ D

Z
.c;C/

hTsu � u; �i�.ds/:

Because of (12.3) we know that

jhTsu � u; �ij 6 kTsu � ukk�k� 6 min¹s kAuk; 2 kukº k�k�

for all u 2 D.A/ and s > 0. The function 1 ^ s is �-integrable, and by dominated
convergence we see that for all u 2D.A/

lim
C!1
c!0

lim
n!1

Z
.c;C/

hTsu � u; �in�1=n.ds/ D

Z
.0;1/
hTsu � u; �i�.ds/: (12.14)

For u 2D.A/ and all c > 0 we findZ
Œ0;c/

.Tsu � u/ n�1=n.ds/ D

Z
Œ0;c/

Z s

0
TrAudr n�1=n.ds/

D

Z
Œ0;c/

Z s

0
.TrAu � Au/ dr n�1=n.ds/

C

Z
Œ0;c/

s n�1=n.ds/Au:

Because of (12.13),
R
Œ0;1/ s n�1=n.ds/, n 2 N, is a bounded sequence. Using the

strong continuity of the semigroup we find for c 2 .0; 1/

sup
n2N





 Z
Œ0;c/

Z s

0
.TrAu � Au/ dr n�1=n.ds/






6 sup
r6c

kTrAu � Auk sup
n2N

Z
Œ0;1/

s n�1=n.ds/
c!0
���! 0

which implies that

strong- lim
c!0

lim
n!1

Z
Œ0;c/

.Tsu � u/ n�1=n.ds/ D bAu; u 2D.A/: (12.15)

Finally, we getZ
ŒC;1/

.Tsu � u/ n�1=n.ds/ D

Z
ŒC;1/

Tsun�1=n.ds/ � n�1=nŒC;1/ u:
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Because of (12.12) the sequence n�1=nŒ1;1/, n 2 N, is bounded. Therefore we get
for C > 1

sup
n2N





Z
ŒC;1/

Tsun�1=n.ds/





 6 sup
n2N

Z
ŒC;1/

kTsukn�1=n.ds/

6 sup
n2N

Z
ŒC;1/

e�s� n�1=n.ds/kuk

6 e�C� sup
n2N

n�1=nŒ1;1/
C!1
����! 0;

and we conclude that

strong- lim
C!1

lim
n!1

Z
ŒC;1/

.Tsu � u/ n�1=n.ds/ D 0; u 2D.A/: (12.16)

If we combine (12.14)–(12.16) we find that for all u 2D.A/ and � 2 B�

hAf u; �i D lim
n!1

˝
n.T

f

1=nu � u/; �
˛
D

�
bAuC

Z
.0;1/

.Tsu � u/�.ds/; �

�
holds, and this implies (12.10).

If f .0C/ D 0 and if .Tt /t>0 is a general C0-contraction semigroup on B, then
for any � > 0, T�It WD e�t�Tt is a C0-contraction semigroup which satisfies the
additional assumption used above. It is not hard to check that the generator of this
semigroup is .A � �;D.A//. From the first part of the proof we know that

.A � �/f u D b.A � �/uC

Z
.0;1/

.e��sTsu � u/�.ds/; u 2D.A/:

Note that the expression on the right-hand side still makes sense if � D 0. For u 2
D.A/ we have




bAuC

Z
.0;1/

.Tsu � u/�.ds/ � .A � �/
f u







D





�buC Z
.0;1/

.Tsu � e
��sTsu/�.ds/






6 �b kuk C

Z
.0;1/

.1 � e��s/ �.ds/ kuk

and this converges to 0 as � ! 0. This means that

strong- lim
�!0

.A � �/f u D bAuC

Z
.0;1/

.Tsu � u/�.ds/; u 2D.A/:



138 12 Subordination and Bochner’s functional calculus

On the other hand,






T
f

1=nu � u

1
n

�

T
f

�I1=nu � u

1
n







 D







T
f

1=nu � T
f

�I1=nu

1
n








D





Z
Œ0;1/

.Tsu � e
��sTsu/ n�1=n.ds/






6
Z
Œ0;1/

.1 � e��s/ n�1=n.ds/ kuk

D
1 � e�

1
n
f .�/

1
n

kuk
n!1
����! f .�/ kuk

�!0
���! 0:

This shows that Af u D strong- lim�!0.A� �/
f u and that Af is, on D.A/, given by

(12.10).
Finally consider h 2 BF with h.0C/ D a > 0. We write h D f C a where

f 2 BF and f .0C/ D 0. As above we denote by .�t /t>0 the convolution semigroup
corresponding to f ; then�at WD e

�ta�t , t > 0, is the vaguely continuous convolution
semigroup associated with h. Indeed, L�at D e

�taL�t D e
�tae�tf . Therefore,

T ht u D

Z
Œ0;1/

Tsu�
a
t .ds/ D e

�taT
f
t u; u 2 B; t > 0;

and thus Ah D Af � a id. This completes the proof of the theorem.

Corollary 12.7. Let .A;D.A// be the generator of a C0-contraction semigroup on
B and let f be a Bernstein function. Then D.Af / D D.A/ if, and only if, A is a
bounded operator or if b D lim�!1 f .�/=� > 0.

If f is a bounded Bernstein function or if A is a bounded operator, the subordinate
generator Af is bounded, i.e. D.Af / D B.

Proof. Using (12.3) we can estimate the integral term in Phillips’ formula (12.10) in
the following way:



Z

.0;1/
.Tsu � u/�.ds/





 6 Z
.0;�/
kTsu � uk�.ds/C

Z
Œ�;1/

kTsu � uk�.dt/

6
Z
.0;�/

s �.ds/ kAuk C 2�Œ�;1/ kuk:

Therefore we get

kAf uk 6 .aC d�/kuk C .b C c�/kAuk; u 2D.A/; (12.17)

where a; b > 0 are from (12.10), c� D
R
.0;�/ s �.ds/ and d� D 2�Œ�;1/.
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Assume that D.A/ D D.Af / and that b D 0. Since .Af ;D.A// and .A;D.A//
are closed operators we have by a theorem of Hörmander, see [296, Chapter II.6,
Theorem 2],

kAuk 6 c
�
kAf uk C kuk

�
; u 2D.A/;

with a suitable constant c > 0. Choosing � in (12.17) so small that c� < 1=.2c/, we
obtain

kAuk 6 c
�
kAf uk C kuk

�
6

1
2
kAuk C c .d� C a/ kuk; u 2D.A/;

which shows that the operator A is bounded.
Conversely, if A is bounded D.A/ D B and by (12.17) Af is bounded, therefore

D.Af / D B, too. If b > 0, we get from (12.10) using the estimate leading to (12.17)

kAf uk > .b � c�/ kAuk � .aC d�/ kuk; u 2D.A/:

Pick � > 0 such that b � c� > 0 and observe that then

kAuk 6 c kAf uk C c0 kuk; u 2D.A/;

holds for some constants c; c0 > 0. Since .A;D.A// is closed, this immediately
implies the closedness of the operator .Af ;D.A//.

The second part of the assertion follows from (12.17) with � D 1, if A is bounded,
and with � D 0 if f is bounded; in the latter case we used b D 0 and that � is a finite
measure, cf. Corollary 3.7(v).

Corollary 12.8. Let f 2 BF and let .Tt /t>0 be a C0-contraction semigroup on B

with generator .A;D.A//. Then the following estimate holds

kAf uk

kuk
6

2e
e � 1

f

�
1
2
kAuk

kuk

�
; u 2D.A/; u ¤ 0: (12.18)

For the fractional powers .�A/˛, ˛ 2 .0; 1/, one has

k.�A/˛uk 6 4 kAuk˛ kuk1�˛; u 2D.A/: (12.19)

Proof. By Phillips’ theorem, Theorem 12.6, we have

Af u D �auC bAuC

Z
.0;1/

.Ttu � u/�.dt/; u 2D.A/:

If we combine the elementary convexity estimate

min¹1; ctº 6
e

e � 1
.1 � e�ct /; c; t > 0;
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with the operator inequality (12.3),

kTtu � uk

kuk
6 min

²
t
kAuk

kuk
; 2
³
; u 2D.A/; u ¤ 0; t > 0;

we find for c D kAuk=.2 kuk/ and u ¤ 0

kAf uk

kuk
6 aC b

kAuk

kuk
C

Z
.0;1/

kTtu � uk

kuk
�.dt/

6 aC b
kAuk

kuk
C

Z
.0;1/

min
²
t
kAuk

kuk
; 2
³
�.dt/

6 aC b
kAuk

kuk
C

2e
e � 1

Z
.0;1/

�
1 � exp

�
�
t

2
kAuk

kuk

��
�.dt/

6
2e
e � 1

f

�
1
2
kAuk

kuk

�
:

Note that 2e=.e � 1/ 6 4; if we take f .�/ D �˛, ˛ 2 .0; 1/, (12.18) becomes
(12.19).

Corollary 12.9. Let f 2 BF and let .T At /t>0, .T Bt /t>0 be C0-contraction semi-
groups on B with generators .A;D.A// and .B;D.B//, respectively. Assume that
the operators A;B commute. Then the following estimate holds for u 2 D.A/ \

D.B/, u ¤ 0,
kAf u � Bf uk

kuk
6

2e
e � 1

'

�
1
2
kAu � Buk

kuk

�
(12.20)

where '.�/ D f .�/ � f .0/.

Proof. By Phillips’ formula (12.10) we see for u 2D.A/ \D.B/

Af u � Bf u D b.A � B/uC

Z
.0;1/

.T At u � T
B
t u/�.dt/:

From the theory of operator semigroups, see e.g. [230, Chapter I, Theorem 2.6, p. 6],
we know that

T At u � T
B
t u D

Z t

0

d

ds
.T Bt�sT

A
s /u ds D

Z t

0
T Bt�s.B � A/T

A
s uds:

Since B and A commute, so do the semigroups generated by them, and we find

kT At u � T
B
t uk 6

Z t

0
kT Bt�sT

A
s .B � A/uk ds 6 tk.B � A/uk

on D.A/\D.B/. On the other hand, we have always kT At u�T
B
t uk 6 2 kuk. From

now onwards we can argue exactly as in the proof of Corollary 12.8.
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Without proof we state the following result on the spectrum of a subordinate gen-
erator. It is again from Phillips [235, Theorem 4.4].

Theorem 12.10. Let .Tt /t>0 be a C0-contraction semigroup on the Banach space B

with generator .A;D.A// and let f be a Bernstein function. Then �Af � �f .��A/.

The following improvement of Theorem 12.10 is due to Hirsch [136, Théorème 16]
and [135, pp. 195–196]. The extended spectrum of an operator A on B is the set N�A
contained in the one-point compactification C [ ¹1º of C such that N�A D �A if A
is densely defined and bounded and N�A D �A [ ¹1º otherwise. Further, we extend
f 2 CBF to C n .0;1/ [ ¹1º by setting

f .0/ WD f .0C/ 2 Œ0;1/ and f .1/ WD lim
�!1

f .�/ 2 .0;1�:

Theorem 12.11. Let .Tt /t>0 be a C0-contraction semigroup on the Banach space B

with generator .A;D.A// and let f be a complete Bernstein function. Then it holds
that N�Af D �f .�N�A/.

Remark 12.12. If .Tt /t>0 gives rise to a transition function of a Markov process
X D .Xt /t>0, i.e. if

Ttu.x/ D Ptu.x/ D Exu.Xt /; u 2 Bb.E/;

then Bochner’s subordination has a probabilistic interpretation which parallels the
more specialized situation in Remark 5.20(ii).

We know from Definition 5.4 and Proposition 5.5 that every f 2 BF defines a con-
volution semigroup .�t /t>0 of sub-probability measures on Œ0;1/ or, equivalently,
a (killed) subordinator bS D .bS t /t>0. Without loss of generality we can assume that
the processes X and bS are defined on the same probability space and that they are
independent. It is not difficult to check that the subordinate process

X
f
t .!/ WD XbS t .!/ WD XbS t .!/.!/

is again a Markov process. Because of independence, the associated operator semi-
group is given by

P
f
t u.x/ D Exu.XbS t / D

Z
Œ0;1/

Exu.Xs/P0.bS t 2 ds/ D Z
Œ0;1/

Psu.x/�t .ds/:

Since Tt D Pt , we have T ft D P
f
t , and Bochner’s subordination can be interpreted

as a stochastic time change with respect to an independent subordinator.

An interesting special case is the subordination of Lévy processes.



142 12 Subordination and Bochner’s functional calculus

Example 12.13. A stochastic process .Xt /t>0 with values inRd is called a Lévy pro-
cess if it has independent and stationary increments and if almost all sample paths
t 7! Xt .!/ are right-continuous and have left limits. It is well known that the tran-
sition function of a Lévy process is characterized by its Fourier transform which is of
the form

E0e
i�Xt D e�t .�/; � 2 Rd :

The characteristic exponent  W Rd ! C is continuous and negative definite in the
sense of Schoenberg, cf. Chapter 4, in particular (4.7). Every continuous and negative
definite function is uniquely determined by its Lévy–Khintchine formula, see (4.8) in
Theorem 4.12

Denote by bS D .bS t /t>0 and .�t /t>0 the (killed) subordinator and the convolution
semigroup given by the Bernstein function f . Because of independence, we see

Eei�X
f
t D

Z
Œ0;1/

Eei�Xs �t .ds/ D

Z
Œ0;1/

e�s .�/ �t .ds/ D e
�tf . .�//:

A calculation similar to the one in the proof of Theorem 5.19 shows that f ı  is
again given by a Lévy–Khintchine formula. This means that f ı is a continuous and
negative definite function and that a subordinate Lévy process is still a Lévy process.

There is an interesting converse to the last remark of Example 12.13. This is due to
Schoenberg [255]; we follow Bochner’s presentation [50, p. 99].

Theorem 12.14 (Schoenberg; Bochner). A function f W .0;1/ ! Œ0;1/ is a Bern-
stein function if, and only if, for all d 2 N the function � 7! f .j�j2/, � 2 Rd , is
continuous and negative definite.

Proof. Since � 7! j�j2 is continuous and negative definite in all dimensions, suffi-
ciency follows from Example 12.13.

Conversely, fix d 2 N and assume that f .j�j2/ is continuous and negative definite.
By Proposition 4.4 this is equivalent to saying that Ft .j�j2/ WD exp.�tf .j�j2// is con-
tinuous and positive definite for all t > 0, and by Bochner’s theorem, Theorem 4.11,
we know that Ft .j�j2/ is for fixed t > 0 a Fourier transform. This means that

Ft .j�j
2/ D

Z
Rd
ei��y �td .dy/; t > 0; (12.21)

with a measure �t
d

on Rd which is invariant under rotations and whose total mass
�t
d
.Rd / D Ft .0/ D exp.�tf .0// does not depend on the dimension d .
Write !d for the canonical surface measure on the unit sphere Sd�1 in Rd and
j!d j for the surface volume of Sd�1. SetGt .�/ WD Ft .j�j2/ and note thatGt .j�j�/ D
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Gt .�/ for all � 2 Sd�1. Therefore, we can radialise the integral in (12.21) to get

Ft .j�j
2/ D Gt .�/ D

1
j!d j

Z
j�jD1

Gt .j�j�/ !d .d�/

D
1
j!d j

Z
j�jD1

Z
Rd
ei j�j��y �td .dy/ !d .d�/

D

Z
Rd

1
j!d j

Z
j�jD1

ei j�j��y !d .d�/ �
t
d .dy/

D

Z
Rd
H 1

2 .d�2/.j�j � jyj/ �
t
d .dy/:

The function H� appearing in the last line is essentially a Bessel function of the first
kind, see e.g. Stein and Weiss [265, p. 154],

H�.x/ D c�J�.x/ x
�� ; (12.22)

where the constant c� D limx!0 J�.x/x
�� D 2� �.� C 1/ is chosen in such a way

that H�.0/ D 1, cf. [111, 8.440]. Therefore,

H�.x/ D

1X
jD0

.�1/j
�.� C 1/

�.j C � C 1/
.x=2/2j

j Š
:

Let � D �.d/ D .d � 2/=2 and let �t
d

be the image measure of �t
d

under the map
ˆd W y 7! jyj

2=.4�/. ThenZ
Rd
H 1

2 .d�2/.j�j � jyj/ �
t
d .dy/ D

Z
Œ0;1/

H�.2
p
� j�j
p
r/ �td .dr/

and �t
d
Œ0;1/ D �t

d
.ˆ�1
d
Œ0;1// D �t

d
.Rd / D Ft .0/ is independent of d . This

shows that for fixed t > 0 the measures .�t
d
/d2N are vaguely bounded and by The-

orem A.5 vaguely compact. Consequently, there are a subsequence .dk/k>1 and a
measure �t such that vague- limk!1 �td.k/ D �

t . Since all measures �d.k/ have the
same mass, we get from Theorem A.4 that

weak- lim
k!1

�tdk D �
t and �t Œ0;1/ D Ft .0/:

Without loss of generality we may assume that the whole sequence converges. ThenZ
Œ0;1/

H�.2
p
� j�j
p
r/ �td .dr/

D

Z
Œ0;1/

e�j�j
2r �td .dr/C

Z
Œ0;1/

�
H�.2

p
� j�j
p
r/ � e�j�j

2r
�
�td .dr/:
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From Lemma 12.15 below we see that the integrand of the second integral converges
uniformly to 0 as d !1, hence � !1, while �t

d
.0;1/ is independent of d . Since

�t
d

converges weakly to �t we get

lim
d!1

Z
Œ0;1/

H�.2
p
� j�j
p
r/ �td .dr/ D

Z
Œ0;1/

e�j�j
2r �t .dr/

which shows that Ft .�/ D
R
.0;1/ e

��r �t .dr/, i.e. Ft .�/ is completely monotone
for all t > 0. Since by our construction Ft .�/ D e�tf .�/, we can use Theorem 3.6 to
conclude that f is a Bernstein function.

Lemma 12.15. (i) There exists a positive constant C > 0 such that for all � > 1
and all r > 0, ˇ̌

H�.2
p

2� r/
ˇ̌
6
C

r
: (12.23)

(ii) lim�!1
H�.2

p
� r/�e�r

2

r2 D 0 locally uniformly in r .

(iii) lim�!1 supr>0 jH�.2
p
� r/ � e�r

2
j D 0.

Proof. (i) By (12.22) and [111, 8.411.9] the following integral formula is valid

H�.y/ D
2�.� C 1/

�
�
� C 1

2

�
�
� 1

2

� Z 1

0
.1 � t2/��1=2 cosyt dt; y > 0 : (12.24)

The second mean value theorem for integrals, cf. e.g. [254, Theorem E.22], shows
that there exists � 2 Œ0; 1� such that

ˇ̌̌̌Z 1

0
.1 � t2/��1=2 cosyt dt

ˇ̌̌̌
D

ˇ̌̌̌
ˇ
Z �

0
cosyt dt

ˇ̌̌̌
ˇ 6 1

y
;

implying that

jH�.y/j 6
2�.� C 1/

�
�
� C 1

2

�
�
� 1

2

� 1
y
:

Hence, for r > 0, ˇ̌
H�
�
2
p
� r
�ˇ̌
6

1
r

�.� C 1/

�
�
� C 1

2

�p
�
p
�
:

Since lim�!1
�.�C1/

�.�C 1
2 /
p
�
D 1, see [111, 8.328.2], we get (12.23).
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(ii) We have

jH�.2
p
� r/ � e�r

2
j D

ˇ̌̌̌
ˇ̌ 1X
jD1

.�1/j
 
�.� C 1/ �j

�.� C 1C j /
r2j

j Š
�
r2j

j Š

!ˇ̌̌̌
ˇ̌

6
1X
jD1

 
1 �

�.� C 1/ �j

�.� C 1C j /

!
r2j

j Š

6 r2
1X
jD0

 
1 �

�.� C 1/ �jC1

�.� C 2C j /

!
r2j

.j C 1/Š
:

Since 1 � �.�C1/ �jC1

�.�C2Cj / is positive and converges to zero as � !1, the claim follows
from the dominated convergence theorem.

(iii) Fix A > 1. Because of (i) and the elementary inequality e�r
2 6 e=r2 we get

sup
r>0
jH�.2

p
� r/ � e�r

2
j 6 sup

r2Œ0;A�
jH�.2

p
� r/ � e�r

2
j C sup

r>A

ˇ̌̌̌
C

r
C
e

r2

ˇ̌̌̌
:

By (ii) the first term tends to zero as � !1. Letting A!1 proves the claim.

12.2 A functional calculus for generators of semigroups

We continue our study of C0-contraction semigroups .Tt /t>0 on a Banach space B.
In this section we will develop a functional calculus for the generators .Af ;D.Af //,
f 2 BF, of the subordinate semigroup .T ft /t>0. This calculus is a natural extension
of the spectral calculus in Hilbert spaces, and in many cases it is possible to interpret
the subordinate generator Af as the operator �f .�A/. In Hilbert spaces and for self-
adjoint semigroups this follows immediately from the familiar spectral calculus for
self-adjoint operators, see Examples 11.5, 11.6 and 11.7. In Banach spaces, one can
use the Dunford–Riesz functional calculus to express Af as an unbounded Cauchy
integral and to identify this operator with �f .�A/, see [26, 241] and [251, 252].

The particularly interesting case of fractional powers of dissipative operators is
included in this calculus if we take the (complete) Bernstein functions f˛.�/ D �˛,
˛ 2 .0; 1/. Phillips’ formula (12.10) reads

�.�A/˛u D Af˛u D
˛

�.1 � ˛/

Z 1
0
.Ttu � u/ t

�˛�1 dt; u 2D.A/; (12.25)

and, if we use the Stieltjes representation (6.5) of f˛.�/, we get from Corollary 12.21
below Balakrishnan’s famous formula for the fractional power of a dissipative opera-
tor

�.�A/˛u D Af˛u D
sin.˛�/
�

Z 1
0

ARtu t
˛�1 dt; u 2D.A/: (12.26)
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The main result for the functional calculus, Theorem 12.22, shows that

Af˛Afˇ D �Af˛Cˇ ; that is .�A/˛.�A/ˇ D .�A/˛Cˇ ;

holds on D.A/ for ˛; ˇ > 0 such that ˛ C ˇ 6 1; Corollary 12.27 extends this to all
˛; ˇ > 0.

We begin with a few preparations.

Lemma 12.16. Let f be a Bernstein function, gk.�/ WD k�.k C �/�1, k 2 N, and
set fk WD gk ı f . Then fk 2 BF and

fk

f
D

k

k C f
D L �k

for a sub-probability measure �k on Œ0;1/ such that �k
k!1
����! ı0 weakly.

Proof. Since gk; f 2 BF, the composition fk D gk ı f is in BF. Moreover,

fk

f
D

kf
kCf

f
D

k

k C f

which is in CM since it is the composition of the completely monotone function � 7!
k.k C �/�1 with f 2 BF, cf. Theorem 3.6(ii). Therefore, there exists a measure �k
on Œ0;1/ with L �k D fk=f . By monotone convergence,

�kŒ0;1/ D lim
�!0

L .�kI�/ D lim
�!0

fk.�/

f .�/
D lim
�!0

k

k C f .�/
D

k

k C f .0C/
6 1:

Weak convergence follows from limk!1 fk.�/=f .�/ D 1 and Lemma A.9.

Denote by .�t /t>0 the convolution semigroup of measures on Œ0;1/ associated
with the Bernstein function f , and write

Uk D

Z 1
0

e�kt �t dt; k 2 N; (12.27)

for the k-potential measure, cf. (5.13).

Lemma 12.17. Let fk; f and �k be as in Lemma 12.16 and let .Tt /t>0 be a C0-con-
traction semigroup on B with generator .A;D.A// and resolvent .R�/�>0. Then

Iku WD

Z
Œ0;1/

Tsu �k.ds/; k 2 N; u 2 B;

defines a family of bounded operators on B and

Ik D kR
f

k
; k 2 N;

where Rf
k

are the subordinate resolvent operators. In particular, we have for all
u 2 B that strong- limk!1 Iku D u and Iku 2D.Af /.
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Proof. Observe that (5.12) with f replaced by k C f shows

LUk D
1

k C f
:

Thus, L .kUk/ D k.k C f /�1 D L �k , and we conclude that kUk D �k . Since
t 7! Ttu is strongly continuous, this proves for all u 2 B

Iku D

Z
Œ0;1/

Tsu �k.ds/ D k

Z 1
0

Z
Œ0;1/

Tsu e
�kt �t .ds/ dt

D k

Z 1
0

e�kt T
f
t udt

D kR
f

k
u:

Using k
R1

0 e�kt dt D 1 we find

kIku � uk 6
Z 1

0
ke�ktkT

f
t u � uk dt D

Z 1
0

e�skT
f

s=k
u � uk ds:

Because of the strong continuity of the subordinate semigroup we get Iku
k!1
����! u in

the strong sense, and a similar calculation proves that kIkk 6 1. That Iku 2 D.Af /

follows from the mapping properties of the resolvent Rf
k

.

Proposition 12.18. Let fk; f 2 BF be as in Lemma 12.16, let Ik be the operator from
Lemma 12.17 and denote by Afk and Af the corresponding subordinate generators
and by .Rf

�
/�>0 the resolvent of Af . Then Afk is a bounded operator,

Afku D Af Ik D kA
fR

f

k
u; k 2 N; u 2 B; (12.28)

D IkA
f
D kR

f

k
Af u; k 2 N; u 2D.Af /; (12.29)

and u 2 D.Af / if, and only if, .Afku/k2N converges strongly; in that case, Af u D
limk!1Afku. Moreover,

I`A
fk D AfkI` and AfkI`u D A

f`Iku; k; ` 2 N; u 2 B: (12.30)

Proof. The boundedness ofAfk follows from the boundedness of the function fk and
Corollary 12.7. By Lemma 12.16

fk.�/ D
kf .�/

k C f .�/
D k

�
1 �L .�kI�/

�
D ak C

Z
.0;1/

.1 � e��s/ k�k.ds/
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with ak D k.1 � �kŒ0;1//. A combination of Phillips’ theorem, Theorem 12.6, for
fk and Lemma 12.17 gives for u 2D.A/

Afku D �akuC

Z
.0;1/

.Tsu � u/ k�k.ds/

D �kuC kIku D �kuC k
2R

f

k
u D kAfR

f

k
u:

(12.31)

Since the left and right-hand sides define bounded operators, this equality extends
to all u 2 B, and (12.28) follows. Using the commutativity of the operators Rf

k

and Af on D.Af /, we get (12.29). By Lemma 12.17, kRf
k
u

k!1
����! u strongly.

If u 2 D.Af /, (12.29) shows that limk!1Afku D Af u strongly. Conversely,
if limk!1Afku converges in the strong sense, (12.28) and the closedness of the
operator Af prove that u 2D.Af /.

For (12.30) we use I` D `R
f

`
and (12.28) to get

AfkI` D `kA
fR

f

`
R
f

k
D Af`Ik

where the second equality follows from the symmetric roles of k and ` in the middle
term. Since Af , Rf

`
and Rf

k
commute, we also get AfkI` D I`Afk .

Corollary 12.19. Let .Tt /t>0 be a C0-contraction semigroup on B with resolvent
.R�/�>0 and generator .A;D.A//. For every Bernstein function f it holds that

D.Af / D

²
u 2 B W lim

k!1
Afku exists strongly

³
D

²
u 2 B W lim

k!1

Z
.0;1/

.Ttu � u/ k
2Uk.dt/ exists strongly

³
D

²
u 2 B W lim

k!1
.kIku � ku/ exists strongly

³
;

where fk D kf=.k C f /, Ik D kR
f

k
, and Uk is the k-potential measure (12.27)

associated with the Bernstein function f .

Proof. From Proposition 12.18 we know that u 2 D.Af / if, and only if, the limit
limk!1Afku exists strongly. Moreover, the k-potential measure Uk is k�1�k and

Afku D �k
�
1 � kUkŒ0;1/

�
uC

Z
.0;1/

.Tsu � u/ k
2Uk.ds/:

Since UkŒ0;1/ D L .UkI 0C/ D .k C f .0C//�1, we see

k
�
1 � kUkŒ0;1/

�
D k

�
1 �

k

k C f .0C/

�
D

kf .0C/
k C f .0C/

k!1
����! f .0C/:

This proves the second characterization of D.Af /; the last one follows immediately
from (12.31).
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Remark 12.20. A close inspection of the proof of Proposition 12.18 shows that we
can replace the approximating operator Ik D kR

f

k
by any other bounded operator Jk

which is of the form

Jku D

Z
Œ0;1/

Tsu 
k.ds/; u 2 B;

where 
k is a family of (possibly signed) measures on Œ0;1/ which have uniformly
bounded variation and satisfy L 
k D fk=f where fk 2 BFb with limk!1 fk.�/ D
f .�/. Any such Jk satisfies strong- limk!1 Jku D u for all u 2 B as well as
(12.30), which is all we need for the proofs of Proposition 12.18 and Corollary 12.19.
The first assertion follows since .Tt /t>0 is strongly continuous and since the 
k con-
verge weakly to ı0, the second assertion is immediate from the fact that each Tt , t > 0,
commutes with A, R� and the subordinate analogues. An example of such a situation
is given in [253] for f 2 CBF.

Let us rewrite Corollary 12.19 for a complete Bernstein function f . In this case
we have f .�/ D a C b�C

R
.0;1/ �.s C �/

�1 �.ds/, with a; b > 0 and the Stieltjes
representation measure � on .0;1/ satisfying

R
.0;1/.1C s/

�1�.ds/ <1, see (6.5);
the Lévy measure �.dt/ has a densitym.t/which is given bym.t/ D L .s ��.ds/I t /.

Corollary 12.21. Let .Tt /t>0 be a C0-contraction semigroup on B with resolvent
.R�/�>0 and generator .A;D.A//, and let f 2 CBF with Stieltjes representation
given above. Then

D.Af / D

²
u 2 B W lim

k!1

Z
.0;k/

ARsu�.ds/ exists strongly
³

and we have for u 2D.A/

Af u D �auC bAuC

Z
.0;1/

.sRsu � u/ �.ds/ (12.32)

D �auC bAuC

Z
.0;1/

ARsu�.ds/: (12.33)

Proof. Applying Phillips’ formula (12.10) for f 2 CBF we see for u 2D.A/

Af u D �auC bAuC

Z 1
0
.Ttu � u/m.t/ dt

D �auC bAuC

Z 1
0

Z
.0;1/

.Ttu � u/e
�st s �.ds/ dt

D �auC bAuC

Z
.0;1/

�Z 1
0

se�st Ttudt � u

�
�.ds/

D �auC bAuC

Z
.0;1/

.sRsu � u/ �.ds/
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and this proves (12.32), and (12.33) follows as sRsu� u D ARsu. In order to justify
the interchange of integrals in the calculation above, we use the estimate (12.3) and
observe that the iterated integrals are finite for u 2D.A/:Z

.0;1/

Z 1
0
kTtu � uk e

�st dt s �.ds/

6
Z
.0;1/

Z 1
0

min
®
tkAuk; 2kuk

¯
e�st dt s �.ds/

6 2
Z
.0;1/

Z 1
0

s e�st dt �.ds/kuk C

Z
Œ1;1/

Z 1
0

st e�st dt �.ds/kAuk

D 2
Z
.0;1/

�.ds/ kuk C

Z
Œ1;1/

1
s
�.ds/ kAuk <1:

In order to see the assertion for the domain, we use Remark 12.20 with

fk.�/ D

Z
.0;k/

�

s C �
�.ds/:

From this it is possible to compute I.z/ D Im Œ.f .z/� fk.z//=f .z/� and an elemen-
tary but lengthy calculation shows for z D x C iy 2 H"

I.z/ D
1

jfk.z/j

Z
t2.k;1/

Z
s2.0;k/

�
.t � s/y.x2 C y2/

..t C x/2 C y2/..s C x/2 C y2/

�
�.ds/ �.dt/:

The integrand is positive since Im z D y > 0. Moreover, by monotone convergence
we see

f .�/ � fk.�/

fk.�/
D

R
Œk;1/

1
sC�

�.ds/R
.0;k/

1
sC�

�.ds/

�!0C
������!

R
Œk;1/

1
s
�.ds/R

.0;k/
1
s
�.ds/

2 Œ0;1/:

Therefore, Theorem 6.2(iv) shows that .f � fk/=fk is in CBF, and consequently
f=fk D 1C .f � fk/=fk 2 CBF, and fk=f 2 S by Theorem 7.3. This proves that
fk=f D L 
k for a sub-probability measure 
k on Œ0;1/.

The form of D.Af / follows now from Remark 12.20 and Corollary 12.19.

We can use the knowledge of the structure of the domain D.Af / to construct a
functional calculus for semigroup generators.

Theorem 12.22. Let .A;D.A// be the generator of a C0-semigroup .Tt /t>0 on the
Banach space B, and let f; g 2 BF. Then we have

(i) Acf D cAf for all c > 0;

(ii) AfCg D Af C Ag ;
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(iii) Af ıg D .Ag/f ;

(iv) AcCidCf D �c idCAC Af for all c > 0;

(v) if fg 2 BF, then Afg D �Af Ag D �AgAf .
The equalities in (i)–(v) are identities in the sense of closed operators, including their
domains which are the usual domains for sums, compositions etc. of closed operators.

Before we proceed with the proof of Theorem 12.22 let us mention the following
useful corollaries. Both of them are immediate consequences of Theorem 12.22(v) in
conjunction with Proposition 7.10 and Definition 10.1, respectively.

Corollary 12.23. Let .A;D.A// be as in Theorem 12.22 and assume that f; g 2 CBF.
Then f ˛g1�˛ 2 CBF for all ˛ 2 .0; 1/ and

Af
˛g1�˛

D �Af
˛

Ag
1�˛
D �Ag

1�˛
Af

˛

:

Corollary 12.24. Let .A;D.A// be as in Theorem 12.22 and assume that f; f ? 2
SBF, cf. Definition 10.1, are a conjugate pair, i.e. f ?.�/ D �=f .�/. Then

A D �Af Af
?

D �Af
?

Af :

Proof of Theorem 12.22. For f; g 2 BF we know that cf; f C g; f ı g 2 BF. Since
D.A/ � D.Af / \D.Ag/, all of the above operators are densely defined. By the
linearity of the definition of .Af ;D.Af //, see Corollary 12.19, (i) and (ii) are imme-
diate, (iii) is a consequence of the transitivity of the subordination: T f ıgt D .T

g
t /
f ,

see Lemma 12.3.
For (iv) we note that Af is A-bounded in the sense that kAf uk 6 ckAukC c0kuk

for c; c0 > 0 and all u 2 D.A/, cf. (12.17). Thus, .c C AC Af ;D.A// is a closed
operator, and the assertion follows from Phillips’ formula (12.10).

For (v) we assume that fg 2 BF. Write h for any of the Bernstein functions f; g
or fg and set, as in Lemma 12.16,

hk WD
kh

k C h
and

hk

h
D L �h;k; k 2 N; (12.34)

for a suitable sub-probability measure �h;k on Œ0;1/. Note that

fk g`L �fg;m D .fg/mL �f;k L �g;` (12.35)

holds for all k; `;m 2 N. By (12.34),

hk D k

�
1 �

k

k C h

�
D L

�
kı0 � k�h;k

�
allows to rewrite the identity (12.35) in terms of convolutions of (signed) measures

k`.�f;k � ı0/ ? .�g;` � ı0/ ? �fg;m D �m.�fg;m � ı0/ ? �f;k ? �g;`: (12.36)
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We want to show that

mAfkAg`Rfgm u D �k`A.fg/mR
f

k
R
g

`
u: (12.37)

Applying Phillips’ formula (12.10) to Ahk shows

Ahku D �k
�
1 � �h;kŒ0;1/

�
uC

Z
.0;1/

.Tsu � u/ k�h;k.ds/

D

Z
Œ0;1/

Tsuk�h;k.ds/ � ku

D k

Z
Œ0;1/

Tsu .�h;k � ı0/.ds/;

and from Lemma 12.17 we know that

kRhku D

Z
Œ0;1/

Tsu �h;k.ds/:

Since the operators Ahk and Rh
k

, where h stands for f; g or fg, are bounded we can
freely interchange the order of integration in the calculation below.

mAfkAg`Rfgm u

D k`

Z
Œ0;1/

Tru .�f;k � ı0/.dr/

Z
Œ0;1/

Tsu .�g;` � ı0/.ds/

Z
Œ0;1/

Ttu �fg;m.dt/

D k`

Z
Œ0;1/

Z
Œ0;1/

Z
Œ0;1/

TrCsCtu .�f;k � ı0/.dr/ .�g;` � ı0/.ds/ �fg;m.dt/

D k`

Z
Œ0;1/

Tsu .�f;k � ı0/ ? .�g;` � ı0/ ? �fg;m.ds/:

A very similar calculation leads to

�k`A.fg/mR
f

k
R
g

`
u D �m

Z
Œ0;1/

Tsu .�fg;m � ı0/ ? �f;k ? �g;`.ds/

and the convolution identity (12.36) shows that (12.37) holds. Since (12.37) is an
equality between bounded operators, it extends from D.A/ to all u 2 B.

Using (12.37) we can now prove (v). Recall from operator theory that Af Ag is a
closed operator on D.Af Ag/ D ¹u 2 B W u 2 D.Ag/ and Agu 2 D.Af /º. If
u 2D.Af Ag/, we find by letting `!1, k !1 and then m!1 in (12.37) that
u 2D.Afg/, see Corollary 12.19. This shows that �Afg extends Af Ag .

Conversely, if f 2 D.Afg/, see Corollary 12.19, we first let m ! 1 in (12.37)
and then ` ! 1 and k ! 1. This proves that u 2 D.Af Ag/ and that Af Ag

extends �Afg . Therefore Af Ag D �Afg and, since f and g play symmetric roles,
also AgAf D �Afg .
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Remark 12.25. The proof of Theorem 12.22(v) shows that the functional calculus is
also an operational calculus. In fact, (12.37) is derived from the identity (12.35) be-
tween functions from BFb and CMb or from the corresponding identity for (signed)
measures (12.36). In the proof of Theorem 12.22 we see that it is sufficient to ver-
ify the operator identity at the level of CMb and BFb , i.e. for the trivial semigroup
.e��t /t>0 rather than the operator semigroup .Tt /t>0.

The requirement that fg 2 BF for f; g 2 BF in Theorem 12.22(v) is quite re-
strictive. We can overcome this difficulty if f; g are complete Bernstein functions by
using the log-convexity of CBF, see Proposition 7.10, i.e.

f ˛g1�˛
2 CBF for all f; g 2 CBF; ˛ 2 .0; 1/: (12.38)

This, together with Theorem 12.22 enables us to write down a consistent formula for
the operator .fg/.�A/ and all f; g 2 CBF—even if Afg has no longer any meaning
since it is not the generator of a subordinate semigroup if fg 62 BF.

Definition 12.26. For f1; f2; : : : ; fn 2 CBF, n 2 N, we set

.f1 � f2 � : : : � fn/.�A/ D
�
.�Af

1=n
1 /.�Af

1=n
2 / � � � .�Af

1=n
n /

�n (12.39)

on the natural domain for compositions of closed operators.

Let A D ¹f1 �f2 �: : :�fn W n 2 N; fj 2 CBF; 0 6 j 6 nº denote the set of all finite
products of complete Bernstein functions. We want to show that the above definition
extends Theorem 12.22(v) to the set A. First, however, we have to check that (12.39)
is independent of the representation of F 2 A. Assume that F D f1f2 � � � fn and
F D g1g2 : : : gm, m > n, fj ; gj 2 CBF, are two representations of F . Extending
(12.38) to n-fold products we see by Theorem 12.22(v)

�
.�Af

1=n
1 /.�Af

1=n
2 / � � � .�Af

1=n
n /

�n
D .�1/.n

2/ ŒAF
1=n
�n D Œ�AF

1=n
�n;

where we used that .�1/n D .�1/.n
2/. A similar formula holds for the other rep-

resentation of F . In particular, F 1=n; F 1=m 2 CBF and it remains to show that
Œ�AF

1=n
�n D Œ�AF

1=m
�m. This, however, follows from�

Œ�AF
1=n
�n
�1=m

D Œ�AF
1=n
�n=m D �AF

1=m
;

where the first equality is well known for (arbitrary) powers of closed operators, while
the second one comes from Theorem 12.22(iii). Thus, (12.39) is a well defined closed
operator for allF 2 A and the following corollary shows that Definition 12.26 extends
Theorem 12.22(v).
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Corollary 12.27. Let f; g 2 CBF and let .Tt /t>0 be a C0-contraction semigroup
on B with generator .A;D.A//. For H D fg 2 A it holds that

H.�A/ D Af Ag D AgAf : (12.40)

More generally, if H D FG with F;G 2 A, then

H.�A/ D F.�A/G.�A/ D G.�A/F.�A/: (12.41)

The above equalities are identities between closed operators.

Proof. Put B D A
p
fg . By definition, H.�A/ D B2, and by Theorem 12.22(v)

B D A
p
fg D �A

p
f A
p
g D �A

p
gA
p
f . Since

D.B2/ D
®
u 2 B W u 2D.A

p
f
p
g/ and A

p
f
p
gu 2D.A

p
f
p
g/
¯

D
®
u 2 B W u 2D.A

p
g/; A

p
gu 2D.A

p
f /;

A
p
f A
p
gu 2D.A

p
g/ and A

p
gA
p
f A
p
gu 2D.A

p
f /
¯
;

we get

B2
D .A

p
f A
p
g/.A

p
f A
p
g/ D .A

p
f A
p
f /.A

p
gA
p
g/ D Af Ag D AgAf :

This proves (12.40). Iterating this identity we get (12.41) first for F 2 CBF and
G D g1g2 : : : gm with gj 2 CBF, and then for F;G 2 A.

We continue with a study of the domain D.Af / of the subordinate generator. For
this it is important to understand the asymptotic behaviour of kTtu � uk for t ! 0
and u 2D.Af /.

Let f 2 BF and write U for the potential measure, i.e. LU D 1=f . Then

ˇs WD f .s/.U � ı1=s ? U /; s > 0; (12.42)

is a family of (signed) measures and

L .ˇsI�/ D
f .s/

f .�/
.1 � e��=s/:

The next lemma is stated for special Bernstein functions f 2 SBF; recall that CBF �

SBF.

Lemma 12.28. Let .ˇs/s>0 be as in (12.42) and assume that f 2 SBF. Then the
total variation of the measures ˇs is uniformly bounded by 2.e C 1/.
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Proof. We know from Theorem 10.3 that U.dt/ D c ı0.dt/ C u.t/ dt with a non-
increasing density u.t/, t > 0, such that

R 1
0 u.t/ dt < 1. Writing ˇacs for the

absolutely continuous part of ˇs we get

kˇskTV 6 f .s/kcı0 � cı1=skTV C kˇ
ac
s kTV 6 2cf .s/C kˇacs kTV

and

kˇacs kTV D

Z 1
0

ˇ̌̌̌
dˇs.t/

dt

ˇ̌̌̌
dt

D f .s/

Z 1=s

0
u.t/ dt C

Z 1
1=s

�
u.t � 1=s/ � u.t/

�
dt

D 2f .s/
Z 1=s

0
u.t/ dt

6 2f .s/ e
Z 1=s

0
e�st u.t/ dt

6 2 ef .s/
1

f .s/
D 2e:

Since f .�/ D 1=L .cı0.dt/Cu.t/ dt I�/, we have sup�>0 f .�/ D lim�!1 f .�/ D
c�1, i.e. f is bounded if, and only if, c > 0. This shows that the total variation is
bounded by 2C 2e or by 2e, depending on f being bounded or unbounded.

Lemma 12.29. Let f 2 SBF with potential measure U , set fk D kf=.k C f / and
let .ˇs/s>0 be as in (12.42). For every C0-contraction semigroup .Tt /t>0 on B with
generator .A;D.A// the operatorsZ

Œ0;1/
Ttuˇs.dt/; u 2 B;

are uniformly bounded, and the following identity holds

f .s/ .T1=s � id/
Z
Œ0;1/

Ttu �k.dt/ D A
fk

Z
Œ0;1/

Ttuˇs.dt/; (12.43)

where fk=f D L �k as in Lemma 12.16.

Proof. The uniform boundedness follows directly from Lemma 12.28, while (12.43)
is a consequence of Remark 12.25 and the identity

f .s/ .e��=s � 1/L .�kI�/ D f .s/ .e
��=s

� 1/
fk.�/

f .�/

D fk.�/ f .s/L .ı1=s ? U � U I�/

D �fk.�/L .ˇsI�/:
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We will now combine Lemma 12.29 with the technique developed in Proposi-
tion 12.18 and the proof of Theorem 12.22(v) to derive the next result.

Theorem 12.30. Let f 2 SBF, let .ˇs/s>0 be as above and let .Tt /t>0 be a C0-
contraction semigroup on B with generator .A;D.A//. Then

f .s/ .T1=su � u/ D A
f

Z
Œ0;1/

Ttuˇs.dt/ s > 0; u 2 B; (12.44)

D

Z
Œ0;1/

TtA
f uˇs.dt/ s > 0; u 2D.Af /: (12.45)

Proof. Recall that limk!1Afkv exists if, and only if, v 2 D.Af /. Therefore, the
limit k !1 in (12.43) shows that v D

R
Œ0;1/ Ttuˇs.dt/ 2D.Af / and that (12.44)

holds. This implies (12.45) for all u 2D.Af /, since Af is a closed operator.

Corollary 12.31. Let f 2 SBF and let .Tt /t>0 be a C0-contraction semigroup on B

with generator .A;D.A//. Then we have

kTtu � uk 6
2.e C 1/
f .t�1/

kAf uk; u 2D.Af /: (12.46)

Proof. If u 2D.Af /, (12.45) gives for t D 1=s,

kTtu � uk 6
1

f .t�1/
kˇ1=tkTV kA

f uk;

and the assertion follows because sups>0 kˇskTV 6 2.eC 1/, see Lemma 12.28.

The following corollary contains the converse of Corollary 12.7.

Corollary 12.32. Let f 2 SBF and let .Tt /t>0 be a C0-contraction semigroup on B

with generator .A;D.A//. The subordinate generator Af is bounded if, and only if,
A is bounded or f is bounded.

Proof. The sufficiency has already been established (under less restrictive assump-
tions) in Corollary 12.7. In order to see the necessity, let Af be a bounded operator,
i.e. kAf uk 6 c kuk for some c > 0 and all u 2 B. Suppose that lim�!1 f .�/ D1.
By Corollary 12.31,

kT�u � uk

kuk
6

2.e C 1/
f .��1/

kAf uk

kuk
6

2.e C 1/c
f .��1/

for all u 2 B, u ¤ 0. Thus,

lim
�!0

sup
0¤u2B

kT�u � uk

kuk
6 lim
�!0

2.e C 1/c
f .��1/

D lim
�!1

2.e C 1/c
f .�/

D 0:

which shows that .Tt /t>0 is continuous in the uniform operator topology. This means
that the generator A of .Tt /t>0 is bounded, cf. [230, p. 2, Theorem 1.2].
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Our next corollary is a generalization of the well known relation for fractional pow-
ers D..�A/ˇ / �D..�A/˛/ if 0 < ˛ 6 ˇ 6 1.

Corollary 12.33. Let .Tt /t>0 be a C0-contraction semigroup on B with generator
.A;D.A// and let f; g 2 BF with Lévy triplets .a; b; �f / and .0; 0; �g/. IfZ

.0;�/

1
f .t�1/

�g.dt/ <1 for some � > 0; (12.47)

then D.Af / �D.Ag/.

Proof. If u 2 D.A/ � D.Af /, we can use Corollary 12.31 and find for sufficiently
small � > 0

kAguk D





Z
.0;1/

.Ttu � u/�
g.dt/






6
Z
.0;�/
kTtu � uk�

g.dt/C 2
Z
Œ�;1/

�g.dt/ kuk

6
Z
.0;�/

1
f .t�1/

�g.dt/ kAf uk C 2�g Œ�;1/ kuk:

Because of our assumption, the integral above converges, and since D.A/ is an oper-
ator core for Af and Ag , the inequality extends to all u 2 D.Af /. This shows that
u 2D.Ag/.

Remark 12.34. In the notation of Corollary 12.33 it is easy to see that

�g Œı; �/ 6
1

.1 � e�1/

Z
Œı;1/

.1 � e�s=ı/ �g.ds/ 6
e

e � 1
g.ı�1/

holds for all 0 < ı < �. Note that

lim
ı!0

Z
Œı;�/

1
f .t�1/

�g.dt/ D

Z
.0;�/

1
f .t�1/

�g.dt/;

whenever the integral on the right-hand side exists. Integrating by parts we getZ
Œı;�/

1
f .t�1/

�g.dt/ D
�g Œı; �/

f .ı�1/
C

Z
Œı;�/

t�2f 0.t�1/

f 2.t�1/
�g Œt; �/ dt

6
e

e � 1

�
g.ı�1/

f .ı�1/
C

Z
Œı;�/

t�2f 0.t�1/g.t�1/

f 2.t�1/
dt

�
for � > 0 and ı 2 .0; �/. Therefore, a sufficient condition for (12.47) to hold is that

� 7!
f 0.�/g.�/

f 2.�/
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is integrable in some neighborhood ofC1 and that

g.�/

f .�/
D O.1/ as �!1:

The above remark covers an interesting special case. Since Bernstein functions are
non-decreasing and concave, we have

f 0.�/

f .�/
6

1
�

and both conditions in Remark 12.34 are met if g.�/=f .�/ decays like some power
��� , � > 0.

Corollary 12.35. Let f; g 2 BF and let .Tt /t>0 be a C0-semigroup on B with gener-
ator .A;D.A//. If for some � > 0 the ratio g.�/=f .�/ D O .���/ as �!1, then
D.Af / �D.Ag/.

The following result shows that the functional calculus is stable under pointwise
limits of Bernstein functions.

Theorem 12.36. Let .Tt /t>0 be a C0-contraction semigroup on B with generator
.A;D.A//. Assume that .f n/n2N is a sequence of Bernstein functions with f .�/ D
limn!1 f n.�/. Then

strong- lim
n!1

Af
n

u D Af u; for all u 2D.A2/:

Proof. Assume first that f .0C/ D a > 0 and write fk D kf=.k C f / and f n
k
D

kf n=.kCf n/. Each k=.kCf n/ is a completely monotone function which is bounded
by 1; therefore, it is the Laplace transform of a sub-probability measure �n

k
and we

see

f n
k

fk
D

kf n

k C f n
k C f

kf
D

�
k

f
C 1

��
1 �

k

k C f n

�
D

�
k

f
C 1

�
�L �nk �

�
k

f
C 1

�
:

Since 1=f D LU 2 CM, cf. (5.12), we see that f n
k
=fk D L 
n

k
with the signed

measure 
n
k
D .kU C ı0/ � �

n
k
? .kU C ı0/. The total variations of the signed

measures .
n
k
/n2N satisfy

sup
n2N

k
nk kTV 6 2
�

k

f .0C/
C 1

�
<1 for every k 2 N:

Now Remark 12.20 applies to the sequence .f n
k
/n2N and shows that

strong- lim
n!1

Af
n
k u D Afku for all k 2 N; u 2D.A/:
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Let .an; bn; �n/ denote the Lévy triplet of f n. Recall from the proof of Phillips’
theorem, Theorem 12.6, the estimate

kAf
n

uk 6
�
bn C

Z
.0;1/

s �n.ds/

�
kAuk C

�
an C �nŒ1;1/

�
kuk:

Combining this with the elementary convexity inequality min¹1; sº 6 e
e�1 .1 � e

�s/,
s > 0, we get

kAf
n

uk 6
2 e f n.1/
e � 1

.kAuk C kuk/ 6 c .kAuk C kuk/ ; n 2 N; u 2D.A/;

where c is independent of n 2 N. Because of Proposition 12.18 we have

Af
n

u � Af
n
k u D Af

n

u � kR
f n

k
Af

n

u D �R
f n

k
Af

n

Af
n

u

which implies that for all u 2D.A2/

kAf
n

u � Af
n
k uk 6

1
k
kAf

n

Af
n

uk 6
C

k

�
kA2uk C kAuk C kuk

�
:

The same argument shows that the inequality is valid for kAf u � Afkuk with the
same constant C . Therefore,

kAf
n

u � Af uk 6 kAf
n

u � Af
n
k uk C kAf

n
k u � Afkuk C kAfku � Af uk

6
2C
k

�
kA2uk C kAuk C kuk

�
C kAf

n
k u � Afkuk:

Letting n!1 and then k !1 proves that limn!1Af
n

u D Af u on D.A2/.
If f .0C/ D 0, we replace f and f n in the above calculations by f C� and f nC�,

respectively. Because of Theorem 12.22

��uC Af
n

u D A�Cf
n

u
n!1
����! A�Cf u D ��uC Af u; u 2D.A2/;

and the general case follows.

Remark 12.37. It is straightforward to extend the functional calculus to Stieltjes func-
tions.

Let .A;D.A// be the generator of a C0-contraction semigroup .Tt /t>0 on B and
denote by .R�/�>0 the resolvent. We define the zero-resolvent and the potential op-
erator by

R0u WD lim
�!0

R�u; and V u WD lim
n!1

Z n

0
Ttudt;

with domains D.R0/ and D.V /, respectively, comprising all u 2 B where the lim-
its above exist in the strong sense. The following facts are well known, see e.g. [29,
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Chapter II.11]. The zero-resolvent .R0;D.R0// is an extension of the potential oper-
ator .V;D.V // and R0 is densely defined if, and only if, lim�!0 �R�u D 0 for all
u 2 B. Moreover, range.R0/ �D.A/, and on D.R0/ we have AR0u D �u. Since

range.A/ D
²
u 2 B W lim

�!0
�R�u D 0

³
;

R0 is densely defined if, and only if, range.A/ is dense in B. If R0 is densely defined
we have R0 D �A

�1.
Assume, therefore, that D.R0/ is dense in B.
For every � 2 S given by �.�/ D a��1 C b C

R
.0;1/.�C t /

�1 �.dt/ we define

�.�A/u WD aR0uC buC

Z
.0;1/

Rtu�.dt/; u 2 range.A/:

Since for u D Av, v 2D.A/, it holds thatR0u D R0Av D �v and Rtu D RtAv,
we see that

�.�A/u D Af v; for all u 2 range.A/; u D Av;

where f is the complete Bernstein function given by

f .�/ D aC b�C

Z
.0;1/

�

t C �
�.dt/:

Denote by f ? the conjugate of the complete Bernstein function f , i.e. the unique
function f ? 2 CBF such that f .�/f ?.�/ D �. Then we see for all u 2 range.A/

u D Av D �Af
?

Af v D �Af
?

�.�A/u

which means that ��.�A/ is the right-inverse of Af
?

on range.A/.
Now let v D Af

?

w for w 2 D.AAf
?

/. Then u D Av D AAf
?

w D Af
?

Aw

and

�.�A/Af
?

Aw D Af Af
?

w D �Aw

which shows that ��.�A/ is the left-inverse of Af
?

on range.A/ \D.Af
?

/. This
proves the following result:

Let .A;D.A// be the generator of some C0-contraction semigroup on B such that
range.A/ is dense in B and let f; f ? 2 CBF be conjugate, i.e. f .�/f ?.�/ D �.
Then �.�/ WD f .�/=� is a Stieltjes function and

�.Af
?

/�1u D �.�A/u for all u 2 range.A/ \D.Af
?

/:



12.3 Eigenvalue estimates for subordinate processes 161

12.3 Eigenvalue estimates for subordinate processes

For ˛ 2 .0; 2�, the generator of a killed symmetric ˛-stable process in an open sub-
set D of Rd is the Dirichlet fractional Laplacian �.��/˛=2jD . The spectrum of
�.��/˛=2jD is very important both in theory and in applications. Although a lot is
known in the case ˛ D 2, until recently very little was known for ˛ < 2. In this
section we discuss the spectrum of the generator of a general killed subordinate pro-
cess. The main tools of this section are subordinate killed processes and the theory of
Dirichlet forms.

LetE be a locally compact separable metric space, B D B.E/ the Borel � -algebra
on E, and m a positive Radon measure on .E;B/ with full support suppm D E. Let
X D .Xt ;Px/t>0;x2E be an m-symmetric Hunt process on E. Adjoined to the
state space E is a cemetery point @ … E; the process X retires to @ at its lifetime
� WD inf¹t > 0 W Xt D @º. Denote by Pt .x; dy/ the transition function of X . The
transition semigroup .Pt /t>0 and the resolvent .Gˇ /ˇ>0 of X are defined by

Ptg.x/ WD Ex
�
g.Xt /

�
D Ex

�
g.Xt /1¹t<�º

�
;

Gˇg.x/ WD

Z 1
0
e�ˇtPtg.x/ dtDEx

�Z 1
0
e�ˇtg.Xt / dt

�
DEx

"Z �

0
e�ˇtg.Xt / dt

#
:

Here g is a non-negative Borel measurable function on E and we are using the con-
vention that any function g defined on E is automatically extended to E@ D E [ ¹@º
by setting g.@/ D 0. The L2-generator of .Pt /t>0 will be denoted by A and its do-
main by D.A/, see Appendix A.2 for details. Let .E;D.E// be the Dirichlet form
associated with X , i.e.´

E.u; v/ D
˝
.�A/1=2u; .�A/1=2v

˛
L2 ;

D.E/ DD..�A/1=2/:
(12.48)

In general, .D.E/;E/ is not a Hilbert space. Therefore, one considers the forms

Eˇ .u; v/ WD E.u; v/C hu; viL2 ; u; v 2D.E/; ˇ > 0;

which make .D.E/;Eˇ / into a Hilbert space. Note that cˇE1.u; u/ 6 Eˇ .u; u/ 6
Cˇ E1.u; u/ for suitable constants cˇ ; Cˇ > 0; this means that the spaces .D.E/;Eˇ /
coincide.

Let .Tt /t>0 and .Rˇ /ˇ>0 be the semigroup and resolvent associated with the op-
erator A or, equivalently, the Dirichlet form .E;D.E//. It follows from [102, The-
orem 4.2.3] that .Tt /t>0 can be identified with .Pt /t>0 and that .Rˇ /ˇ>0 can be iden-
tified with .Gˇ /ˇ>0. So in this section, we will use .Tt /t>0, .Rˇ /ˇ>0 and .Pt /t>0,
.Gˇ /ˇ>0 interchangeably.
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For any open subsetD of E, let �D D inf¹t > 0 W Xt … Dº be the first exit time of
X from D. The process XD obtained by killing the process X upon exiting from D

is defined by

XDt WD

´
Xt ; t < �D;

@; t > �D:

The killed process XD is again an m-symmetric Hunt process on D, see [102] or
Appendix A.2. The Dirichlet form associated with XD is .ED;D.ED// where ED D
E and

D.ED/ D
®
u 2D.E/ W u D 0 E-q.e. on E nD

¯
: (12.49)

Here E-q.e. stands for quasi everywhere with respect to the capacity associated with
the Dirichlet form .E;D.E//. Let .PDt /t>0 and .GD

ˇ
/ˇ>0 denote the semigroup and

resolvent of XD , and let AD be the L2-generator of XD .
The following result will play an important role in this section. Note that the semi-

group version of this result is not true, see [75].

Lemma 12.38. For any ˇ > 0 and every g 2 L2.E;m/ with g D 0 m-a.e. on E nD,
we have

hGDˇ g; giL2 6 hGˇg; giL2 : (12.50)

Proof. For every ˇ > 0 and every g 2 L2.E;m/ with g D 0 m-a.e. on E n D, the
strong Markov property of X shows

Gˇg.x/ D G
D
ˇ g.x/CH

D
ˇ Gˇg.x/ for all x 2 D:

This is the Eˇ -orthogonal decomposition of Gˇg into GD
ˇ
g 2D.ED/ and its orthog-

onal complement, see (A.20) in Appendix A.2. Here

HD
ˇ g.x/ WD Ex

�
e�ˇ�Dg.X�D /

�
is the ˇ-hitting operator of X . Hence

hGˇg �G
D
ˇ g; giL2 D hHD

ˇ Gˇg; giL2

D
1
ˇ
Eˇ .H

D
ˇ Gˇg;Gˇg/

D
1
ˇ
Eˇ .H

D
ˇ Gˇg;H

D
ˇ Gˇg/ > 0:

This establishes (12.50).

Suppose that S D .St /t>0 is a subordinator with Laplace exponent f given by

f .�/ D b�C

Z
.0;1/

.1 � e��t /�.dt/; � > 0;
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with b > 0 or�.0;1/ D1. Throughout this section we will assume that f .0C/ D 0.
Let .�t /t>0 be the convolution semigroup corresponding to S . Throughout this sec-
tion we will assume that X and S are independent. The process Xf D .X

f
t /t>0

defined by Xft WD X.St / is called the subordinate process of X with respect to S ;
this is again an m-symmetric Hunt process on E. The subordinate transition function
P
f
t .x; dy/ of Xf is given by

P
f
t .x; B/ D

Z 1
0

Ps.x; B/�t .ds/ for t > 0; x 2 E and B 2 B.E/: (12.51)

Let .Ef ;D.Ef // be the Dirichlet form corresponding to Xf . Then D.E/ �D.Ef /.
When b > 0,

D.E/ DD.Ef / (12.52)

and for u 2D.E/,

Ef .u; u/ D bE.u; u/C

Z
.0;1/
hu � Psu; uiL2 �.ds/

D bE.u; u/C

Z
E�E

�
u.x/ � u.y/

�2
J f .dx; dy/C

Z
E

u2.x/ �f .dx/;

(12.53)
where

J f .dx; dy/ WD
1
2

Z
.0;1/

Ps.x; dy/�.ds/m.dx/

and
�f .dx/ WD

Z
.0;1/

�
1 � Ps.x;E/

�
�.ds/m.dx/:

When b D 0,

D.Ef / D

²
u 2 L2.E;m/ W

Z
.0;1/
hu � Psu; uiL2 �.ds/ <1

³
(12.54)

and for any u 2D.Ef /,

Ef .u; u/ D

Z
.0;1/
hu � Psu; uiL2 �.ds/

D

Z
E�E

�
u.x/ � u.y/

�2
J f .dx; dy/C

Z
E

u2.x/ �f .dx/;

(12.55)

with J f and �f from above. For the above facts regarding .Ef ;D.Ef // we refer to
[229]. LetAf be theL2-infinitesimal generator ofXf . It follows from Theorem 12.6,
see also Example 11.6, that

D.A/ �D.Af /; (12.56)

Af u D bAuC

Z
.0;1/

.Psu � u/�.ds/ for u 2D.A/: (12.57)
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By Proposition 12.5 we know that D.A/ is a core for the generator Af ; in particular,
D.A/ is dense in .D.Ef /;Ef /.

For every open subset D of E let Xf;D denote the process obtained by killing Xf

upon exiting from D. We will use .P f;Dt /t>0 to denote the transition semigroup of
Xf;D and Af;D to denote the generator of Xf;D . The Dirichlet form of Xf;D is
.Ef;D;D.Ef;D// where Ef;D D Ef and

D.Ef;D/ D
®
u 2D.Ef / W u D 0 Ef -q.e. on E nD

¯
:

For u 2D.Ef;D/ we can rewrite Ef .u; u/ as

Ef .u; u/ D bE.u; u/C

Z
D�D

�
u.x/�u.y/

�2
J f .dx; dy/C

Z
D

u.x/2 �f;D.x/m.dx/;

(12.58)
where

�f;D.x/ D

Z
.0;1/

Ps.x;E nD/�.ds/C �
f .x/ for x 2 D:

Let XD;f denote the process obtained by subordinating XD with the subordina-
tor S . The semigroup of XD;f will be denoted by .PD;ft /t>0 and its generator by
AD;f . The Dirichlet form of XD;f is .ED;f ;D.ED;f //, where ED;f is defined in
the same way through XD as Ef is defined through X . For any u 2D.ED;f /,

ED;f .u; u/ D bE.u; u/C

Z
D�D

�
u.x/ � u.y/

�2
JD;f .dx; dy/

C

Z
D

u2.x/ �D;f .x/m.dx/;

(12.59)

where

JD;f .dx; dy/ D
1
2

Z
.0;1/

PDs .x; dy/�.ds/m.dx/ for x; y 2 D;

and
�D;f .x/ D

Z
.0;1/

�
1 � PDs 1.x/

�
�.ds/ for x 2 D:

Theorem 12.39. Suppose that the Laplace exponent f of S is a complete Bernstein
function. Then for any open subset D of E, we have D.ED;f / �D.Ef;D/ and

Ef .u; u/ 6 ED;f .u; u/ for every u 2D.ED;f /:

Proof. Since f is a complete Bernstein function, it has the following representation

f .�/ D b�C

Z 1
0
.1 � e��t /m.t/ dt;
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wherem.t/ D
R
.0;1/ e

�tss �.ds/ and � is the Stieltjes measure of f , see Remark 6.8.
From Corollary 12.21 we know that Af has the following representation in terms of
the L2-generator A and the resolvent .Gˇ /ˇ>0 of X :

Af u D bAuC

Z
.0;1/

.ˇGˇu � u/ �.dˇ/ for u 2D.A/: (12.60)

For u 2D.A/, it follows from (12.60) that

Ef .u; u/ D h�Af u; uiL2 D bE.u; u/C

Z
.0;1/

ˇhu � ˇGˇu; uiL2 �.dˇ/:

Since D.A/ is E1-dense in D.E/,

Ef .u; u/ D bE.u; u/C

Z
.0;1/

ˇhu � ˇGˇu; uiL2 �.dˇ/ for u 2D.E/:

Similarly, we have

ED;f .u; u/ D bED.u; u/C

Z
.0;1/

ˇhu � ˇGDˇ u; uiL2 �.dˇ/ for u 2D.ED/:

As D.ED/ �D.E/, we deduce from these formulae and (12.50) that for u 2D.ED/,

ED;f .u; u/ � Ef .u; u/ D ˇ

Z
.0;1/

ˇhGˇu �G
D
ˇ u; uiL2 �.dˇ/ > 0:

Since D.AD/�D.ED/ is Ef1 -dense in D.ED;f /—see the comments after (12.57)—,
we conclude that D.ED;f / � D.Ef / and, therefore, that D.ED;f / � D.Ef;D/.
Moreover Ef .u; u/ 6 ED;f .u; u/ holds for every u 2D.ED;f /.

The semigroup .Pt /t>0 is ultracontractive if each Pt , t > 0, is a bounded oper-
ator from L2.E;m/ to L1.E;m/. Under this condition, for all t > 0 the transition
operator Pt has an integral kernel p.t; x; y/ with respect to the measure m, which
satisfies

0 6 p.t; x; y/ 6 ct a.e. on E �E (12.61)

with t 7! ct being a non-increasing function on .0;1/, see e.g. [73, (2.1.1) and
Lemma 2.1.2]. Conversely, if for every t > 0 the transition operator Pt has a bounded
density function, i.e. if (12.61) holds for some ct > 0, then for a.e. x 2 E and every
f 2 L2.E;m/

jPtf .x/j
2 6

Z
E

p.t; x; y/ f 2.y/m.dy/ 6 ct kf k2
L2.E;m/

:

So .Pt /t>0 is ultracontractive. Therefore the semigroup .Pt /t>0 is ultracontractive
if, and only if, Pt has a bounded integral kernel for every t > 0.
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In the remainder of this section we will assume that the semigroup .Pt /t>0 of the
process X is ultracontractive. Assume further that D is an open subset of E with
m.D/ < 1. It is well known that under these assumptions the semigroup .PDt /t>0
of XD has a density with respect to m. We will denote this density by pD.t; x; y/.

Under the assumption (12.61), it is easy to see that the subordinate process Xf has
a transition density pf .t; x; y/ given by

pf .t; x; y/ D

Z 1
0

p.s; x; y/ �t .ds/:

Under the assumptions stated in the paragraph above, PDt is a Hilbert–Schmidt oper-
ator for t > 0. Thus for any t > 0, both PDt and AD have discrete spectra. We will
use .e��nt /n2N and .��n/n2N to denote the eigenvalues of PDt andAD respectively,
arranged in decreasing order and repeated according to multiplicity.

There are examples, see [67, Section 3], where for every t > 0, P f;Dt is not a
Hilbert–Schmidt operator. But, for every t > 0, P f;Dt is still a compact operator.

Theorem 12.40. For every t > 0, P f;Dt is a compact operator in L2.D;m/ and
therefore it has discrete spectrum.

Proof. For every s > 0 we define the operator Qs on L2.D;m/ by

Qsg.x/ WD

Z
D

p.s; x; y/ g.y/m.dy/; g 2 L2.D;m/:

For g 2 L2.D;m/ with kgkL2.D;m/ 6 1 and any Borel subset A of D, we haveZ
A

�
Qsg.x/

�2
m.dx/ 6

Z
A

Qs.g
2/.x/m.dx/

D

Z
E

g2.x/ Ps1A.x/m.dx/

6 kPs1Ak1
Z
E

g2.x/m.dx/

6 kPs1Ak1
6 min

®
1; csm.A/

¯
: (12.62)

Now we fix t > 0. For g 2 L2.D;m/ with kgkL2.D;m/ 6 1 and all Borel subsets
A of D, we haveZ

A

�Z 1
0

Qsg.x/�t .ds/

�2

m.dx/ 6
Z
A

Z 1
0
jQsg.x/j

2 �t .ds/m.dx/

D

Z 1
0

Z
A

jQsg.x/j
2m.dx/�t .ds/:
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For every � > 0 we find some s0 > 0 such that �t Œ0; s0� < 1
2 �. Then by (12.62),Z

A

�Z 1
0

Qsg.x/�t .ds/

�2

dx 6
�

2
C cs0m.A/:

This shows that for Borel sets A � E with m.A/ < �=2cs0 , we haveZ
A

�Z 1
0

Qsg.x/�t .ds/

�2

m.dx/ 6 �

which entails that the family of functions´�Z 1
0

Qsg.�/ �t .ds/

�2

W kgkL2.D;m/ 6 1

µ
is uniformly integrable.

Let pf;D.t; x; y/ be the density function of P f;Dt . Clearly,

pf;D.t; x; y/ 6 pf .t; x; y/; .t; x; y/ 2 .0;1/ �D �D:

Thus for all t > 0 and all Borel functions g on D, we have

jP
f;D
t g.x/j 6

Z
D

pf .t; x; y/ jgj.y/m.dy/ 6
Z 1

0
Qsjgj.x/ �t .ds/:

Consequently, the family of functions®
.P

f;D
t g/2 W kgkL2.D;m/ 6 1

¯
is uniformly integrable on .D;B.D/;m/. By using this one can show that, for each
t > 0, P f;Dt is a compact operator in L2.D;m/ and hence has discrete spectrum.

Indeed: assume that P f;Dt is not compact. Then there exist some � > 0 and a
sequence .gn/n2N in A WD ¹P

f;D

t=2 g W kgkL2.D;m/ 6 1º such that

kP
f;D

t=2 gn � P
f;D

t=2 gmkL2.D;m/ > �; n ¤ m:

Since we know that ¹g2 W g 2 Aº is uniformly integrable, we have that

lim
K!1

sup
g2A

Z
D

g2.x/1¹jgj>Kº.x/m.dx/ D 0;

and consequently, by the boundedness of P f;D
t=2 in L2.D;m/,

lim
K!1

sup
g2A

Z
D

�
P
f;D

t=2 .g 1¹jgj>Kº/.x/
�2
m.dx/ D 0:
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Therefore there exists some K > 0 such that

kP
f;D

t=2 gn;K � P
f;D

t=2 gk;KkL2.D;m/ >
�

2
; n ¤ k; (12.63)

where gn;K D gn 1¹jgnj6Kº. Let C be the � -algebra generated by .gn;K/n2N. Since
L1.D;C ; m/ is separable, the set .gn;K/n2N � L1.D;C ; m/ is weakly compact
and metrizable with respect to the weak topology �.L1.D;C ; m/; L1.D;C ; m//, cf.
[57, IV.36, Lemma 1]. Therefore there exist g 2 L1.D;C ; m/ and a subsequence
.gnj ;K/j2N such that for h 2 L1.D;C ; m/ we have

lim
j!1

Z
D

gnj ;K.x/ h.x/m.dx/ D

Z
D

g.x/ h.x/m.dx/:

Without loss of generality, we will assume in the rest of this proof that m.D/ D 1,
that is, m is a probability measure on D. For any h 2 L1.D;m/ we will use m.h jC /
to denote the conditional expectation of h with respect to C . Noting that for any
h 2 L1.D;m/ and k 2 L1.D;C ; m/ we haveZ

D

k.x/ h.x/m.dx/ D

Z
D

k.x/m.h jC /.x/m.dx/;

we obtain that

lim
j!1

Z
D

gnj ;K.x/ h.x/m.dx/ D

Z
D

g.x/ h.x/m.dx/ for all h 2 L1.D;m/:

On the other hand, for every x 2 D, we have�
P
f;D

t=2 g.x/ � P
f;D

t=2 gnj ;K.x/
�2

D

�Z
D

pf;D.t=2; x; y/
�
g.y/ � gnj ;K.y/

�
m.dy/

�2

6 4K2:

Thus by the weak convergence of the sequence .gnj ;K/j2N and the dominated conver-

gence theorem we get that P f;D
t=2 gnj ;K.x/

j!1
����! P

f;D

t=2 g.x/ for every x 2 D. Since

the family ..P f;D
t=2 gnj;K/

2/j2N is uniformly integrable, we get that P f;D
t=2 gnj;K

j!1
����!

P
f;D

t=2 g in L2.D;m/. This contradicts (12.63) and the proof is complete.

In the remainder of this section, we will use .�Q�n/n2N and .e�Q�nt /n2N to denote
the eigenvalues of Af;D and P f;Dt , respectively, arranged in decreasing order and
repeated according to multiplicity.

Theorem 12.41. If the Laplace exponent f of the subordinator S is a complete Bern-
stein function, then

Q�n 6 f .�n/ for every n 2 N:
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Proof. SinceAD has discrete spectrum .�n/n2N, the subordinate generatorAD;f has
discrete spectrum .f .�n//n2N with the same eigenfunctions as AD . By the min-max
principle for eigenvalues, see [242, Section XIII.1], and by Theorem 12.39 we get for
every n 2 N

Q�n D inf
L: subspace of L2.D;m/

with dimL D n

sup
®
Ef .u; u/ W u 2 L and hu; uiL2.D;m/ D 1

¯
6 inf
L: subspace of L2.D;m/

with dimL D n

sup
®
ED;f .u; u/ W u 2 L and hu; uiL2.D;m/ D 1

¯
D f .�n/:

Here we are using the convention that for a Dirichlet form .E;D.E//, E.u; u/ D 1
when u 2 L2.D;m/ nD.E/. This proves the theorem.

Proposition 12.42. Suppose that S is a subordinator with Laplace exponent f . If
there exists some C 2 .0; 1/ such that

Px.Xt 2 D/ 6 C; for every t > 0 and every x 2 E nD; (12.64)

then
.1 � C/ �D;f .x/ 6 �f;D.x/ 6 �D;f .x/ for x 2 D: (12.65)

Proof. Recall that � is the Lévy measure of S . For any x 2 D we have

�f;D.x/ D

Z
.0;1/

Z
EnD

Ps.x; dy/�.ds/C

Z
.0;1/

�
1 � Ps.x;E/

�
�.ds/

D

Z
.0;1/

�
1 � Ps1D.x/

�
�.ds/

and

�D;f .x/ D

Z
.0;1/

�
1 � PDs 1E .x/

�
�.ds/:

Thus, the second inequality of (12.65) follows because pD.s; x; �/ 6 p.s; x; �/ for all
.s; x/ 2 .0;1/ �D.

In order to prove the first inequality, let �D be the first exit time of D for the
process X and let u.x; s/ D Px.Xs 2 D/. According to the assumption (12.64),
u.x; t/ 6 C for every x 2 E nD and t > 0. By the strong Markov property of X we
have for all x 2 D and t > 0

Px.�D 6 t; Xt 2 D/ D Ex
�
1¹�D6tºu.X�D ; �D/

�
6 C Px.�D 6 t /:
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Therefore for all s > 0 and x 2 D,

1 � Ps1D.x/ D 1 � PDs 1.x/ � Px.�D 6 t; Xt 2 D/

> 1 � PDs 1.x/ � C Px.�D 6 t /

D .1 � C/
�
1 � PDs 1.x/

�
:

This proves the first inequality of (12.65).

A symmetric ˛-stable process in Rd , 0 < ˛ < 2, is a Lévy process X D .Xt />0
taking values in Rd and with the characteristic exponent  .�/ D j�j˛, cf. Exam-
ple 12.13. It is well known that the semigroup of this process is ultracontractive.

Proposition 12.43. Let X be a symmetric ˛-stable process in Rd and let D be a
bounded convex open and connected subset of Rd . Then

1
2
�D;f .x/ 6 �f;D.x/ 6 �D;f .x/:

Proof. Because of the spherical symmetry of X we find for every bounded convex
open connected subset D � Rd

Px.Xt 2 D/ <
1
2
; for every t > 0 and x 2 E nD:

The assertion now follows from Proposition 12.42.

It follows from Theorem 12.39 that D.ED;f / � D.Ef;D/. From the expressions
for the subordinate and killed subordinate jump measures J f and JD;f one easily
concludes that

JD;f .�; �/ 6 J f .�; �/: (12.66)

Theorem 12.44. Suppose that the Laplace exponent f of S is a complete Bernstein
function. IfX is a symmetric ˛-stable process inRd andD is a bounded convex open
and connected subset of Rd , then D.ED;f / DD.Ef;D/ and

1
2
ED;f .u; u/ 6 Ef .u; u/ 6 ED;f .u; u/; u 2D.Ef;D/: (12.67)

Proof. We know from Theorem 12.39 that D.ED;f / �D.Ef;D/. On the other hand,
by (12.52)–(12.55), (12.58)–(12.59) and Proposition 12.43, D.Ef;D/ � D.ED;f /.
Thus D.ED;f / DD.Ef;D/. The inequality (12.67) follows immediately by combin-
ing Proposition 12.43 with (12.66) and Theorem 12.39.

Theorem 12.44 together with the min-max principle for eigenvalues, see the proof
of Theorem 12.41, immediately gives the following result for the eigenvalues f .�n/
of Af and Q�n of Af;D .



12.3 Eigenvalue estimates for subordinate processes 171

Theorem 12.45. Suppose that the Laplace exponent f of S is a complete Bernstein
function. IfX is a symmetric ˛-stable process inRd andD is a bounded convex open
and connected subset of Rd , then

1
2
f .�n/ 6 Q�n 6 f .�n/ for every n 2 N:

Comments 12.46. Sections 12.1 and 12.2: Subordination was introduced by Bochner in the short
note [49] in connection with diffusion equations and semigroups. Using Hilbert space spectral cal-
culus, Bochner points out that the generator of a subordinate semigroup is a function of the original
generator. The name subordination seems to originate in Bochner’s monograph [50, Chapters 4.3, 4.4]
where subordination of stochastic processes, their transition semigroups and generators is developed. A
rigorous functional analytic and stochastic account is in the paper by Nelson [219] where, for the first
time, the interpretation of subordination as stochastic time-change can be found; this was, independently,
also pointed out by Woll [292] and Blumenthal [46]. Nelson is also the first to make the link between
Bochner’s subordination and the rapidly developing theory of operator semigroups pioneered by Hille
and Phillips. Phillips’ paper [235] contains the modern formulation of subordination of semigroups on
abstract Banach spaces as well as the famous result on the form of the subordinate generator. An opera-
tional calculus for bounded generators of semigroups, based on the Dunford–Riesz functional calculus,
is described in Hille and Phillips [133, Chapter XV]. For C0-semigroups and unbounded generators this
calculus is further developed in Balakrishnan [11] and [12]. The origins of subordination in potential the-
ory can be traced back to the papers by Feller [99] and Bochner [49] where Riesz potentials of fractional
order are discussed, and to Faraut [95] who studies fractional powers of Hunt kernels and a symbolic cal-
culus induced by subordination and Bernstein functions, see also [96]. This line of research is continued
by Hirsch who develops in a series of papers, [135, 136, 137, 138], a Bochner-type functional calculus
for Hunt kernels and abstract potentials; his main motivation is the question which functions operate on
Hunt kernels which was raised in the note by M. Itô [153] and generalized in [134]. In functional anal-
ysis, the study of fractional powers and functions of infinitesimal generators was continued by Nollau
[225, 226, 227], Westphal [286], Pustyl’nik [241] and later by Berg, Boyadzihev and deLaubenfels [26]
and Schilling [251, 252, 253]. Up-to-date accounts of subordination, mainly for Lévy processes and
convolution semigroups, can be found in Sato [250, Chapter 6] and Bertoin [38]; fractional powers and
related functional calculi are discussed in Martínez-Carracedo and Sanz-Alix [209].

The material on C0-semigroups is mostly standard and can be found in many books on semigroup
theory and functional analysis. Our sources are Davies [72], Ethier and Kurtz [92], Pazy [230] and
Yosida [296]. An excellent exposition of dissipativity and fractional powers is in Tanabe [273, Chap-
ter 2]. Remark 12.4 is modeled after Bochner [49], the proof of Proposition 12.5 is taken from [251],
see also [157]. Phillips’ theorem appears for the first time in [235] where it is proved in the context of
Banach algebras. Our proof of this theorem seems to be new. The results for the domains of subordinate
generators are from [253]; Corollaries 12.8 and 12.9 are generalizations of the moment inequality in
Pustyl’nik [241, Theorem 6] and Berg–Boyadzhiev–deLaubenfels [26, Prop. 5.14]; our method of proof
is an improvement of [97, Prop. 1.4.9]. Observe that a combination of Corollary 7.12 or Proposition 7.13
and Theorem 12.22(v) with the estimate (12.19) leads to interesting new interpolation-type estimates.
Take, for example f; g 2 CBF and ˛ 2 .0; 1/. Then f ˛g1�˛ 2 CBF and

kAf
˛g1�˛

uk D kAf
˛

Ag
1�˛

uk 6 4kAf uk˛kAguk1�˛ ; u 2D.A/ (12.68)

or, with f ˛.�ˇ /g1�˛.�1�ˇ / and ˛; ˇ 2 Œ0; 1�,

f �.�A/ˇ �˛g�.�A/1�ˇ �1�˛u

 6 4


f �.�A/ˇ �u

˛

g�.�A/1�ˇ �u

1�˛

; u 2D.A/: (12.69)

Theorem 12.10 on the spectrum of the subordinate generator is from [235], the CBF-version is from
Hirsch [136]. A predecessor of this is Balakrishnan [11, 12].
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The proof of Theorem 12.14 follows Schoenberg’s original argument [255] who considers completely
monotone functions; the statement of the theorem is due to Bochner, but his proof in [50, pp. 99–100]
is, unfortunately, incorrect. Lemma 12.15 is taken from [255]. The Bochner–Schoenberg theorem still
holds on abelian groups if we cast it in the following form: determine all functions f which operate
on the negative (resp. positive) definite functions, i.e. f ı  is negative (resp. positive) definite for
all negative (resp. positive) definite functions  . Note that  .�/ D j�j2 is indeed negative definite in
the sense of Schoenberg, cf. Chapter 4. This is due to Herz [130] for positive definite functions and
Harzallah [120, 121, 122] for negative definite functions; further generalizations are in Kahane [165].

The section on the functional calculus is a simplified and generalized version of [251, 253], see also
[157, Chapter 4.3]. The presentation owes a lot to F. Hirsch who pointed out that the operator Ik appear-
ing in Lemma 12.17 coincides with kRf

k
. The idea to reduce the functional calculus to an operational

calculus on the level of the trivial semigroup t 7! e�ta, cf. Remark 12.25, is from Westphal [286] where
this is worked out for fractional powers. That paper also contains the fractional power analogues of The-
orem 12.30 and Corollary 12.31. This approach is heavily influenced by (abstract) approximation theory,
see e.g. Butzer and Berens [59], in particular Chapter 2.3. The remarkable pointwise stability assertion
for the functional calculus, Theorem 12.36, is an improvement of a similar result in [253]. The extension
of the functional calculus sketched in Remark 12.37 is in line with the calculus developed in [241], and
links our results with Hirsch’s theory on abstract potential operators: note that ��.�A/ is essentially
the inverse of the generator of a C0-contraction semigroup, hence an abstract potential operator.

Section 12.3: The recent study on the spectrum of the Dirichlet fractional Laplacian was initiated by
Bañuelos and Kulczycki in [14]. Suppose thatD is a bounded open subset ofRd , let .�Q�.˛/n /n2N be the
eigenvalues of �.��/˛=2jD , arranged in decreasing order and repeated according to multiplicity. Using
a mixed Steklov problem for the Laplacian in RdC1 it was shown in [14] that for bounded Lipschitz
domains D � Rd

Q�
.1/
n 6

q
Q�
.2/
n for all n 2 N:

By considering a higher order Steklov problem, DeBlassie shows in [75] that for bounded Lipschitz
domains D � Rd and for any rational ˛ 2 .0; 2/

Q�
.˛/
n 6 . Q�

.2/
n /˛=2 for all n 2 N:

The upper bound above is shown for general subordinate Markov processes in [65], where a lower bound
is also established. The exposition of this section is a combination of [65] and [67]. The last part of the
proof of Theorem 12.40 is adapted from the proofs of [110, Lemma 3.1, Theorem 3.2].

For a general subordinator S whose Laplace exponent f is not necessarily a complete Bernstein
function we have a weaker version of Theorem 12.39: that is, we always have D.ED;f / � D.Ef;D/

and
Ef .u; u/ 6 4ED;f .u; u/ for all u 2D.ED;f /: (12.70)

This is due to the fact that PDs u 6 Psu for all non-negative u 2 D.ED;f /, which allows to conclude
from (12.51)–(12.55) that u 2 D.Ef / and Ef .u; u/ 6 ED;f .u; u/. For a general u 2 D.ED;f /, uC

and u� are both in D.ED;f /, and so we have that both uC and u� are in D.Ef / and that

Ef .uC; uC/ 6 ED;f .uC; uC/; Ef .u�; u�/ 6 ED;f .u�; u�/:

Thus u D uC � u� 2D.Ef /. The contraction property of Dirichlet forms yields

ED;f .uC; uC/ 6 ED;f .u; u/; ED;f .u�; u�/ 6 ED;f .u; u/:

Therefore we have D.ED;f / � D.Ef;D/ as well as (12.70). Using (12.70), we can see that the
conclusions of Theorems 12.44 and 12.45 hold for a general subordinator S , with the exception that
the upper bounds for Ef .u; u/ in (12.67) and for Q�n have an additional multiplicative factor 4. Using
the following formula for the first eigenvalue

Q�1 D inf
®
Ef .juj; juj/ W u 2D.Ef;D/ with kukL2.D;m/ D 1

¯
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and the analogous formula for the first eigenvalue f .�1/ for .ED;f ;D.ED;f //, we get that Q�1 6 f .�1/

for a general subordinator.
One can also prove that the eigenvalues of the generator of a killed subordinate Markov process

depend continuously on the Laplace exponent of the subordinator. For this and related results, we refer
to [66].



Chapter 13

Potential theory of subordinate killed Brownian
motion

Recall that a Bernstein function f is a special Bernstein function if its conjugate
function f ?.�/ WD �=f .�/ is again a Bernstein function. Thus, the identity function
factorizes into the product of two Bernstein functions. In this chapter we will use
this factorization and show, as a consequence of Theorem 10.9, that the potential
kernel of a strong Markov process Y is the composition of the potential kernels of two
subordinate processes. As before, we call the subordinators associated with special
Bernstein functions special subordinators. If the underlying process Y is a killed
Brownian motion with an intrinsically ultracontractive semigroup, the factorization of
the potential kernel implies a representation of excessive functions of Y as potentials
of one of the subordinate processes.

Let E be a locally compact separable metric space with the Borel � -algebra B.E/.
By Y D .Yt ;Px/t>0;x2E we denote a strong Markov process with state space E
and semigroup .Pt /t>0. We will assume that the process Y is transient in the sense
that there exists a positive measurable function g W E ! .0;1/ such that x 7!R1

0 Ptg.x/ dt is not identically infinite. The potential operator of the process Y is
defined by

Gg.x/ D

Z 1
0

Ptg.x/ dt; (13.1)

where x 2 E and g W E ! Œ0;1/ is a measurable function. The function Gg is
called the potential of g. Let f 2 SBF with the representation (10.1) and let f ? be
its conjugate function given by (10.2). Further, let S D .St /t>0 and T D .Tt /t>0
be the special subordinators with Laplace exponents f; f ? 2 SBF and assume that
S; T and Y are independent. The potential measures of S and T will be denoted
by U and V respectively. We define two subordinate processes Y f D .Y

f
t /t>0 and

Y f
?

D .Y
f ?

t /t>0 by

Y
f
t D Y.St / and Y

f ?

t D Y.Tt /; t > 0:

Then Y f and Y f
?

are again transient strong Markov processes on .E;B.E//, see
[56].
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Lemma 13.1. The potential operators Gf and Gf
?

of Y f and Y f
?

are given by

Gf g.x/ D

Z
Œ0;1/

Ptg.x/U.dt/; (13.2)

Gf
?

g.x/ D

Z
Œ0;1/

Ptg.x/ V .dt/: (13.3)

Proof. We will only show (13.2), the proof of (13.3) is similar. Let .�t /t>0 be
the convolution semigroup on Œ0;1/ corresponding to f . The transition operators
.P

f
t /t>0 of Y f are given by

P
f
t .x; A/ D Px.Y

f
t 2 A/ D Px.Y.St / 2 A/

D

Z
Œ0;1/

Px.Ys 2 A/�t .ds/

D

Z
Œ0;1/

Ps.x; A/�t .ds/;

where x 2 E and A 2 B.E/. For every non-negative Borel function g W E ! Œ0;1/
it follows that

Gf g.x/D

Z 1
0

P
f
t g.x/ dtD

Z 1
0

Z
Œ0;1/

Psg.x/�t .ds/ dt

D

Z
Œ0;1/

Psg.x/U.ds/:

Throughout this chapter we will assume that b > 0 or �.0;1/ D1. This implies
that U.dt/ D u.t/ dt and V.dt/ D bı0.dt/C v.t/ dt where u; v W .0;1/! .0;1/
are non-increasing functions. Hence, the potential operators Gf and Gf

?

can be
written as

Gf g.x/ D

Z 1
0

Ptg.x/ u.t/ dt; (13.4)

Gf
?

g.x/ D bg.x/C

Z 1
0

Ptg.x/ v.t/ dt: (13.5)

Moreover, by Theorem 10.9, we have

bu.t/C

Z t

0
u.s/v.t � s/ ds D bu.t/C

Z t

0
v.s/u.t � s/ ds D 1; t > 0:

If the transition kernels .Pt .x; dy//t>0 have densities p.t; x; y/ with respect to a
reference measure m.dy/ on .E;B.E//, then the potential operator G will also have
a density G.x; y/ given by

G.x; y/ D

Z 1
0

p.t; x; y/ dt:
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In this case one can define the potential of a measure 
 on .E;B.E// by

G
.x/ D

Z
E

G.x; y/ 
.dy/ D

Z 1
0

Pt
.x/ dt:

Note that the potential of a function g can be regarded as the potential of the measure
g.x/m.dx/. Further, the potential operator Gf will have a density Gf .x; y/ given
by the formula

Gf .x; y/ D

Z 1
0

p.t; x; y/u.t/ dt:

The factorization in the next proposition is similar in spirit to Corollary 12.24.

Proposition 13.2. (i) For any non-negative Borel function g on E we have

GfGf
?

g.x/ D Gf
?

Gf g.x/ D Gg.x/; x 2 E:

(ii) If the transition kernels .Pt .x; dy//t>0 admit densities, then for any Borel mea-
sure 
 on .E;B.E// we have

Gf
?

Gf 
.x/ D G
.x/; x 2 E:

Proof. (i) We are only going to show that GfGf
?

g.x/ D Gg.x/ for all x 2 E. For
the proof of Gf

?

Gf g.x/ D Gg.x/ we refer to part (ii). Let g be any non-negative
Borel function onE. Using (13.4), (13.5), Fubini’s theorem and Theorem 10.9 we get

GfGf
?

g.x/ D

Z 1
0

PtG
f ?g.x/ u.t/ dt

D

Z 1
0

Pt

�
bg.x/C

Z 1
0

Psg.x/ v.s/ ds

�
u.t/ dt

D bGf g.x/C

Z 1
0

Pt

�Z 1
0

Psg.x/ v.s/ds

�
u.t/ dt

D bGf g.x/C

Z 1
0

Z 1
0

PtCsg.x/ v.s/u.t/ ds dt

D bGf g.x/C

Z 1
0

�Z 1
t

Prg.x/ v.r � t /dr

�
u.t/ dt

D bGf g.x/C

Z 1
0

�Z r

0
u.t/v.r � t /dt

�
Prg.x/ dr

D

Z 1
0

�
bu.r/C

Z r

0
u.t/v.r � t /dt

�
Prg.x/ dr

D

Z 1
0

Prg.x/ dr

D Gg.x/:
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(ii) Similarly as above,

Gf
?

Gf 
.x/ D bGf 
.x/C

Z 1
0

PtG
f 
.x/ v.t/ dt

D bGf 
.x/C

Z 1
0

Pt

�Z 1
0

Ps
.x/ u.s/ds

�
v.t/ dt

D bGf 
.x/C

Z 1
0

Z 1
0

PtCs
.x/ u.s/v.t/ ds dt

D bGf 
.x/C

Z 1
0

�Z 1
t

Pr
.x/ u.r � t /dr

�
v.t/ dt

D bGf 
.x/C

Z 1
0

�Z r

0
u.r � t /v.t/dt

�
Pr
.x/ dr

D

Z 1
0

�
b C

Z r

0
u.r � t /v.t/dt

�
Pr
.x/ dr

D

Z 1
0

Pr
.x/ dr

D G
.x/:

In the rest of this chapter, we will always assume that the underlying Markov pro-
cess Y is a Brownian motion killed upon exiting a bounded open connected subset
D � Rd . To be more precise, let X D .Xt ;Px/t>0;x2Rd be a Brownian motion in
Rd with transition density

p.t; x; y/ D .4�t/�d=2 exp
�
�
jx � yj2

4t

�
; t > 0; x; y 2 Rd ;

and let �D D inf¹t > 0 W Xt … Dº be the first exit time of X from D. The process
XD D .XDt ;Px/t>0;x2D defined by

XDt D

´
Xt ; t < �D;

@; t > �D;

where @ is the cemetery point, is called the Brownian motion killed upon exiting D.
The process XD is a Hunt process, and since D is bounded, it is transient. It will
play the role of the process Y from the beginning of this chapter. The semigroup of
XD will be denoted by .PDt /t>0, and its transition density with respect to Lebesgue
measure by pD.t; x; y/, t > 0, x; y 2 D. The potential operator of XD is given by

GDg.x/ D

Z 1
0

PDt g.x/ dt

and has a density GD.x; y/ D
R1

0 pD.t; x; y/ dt , x; y 2 D.
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Since the transition density pD.t; x; y/ is strictly positive, the eigenfunction '1
of the operator ��jD corresponding to the smallest eigenvalue �1 can be chosen to
be strictly positive, see for instance [73]. We assume that '1 is normalized so thatR
D '

2
1.x/ dx D 1.

From now on we will assume that .PDt /t>0 is intrinsically ultracontractive, that is,
for each t > 0 there exists a constant ct such that

pD.t; x; y/ 6 ct'1.x/'1.y/; x; y 2 D:

Intrinsic ultracontractivity of .PDt /t>0 is a very weak geometric condition onD. It is
well known, cf. [74], that for a bounded Lipschitz domainD the semigroup .PDt /t>0
is intrinsically ultracontractive. For every intrinsically ultracontractive .PDt /t>0 there
is some Qct > 0 such that

pD.t; x; y/ > Qct'1.x/'1.y/; x; y 2 D:

Let S D .St /t>0 and T D .Tt /t>0 be two special subordinators with conjugate
Laplace exponents f; f ? 2 SBF given by (10.1) and (10.2), respectively. We retain
the assumption that b > 0 or �.0;1/ D 1, and keep the notation for the potential
measures U.dt/ D u.t/ dt and V.dt/ D bı0.dt/C v.t/ dt . Suppose that X , S and
T are independent and define the subordinate processes XD;f D .X

D;f
t /t>0 and

XD;f
?

D .X
D;f ?

t /t>0 by

X
D;f
t D XD.St / and X

D;f ?

t D XD.Tt /; t > 0:

Then XD;f and XD;f
?

are strong Markov processes on D. We call XD;f and
XD;f

?

subordinate killed Brownian motions. Their semigroups and potential op-
erators will be denoted by .PD;ft /t>0, GD;f and .PD;f

?

t /t>0, GD;f
?

, respectively.
Clearly,

GD;f g.x/ D

Z
Œ0;1/

PDt g.x/U.dt/ D

Z 1
0

PDt g.x/ u.t/ dt;

GD;f
?

g.x/ D

Z
Œ0;1/

PDt g.x/ V .dt/ D bg.x/C

Z 1
0

PDt g.x/ v.t/ dt;

where x 2 D and g is a non-negative Borel measurable function on D. By Proposi-
tion 13.2 we have GD;fGD;f

?

g D GD;f
?

GD;f g D GDg for every Borel function
g W D ! Œ0;1/, and GD;f

?

GD;f 
 D GD
 for every measure 
 on .D;B.D//.
Recall that a Borel function s W D ! Œ0;1� is excessive forXD;f (or .PD;ft /t>0),

if PD;ft s 6 s for all t > 0 and s D limt!0 P
D;f
t s. We will denote the family of

all excessive function for XD;f by S.XD;f /. The notation S.XD/ and S.XD;f
?

/ is
now self-explanatory.
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A Borel function h W D ! Œ0;1� is harmonic for XD;f if h is not identically
infinite in D and if for every relatively compact open subset O � O � D,

h.x/ D Ex
�
h
�
XD;f .�O/

��
for all x 2 O;

where �O D inf
®
t > 0 W XD;ft … O

¯
is the first exit time of XD;f from O . We de-

note the family of all non-negative harmonic function for XD;f byHC.XD;f /. Sim-
ilarly, HC.XD/ denotes the family of all non-negative harmonic functions for XD .
These are precisely those non-negative functions in D which satisfy �h D 0 in D.
Recall that if h 2 HC.XD/ then both h and PDt h are continuous functions. It is easy
to show that HC.�/ � S.�/, see the proof of Lemma 2.1 in [260].

Let .GD;f
�

/�>0 be the resolvent of the semigroup .PD;ft /t>0. ThenGD;f
�

is given
by a kernel which is absolutely continuous with respect to Lebesgue measure. More-
over, one can easily show that for a bounded Borel function g vanishing outside a
compact subset of D, the functions x 7! G

D;f

�
g.x/, � > 0, and x 7! GD;f g.x/

are continuous. This implies, see e.g. [47, p. 266], that all functions in S.XD;f / are
lower semicontinuous.

Proposition 13.3. If g 2 S.XD;f /, then GD;f
?

g 2 S.XD/.

Proof. First observe that if g 2 S.XD;f /, then g is the increasing limit of potentials
GD;f gn for suitable non-negative Borel functions gn, cf. [71, p. 86]. Hence it follows
from Proposition 13.2 that

GD;f
?

g D lim
n!1

GD;f
?

GD;f gn D lim
n!1

GDgn:

Therefore, GD;f
?

g is either in S.XD/ or identically infinite since it is an increasing
limit of excessive functions of XD . We prove now that GD;f

?

g is not identically
infinite. In fact, since g 2 S.XD;f /, there exists some x0 2 D such that for every
t > 0,

1 > g.x0/ > PD;ft g.x0/ D

Z 1
0

PDs g.x0/ �t .ds/;

where �t is the distribution of St . Thus there is some s > 0 such that PDs g.x0/ is
finite. Hence

1 > PDs g.x0/ D

Z
D

pD.s; x0; y/g.y/ dy > Qcs'1.x0/

Z
D

'1.y/g.y/ dy;

so we have
R
D '1.y/g.y/ dy <1. ConsequentlyZ

D

GD;f
?

g.x/ '1.x/ dx D

Z
D

g.x/GD;f
?

'1.x/ dx

D

Z
D

g.x/

�
b'1.x/C

Z 1
0

PDt '1.x/ v.t/dt

�
dx
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D

Z
D

g.x/

�
b'1.x/C

Z 1
0

e��1t'1.x/ v.t/ dt

�
dx

D

Z
D

'1.x/g.x/ dx

�
b C

Z 1
0

e��1tv.t/ dt

�
<1:

Therefore GD;f
?

g is not identically infinite in D.

Remark 13.4. Note that the proposition above is valid with XD;f and XD;f
?

inter-
changed: if g 2 S.XD;f

?

/, then GD;f g 2 S.XD/.

Proposition 13.2(ii) shows that if s D GD
 is the potential of a measure, then
s D GD;f

?

g where g D GD;f 
 is in S.XD;f /. The function g can be written in the
following way:

g.x/ D

Z 1
0

PDr 
.x/ u.r/ dr

D

Z 1
0

PDr 
.x/

�
u.1/C

Z
.r;1/

�
� du.t/

��
dr

D

Z 1
0

PDr 
.x/u.1/ dr C

Z 1
0

PDr 
.x/

�Z
.r;1/

�
� du.t/

��
dr

D u.1/s.x/C

Z
.0;1/

�Z t

0
PDr 
.x/ dr

� �
� du.t/

�
D u.1/s.x/C

Z
.0;1/

�
PDt s.x/ � s.x/

�
du.t/: (13.6)

In Proposition 13.8 below we will show that every s 2 S.XD/ can be represented as
a potential GD;f

?

g, where g, given by (13.6), is in S.XD;f /. In order to accomplish
this, we will first show that g is continuous when s 2 HC.XD/. Before we do this,
we prove two preliminary results about non-negative harmonic functions of XD .

For any x0 2 D, choose r > 0 such that B.x0; 2r/ � D. Put B D B.x0; 2r/.

Lemma 13.5. If h 2 HC.XD/, then there is a constant c > 0 such that

h.x/ � PDt h.x/ 6 ct; x 2 B; t > 0:

Proof. For any x 2 B , h.Xt^�B / is a Px-martingale. Therefore,

0 6 h.x/ � PDt h.x/ D Ex
�
h.Xt^�B /

�
� Ex

�
h.Xt /1¹t<�Dº

�
D Ex

�
h.Xt /1¹t<�Bº

�
C Ex

�
h.X�B /1¹�B6tº

�
� Ex

�
h.Xt /1¹t<�Bº

�
� Ex

�
h.Xt /1¹�B6t<�Dº

�
D Ex

�
h.X�B /1¹�B6tº

�
� Ex

�
h.Xt /1¹�B6t<�Dº

�
6 Ex

�
h.X�B /1¹�B6tº

�
6M Px.�B 6 t /;



13 Potential theory of subordinate killed Brownian motion 181

whereM is a constant such that h.y/ 6M for all y 2 B . It is a standard fact, cf. [16,
Lemma I.(8.1)], that there exists a constant c > 0 such that for every x 2 B it holds
that Px.�B 6 t / 6 ct , for all t > 0. Therefore, 0 6 h.x/ � PDt h.x/ 6 Mct , for all
x 2 B and all t > 0.

Lemma 13.6. If h 2 HC.XD/, define kn.x/ WD n
�
h.x/ � PD1=nh.x/

�
and sn WD

GDkn.x/. Then sn increases to h as n!1, and there exists c > 0 such that

sn.y/ � P
D
t sn.y/ 6 c t; y 2 B; n 2 N:

Proof. The assertion that sn increases to h as n ! 1 follows from [15, Proposi-
tion II.(6.2)]. We only prove the second assertion. For any t > 0, n 2 N and y 2 B ,
we have

sn.y/ � P
D
t sn.y/ D

Z t

0
PDr kn.y/ dr

D n

Z t

0
PDr .h � P

D
1=nh/.y/ dr

D n

Z t

0
PDr h.y/ dr � n

Z tC 1
n

1
n

PDr h.y/ dr:

If t < 1
n

, then it follows from Lemma 13.5 that

sn.y/ � P
D
t sn.y/ D n

Z tC 1
n

1
n

�
h.y/ � PDr h.y/

�
dr � n

Z t

0

�
h.y/ � PDr h.y/

�
dr

6 n
Z tC 1

n

1
n

�
h.y/ � PDr h.y/

�
dr

6 c1n

Z tC 1
n

1
n

r dr 6 c2t:

If t > 1
n

, then again by Lemma 13.5 we have

sn.y/ � P
D
t sn.y/ D n

Z 1
n

0
PDr h.y/ dr � n

Z tC 1
n

t

PDr h.y/ dr

D n

Z tC 1
n

t

�
h.y/�PDr h.y/

�
dr�n

Z 1
n

0

�
h.y/�PDr h.y/

�
dr

6 n
Z tC 1

n

t

�
h.y/ � PDr h.y/

�
dr

6 h.y/ � PD
tC 1

n

h.y/ 6 c3

�
t C

1
n

�
6 c4t:
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Lemma 13.7. If h 2 HC.XD/, the function g defined by

g.x/ D u.1/h.x/C

Z
.0;1/

�
PDt h.x/ � h.x/

�
du.t/; x 2 D; (13.7)

is continuous.

Proof. For any x0 2 D choose r > 0 such that B.x0; 2r/ � D, and let B WD
B.x0; r/. It follows from the continuity and harmonicity of h that there exists a con-
stant c1 > 0 such that 0 6 h.x/ � PDt h.x/ 6 c1 on B . Using Lemma 13.5 we know
that there exists some c2 > 0 such that

0 6 h.x/ � PDt h.x/ 6 c2t; x 2 B:

Since
R
.0;1/.1^ t /.�du.t// <1, we can apply the dominated convergence theorem

to get the continuity of g.

Proposition 13.8. If s 2 S.XD/, then

s.x/ D GD;f
?

g.x/; x 2 D;

where g 2 S.XD;f / and is given by the formula

g.x/ D u.1/s.x/C

Z 1
0

�
PDt s.x/ � s.x/

�
du.t/: (13.8)

Proof. We know that the result is true when s is the potential of a measure. Let
s 2 S.XD/ be arbitrary. By the Riesz decomposition theorem, s D GD
Ch, where 

is a measure on D and h is in HC.XD/, see e.g. [47, Chapter 6]. By linearity, it is
enough to prove the result for s 2 HC.XD/.

In the rest of the proof we assume therefore that s 2 HC.XD/. Define the
function g by formula (13.8). We have to prove that g is excessive for XD;f and
s D GD;f

?

g. By Lemma 13.7, we know that g is continuous.
Define kn WD .s.x/�PD1=ns.x// and sn WD GDkn.x/. It follows from Lemma 13.6

that sn increases to s. Thus PDt sn " P
D
t s and sn � PDt sn

n!1
����! s � PDt s. If

gn.x/ D u.1/sn.x/C

Z
.0;1/

�
sn.x/ � P

D
t sn.x/

� �
� du.t/

�
;

then we know that sn D GD;f
?

gn and gn is excessive for XD;f . It follows from
Lemma 13.6 that, for every x 2 D, 0 6 sn.x/ � P

D
t sn.x/ 6 s.x/. Again by

Lemma 13.6 there exists for every x 2 D some c > 0 such that 0 6 sn.x/ �
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PDt sn.x/ 6 c t . Since
R
.0;1/.1 ^ t /.�du.t// < 1, we can apply the dominated

convergence theorem to get

g.x/ D u.1/s.x/C

Z
.0;1/

�
s.x/ � PDt s.x/

� �
� du.t/

�
D lim
n!1

u.1/sn.x/C

Z
.0;1/

lim
n!1

�
sn.x/ � P

D
t sn.x/

� �
� du.t/

�
D lim
n!1

gn.x/:

By Fatou’s lemma and the fact that gn is GD;f -excessive, we get for any x 2 D
and � > 0

�G
D;f

�
g.x/ D �G

D;f

�

�
lim
n!1

gn

�
.x/ 6 lim inf

n!1
�G

D;f

�
gn.x/

6 lim inf
n!1

gn.x/ D g.x/I

this means that g is supermedian. Since it is well known that a supermedian func-
tion which is lower semicontinuous is excessive, cf. [71, p. 81], this proves that g
is excessive for XD;f . By Proposition 13.3 we then have that GD;f

?

g is excessive
for XD .

For any non-negative measurable function h, let GD1 h.x/ D
R1

0 e�tPDt h.x/ dt

and define s1 WD s �GD1 s. Using an argument similar to that of the proof of Proposi-
tion 13.3, we can show that GDs is not identically infinite. By the resolvent equation
GDs1 D GDs �GDGD1 s D G

D
1 s, or equivalently,

s.x/ D s1.x/CGD1 s.x/ D s
1.x/CGDs1.x/; x 2 D:

Formula (13.6) for the potential GDs1, Fubini’s theorem and the fact that GD;f
?

and
GD1 commute, show

GD1 s D G
Ds1
D GD;f

?

�
u.1/GDs1

C

Z
.0;1/

.PDt G
Ds1
�GDs1/ du.t/

�
D GD;f

?

�
u.1/GD1 s C

Z
.0;1/

.PDt G
D
1 s �G

D
1 s/ du.t/

�
D GD1 G

D;f ?
�
u.1/s C

Z
.0;1/

.PDt s � s/ du.t/

�
:

By the uniqueness principle, see e.g. [71, p. 140], it follows that

s D GD;f
?

�
u.1/s C

Z 1
0
.PDt s � s/ du.t/

�
D GD;f

?

g a.e. in D:

Since both s and GD;f
?

g are excessive for XD , they are equal everywhere.
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Propositions 13.2 and 13.8 can be combined in the following theorem containing
additional information on harmonic functions.

Theorem 13.9. If s 2 S.XD/, then there is a function g 2 S.XD;f / such that
s D GD;f

?

g. The function g is given by the formula (13.6). Furthermore, if
s 2 HC.XD/, then g 2 HC.XD;f /. Conversely, if g 2 S.XD;f /, then the func-
tion s defined by s D GD;f

?

g is in S.XD/. If, moreover, g 2 HC.XD;f /, then
s 2 HC.XD/. Finally, every non-negative harmonic function for XD;f is continu-
ous.

Proof. It remains to show the statements about harmonic functions. First note that
every g 2 S.XD;f / admits the Riesz decomposition g D GD;f 
 C h where 
 is
a Borel measure on D and h 2 HC.XD;f /, see [47, Chapter 6]. We have already
mentioned that functions in S.XD/ admit such a decomposition. Since S.XD/ and
S.XD;f / are in one-to-one correspondence, and since potentials of measures of XD

and XD;f are in one-to-one correspondence, the same must hold for HC.XD/ and
HC.XD;f /.

The continuity of non-negative harmonic functions for XD;f follows from Lem-
ma 13.7 and Proposition 13.8.

Comments 13.10. The study of the potential theory of subordinate killed Brownian motions was ini-
tiated in [106] for stable subordinators and carried out satisfactorily in this case in [107]. The general
case of special subordinators was dealt with in [261]. Our exposition follows that of [51, Section 5.5.2],
but we provide a more elementary and direct proof of Proposition 13.8 here. Using Theorem 13.9, one
can generalize some deep and important potential theoretic results for killed Brownian motions, like
the Martin boundary identification and the boundary Harnack principle, to subordinate killed Brownian
motions. For these results we refer to [107], [51, Section 5.5] and [261] where the underlying process X
is a killed rotationally invariant ˛-stable process.

Intrinsic ultracontractivity was introduced by Davies and Simon in [74]. It is a very weak regularity
condition on D. For example, see [74], the killed semigroup .PDt /t>0 is intrinsically ultracontractive
wheneverD is a bounded Lipschitz domain. For weaker conditions onD guaranteeing that .PDt /t>0 is
intrinsically ultracontractive, we refer to [13] and [17].



Chapter 14

Applications to generalized diffusions

Complete Bernstein functions and the corresponding Bondesson class of sub-prob-
ability measures play a significant role in various parts of probability theory. In this
chapter we will explain their appearance in the theory of generalized one-dimensional
diffusions (also called gap diffusions or quasi-diffusions). We have two main objec-
tives: firstly, we want to characterize the Laplace exponents of the inverse local times
at zero of generalized diffusions. It turns out that these are precisely the complete
Bernstein functions. Secondly, we want to study the first passage distributions for
generalized diffusions and to explain their connection with the Bondesson class and
its subclasses. The crucial tool in these investigations will be Kreı̆n’s theory of strings
which we will describe in some detail.

In this chapter we will use Dirichlet forms and Hunt processes. The basic defini-
tions and results are collected in Appendix A.2.

14.1 Inverse local time at zero

We start by introducing the family MC of the so-called strings.

Definition 14.1. A string is a non-decreasing, right-continuous function m W R !
Œ0;1� satisfying

(a) m.x/ D m.0�/ D 0 for all x < 0,

(b) m.x0/ <1 for some x0 > 0,

(c) m.x/ > 0 for all x > 0.

The family of all strings will be denoted by MC.

We will use the same letter m to denote the measure on R induced by the non-
decreasing function m 2 MC. Clearly, m.�1; 0/ D 0. Let r WD sup¹x W m.x/ <
1º be the length of the string, and let Em denote the support of the measure m
restricted to Œ0; r/. Note that the point r of a possibly infinite jump is excluded from
the support while 0 2 Em. Finally, let l WD supEm 6 r .

Next we introduce generalized diffusions. For this let BC D .BCt ;Px/t>0;06x<r

be a reflected Brownian motion on Œ0;1/ which is killed upon hitting the point r ;
if r D 1, then BC is simply a reflected Brownian motion. After being killed, the
process goes to the cemetery @ which we adjoin to the state space Œ0; r/ as an isolated
point. Note that BC is a Hunt process which is symmetric with respect to Lebesgue
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measure dx. In particular, there exists an associated Dirichlet form on L2.Œ0; r/; dx/.
Let L D .L.t; x//t>0; 06x<r be the jointly continuous local time of BC normalized
such that for all Borel functions g W Œ0;1/ ! Œ0;1/ the following occupation time
formula holds: Z t

0
g.BCs / ds D

Z
Œ0;r/

g.x/L.t; x/ dx; t > 0:

Form 2MC the corresponding measurem on Œ0; r/ is a smooth measure in the sense
of Definition A.15; note that no non-empty set is of capacity zero for BC. We define
a positive continuous additive functional C D .Ct /t>0 of the process BC by

Ct WD

Z
Œ0;r/

L.t; x/m.dx/: (14.1)

Clearly, the Revuz measure of C is equal to m. Let � D .�t /t>0 be the right-
continuous inverse of C : �t D inf¹s > 0 W Cs > tº. Define a process X D .Xt /t>0
via the time-change of BC by the process � , Xt WD BC.�t /. By [102, Theorem 6.2.1]
X is anm-symmetric Hunt process onEm which is associated with a regular Dirichlet
form on L2.Em; m/. Note that the lifetime � of X is equal to C1.

Definition 14.2. The process X is called a generalized diffusion on Œ0; r/ (or, more
precisely, on Em).

Clearly, Xt D @ for t > �. The class of such processes includes regular diffusions
on Œ0; r/ and Œ0; l � (in the sense of Itô–McKean), as well as birth-and-death processes.
We will use the standard convention that any function g on the state space is automati-
cally extended to @ by setting g.@/ D 0. The generalized diffusion X admits the local
time process LX D .LX .t; x//t>0;x2Em which can be realized as a time-change of
the local time of BC. More precisely, in the same way as in [246, Theorem V.49.1],
it follows that LX .t; x/ D L.�t ; x/ andZ s

0
g.Xt / dt D

Z
Œ0;r/

g.x/LX .s; x/m.dx/; (14.2)

for every bounded measurable function g, and every s > 0. In particular, it follows
from the joint continuity of L that x 7! LX .s; x/ is continuous.

For simplicity, let us denote the local time at zero for X , LX .t; 0/, by `X .t/, and
let .`X /�1.t/ WD inf¹s > 0 W `X .s/ > tº be the inverse local time at zero. The
inverse local time is a (possibly killed) subordinator, see, e.g. [36, p. 114]. Therefore
we may assume that the Laplace exponent f of .`X /�1 has the representation

f .�/ D aC b�C

Z
.0;1/

.1 � e��t / �.dt/:
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An interesting problem is to characterize the family of Bernstein functions that can
arise as Laplace exponents of inverse local times at zero of generalized diffusions.
This question was raised in [152, p. 217] and solved, independently, in [176] and
[182]. The answer is given in the following theorem.

Theorem 14.3. Let X be a generalized diffusion corresponding to m 2 MC and let
.`X /�1 be its inverse local time at zero. Then the Laplace exponent f of .`X /�1

belongs to CBF. Conversely, given any function f 2 CBF, there exists a generalized
diffusion such that f is the Laplace exponent of its inverse local time at zero.

The proof of this theorem relies heavily on Kreı̆n’s theory of strings. A full expo-
sition of this theory would lead us far away from the topics of this book. Therefore,
we will only outline the main ideas, and give more details for the parts of the proof
where the methods are close to our subject.

The first ingredient of the proof is probabilistic: for � > 0 the �-potential operator
of X is defined by

G�g.x/ WD Ex

Z 1
0

e��tg.Xt / dt; (14.3)

where x 2 Em and g is a non-negative Borel function on Œ0; r/. By Fubini’s theorem
and (14.2), the �-potential can be rewritten as

G�g.x/ D Ex

Z 1
0

�e��s
�Z s

0
g.Xt / dt

�
ds

D Ex

Z 1
0

�e��s
�Z

Œ0;r/
g.y/LX .s; y/m.dy/

�
ds

D

Z
Œ0;r/

Ex

�Z 1
0

�e��s LX .s; y/ ds

�
g.y/m.dy/

D

Z
Œ0;r/

Ex

�Z
Œ0;1/

e��s LX .ds; y/

�
g.y/m.dy/

D

Z
Œ0;r/

G�.x; y/g.y/m.dy/: (14.4)

Here G�.x; y/ is the kernel of the �-potential operator G� defined by

G�.x; y/ WD Ex

�Z
Œ0;1/

e��s LX .ds; y/

�
; x; y 2 Em: (14.5)

Note that for each x 2 Em, the function y 7! G�.x; y/ is continuous on Em. From
now on, each function u defined on Em is linearly extended to Œ0; r/ n Em; note that
this does not uniquely determine the extension on .l; r/. This applies also to G�.x; �/.

Proposition 14.4. For every � > 0 it holds that

G�.0; 0/ D
1

f .�/
:
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Proof. From (14.5) we have

G�.0; 0/ D E0

Z
Œ0;1/

e��t `X .dt/ D E0

Z 1
0

e�� .`
X /�1.t/ dt

D

Z 1
0

E0.e
�� .`X /�1.t//dt D

Z 1
0

e�tf .�/ dt D
1

f .�/
:

Note that, by Proposition 14.4 and Theorem 7.3, f 2 CBF if and only if � 7!
G�.0; 0/ 2 S. In order to show that � 7! G�.0; 0/ 2 S, we are going to identify
G�.0; 0/ with the so-called characteristic function of the string and show that the lat-
ter is a Stieltjes function. To do so we need the analytic counterpart of generalized
diffusions, namely the second-order differential operator A D d

dm
d
dx

which is for-
mally defined in the following way. The domain D0.A/ of A consists of functions
u W R! C such that

u.x/ D ˛ C ˇx C

Z
Œ0;x�

.x � y/g.y/m.dy/

D ˛ C ˇx C

Z x

0

Z
Œ0;y�

g.w/m.dw/ dy

(14.6)

where ˛; ˇ 2 C and g W R ! C. If x < 0 we interpret Œ0; x� as the empty set ;,
therefore u.x/ D ˛Cˇx when x < 0. ThenA is defined byAu WD g for u 2D0.A/.
Every function u in D0.A/ is absolutely continuous, linear outside of Em, and has
right u0

C
and left derivatives u0�. More precisely,

u0C.x/ D lim
y#x

u.y/ � u.x/

y � x
D ˇ C

Z
Œ0;x�

g.y/m.dy/; (14.7)

u0�.x/ D lim
y"x

u.y/ � u.x/

y � x
D ˇ C

Z
Œ0;x/

g.y/m.dy/: (14.8)

In particular, ˇ D u0�.0/. Moreover, for 0 6 x 6 l ,

u0C.x/ � u
0
�.x/ D m¹xºAu.x/: (14.9)

For z 2 C, let � D �.x; z/ and  D  .x; z/ satisfy the following integral equa-
tions for x 2 Œ0; r/:

�.x; z/ D 1C z
Z
Œ0;x�

.x � y/ �.y; z/m.dy/; (14.10)

 .x; z/ D x C z

Z
Œ0;x�

.x � y/ .y; z/m.dy/: (14.11)
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It can be shown that both equations above have unique solutions. We sketch the
construction of �. Let �0.x/ � 1 and define for n > 1

�n.x/ WD

Z
Œ0;x�

.x � y/ �n�1.y/m.dy/: (14.12)

Expressing �n as an n-fold integral, one can prove the following estimate, see [164,
p. 32] or [89, p. 162] for details:

�n.x/ 6
.x m.x//n

nn nŠ
6
.2x m.x//n

.2n/Š
: (14.13)

Then

�.x; z/ WD

1X
nD0

�n.x/z
n (14.14)

converges and satisfies (14.10).
Note that the equations (14.10) and (14.11) can be rewritten as A�.�; z/ D z�.�; z/,

A .�; z/ D z .�; z/, with the boundary conditions �.0; z/ D 1, �0�.0; z/ D 0,
 .0; z/ D 0 and  0�.0; z/ D 1. Here, and in the remaining part of this chapter,
the derivatives are with respect to the first variable.

In the remainder of this chapter we will use the following notational convention
when working with the functions � and  : if the second argument z is a real number,
we will write � instead of z. The functions � and  have the following properties:

(a) for each fixed x 2 Œ0; r/, z 7! �.x; z/ and z 7!  .x; z/ are real entire functions,
i.e. they are analytic functions on C which are real if z 2 R;

(b) for all x 2 .0; r/ and � > 0 we have �.x; �/ > 0, �0
C
.x; �/ > 0,  .x; �/ > 0

and  0
C
.x; �/ > 0;

(c) for every z 2 C such that Im z ¤ 0 we have �.x; z/ ¤ 0, �0
C
.x; z/ ¤ 0,

 .x; z/ ¤ 0 and  0
C
.x; z/ ¤ 0.

Property (a) follows from (14.14) and the analogous equation for  , and (b) follows
from (14.12) and the analogous equations for  ; (c) can be deduced from the follow-
ing Lagrange identity: if u; v 2D0.A/, then for all x 2 Œ0; r/,Z

Œ0;x�

�
v.y/Au.y/ � u.y/Av.y/

�
m.dy/

D
�
u0C.x/v.x/ � u.x/v

0
C.x/

�
�
�
u0�.0/v.0/ � u.0/v

0
�.0/

�
;

(14.15)

cf. [164, p. 24]. It follows from this that for any x 2 Œ0; r/ and z 2 C,

�.x; z/ 0C.x;z/ � �
0
C.x; z/ .x; z/

D �.x; z/ 0�.x; z/ � �
0
�.x; z/ .x; z/ D 1:

(14.16)
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Proposition 14.5. For x 2 Œ0; r/ and z 2 C n .�1; 0� define

h.x; z/ WD
 .x; z/

�.x; z/
:

Then h.x; �/ restricted to .0;1/ belongs to S. Moreover, for 0 6 x < r ,

h.x; z/ D

Z x

0

1
�.y; z/2

dy: (14.17)

Proof. If x D 0, then h.0; �/ � 0, so there is nothing to prove. Thus we assume
that x > 0. Since the denominator does not vanish, h.x; z/ is well defined for z 2
C n .�1; 0� and it is analytic on C n .�1; 0�. We will show that h.x; �/ switchesH"

and H#, which proves the claim because of Corollary 7.4. For 0 6 y < r define

�x.y; z/ WD � .y; z/C h.x; z/�.y; z/; (14.18)

and note that A�x.�; z/ D z�x.�; z/ on Œ0; x�. A straightforward calculation yields
that

�x.x; z/ D 0; .�x/
0
C.x; z/ D �

1
�.x; z/

;

�x.0; z/ D h.x; z/; .�x/
0
�.0; z/ D �1:

(14.19)

Let Im z ¤ 0. By the Lagrange identity (14.15) applied to �x.�; z/ and �x.�; Nz/, and
by (14.19), we get

.z � Nz/

Z
Œ0;x�

�x.y; z/�x.y; Nz/m.dy/

D
�
.�x/

0
C.x; z/�x.x; Nz/ � .�x/

0
C.x; Nz/�x.x; z/

�
�
�
.�x/

0
�.0; z/�x.0; Nz/ � .�x/

0
�.0; Nz/�.0; z/

�
D �

�
h.x; z/ � h.x; Nz/

�
D �

�
h.x; z/ � h.x; z/

�
:

Hence

Im z

Z
Œ0;x�
j�x.y; z/j

2m.dy/ D �Im
�
h.x; z/

�
:

Since
R
Œ0;x� j�x.y; z/j

2m.dy/ > 0, we have that Im z � Im h.x; z/ 6 0.
The last statement of the proposition is a consequence of

h.x; z/ D
 .x; z/

�.x; z/
D

Z x

0

�
 .y; z/

�.y; z/

�0
dy D

Z x

0

1
�.y; z/2

dy; (14.20)

where the last equality follows from (14.16).
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Let � > 0 and 0 < x 6 y < r . Then

�.y; �/ > 1C ��1.y/ D 1C �
Z y

0
m.w/ dw

> �
Z y

x=2
m.w/ dw > �

y

2
m
�x

2

�
:

(14.21)

Therefore, Z r

x

dy

�.y; �/2
6

4
�2m.x=2/2

Z r

x

dy

y2 <1:

Since �.�; �/ is bounded away from zero on Œ0; x�, it follows thatZ r

0

dy

�.y; �/2
<1; (14.22)

and it can be easily shown that

lim
�!1

Z r

0

dy

�.y; �/2
D 0: (14.23)

Definition 14.6. The function h W .0;1/! Œ0;1/ defined by

h.�/ WD lim
x!r

h.x; �/ D lim
x!r

 .x; �/

�.x; �/
D

Z r

0

dy

�.y; �/2
(14.24)

is called the characteristic function of the string m 2MC.

It follows from Proposition 14.5 and (14.22) that h is well defined. The next the-
orem is one of the fundamental results of Kreı̆n’s theory of strings.

Theorem 14.7. (i) Let m 2MC be a string. Then its characteristic function h is a
Stieltjes function such that h.C1/ D 0, and hence it has the representation

h.�/ D

Z
Œ0;1/

1
�C t

�.dt/;

where � is a measure on Œ0;1/ such that
R
.0;1/.1C t /

�1 �.dt/ <1.

(ii) Conversely, for any h 2 S such that h.C1/ D 0 there exists a unique string
m 2MC such that h is the characteristic function of m.

Proof. (i) It was shown in Proposition 14.5 that h.x; �/ 2 S for every x 2 Œ0; r/.
By Definition 14.6, h is a pointwise limit of Stieltjes functions which is, by Theo-
rem 2.2(iii), again a Stieltjes function. Formula (14.23) implies that h.C1/ D 0,
whence the form of the representation.

(ii) The proof of the converse is beyond the scope of this book and we refer the
interested reader to [89] and [164].
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Remark 14.8. If we drop the requirement thatm.x/ > 0 for every x > 0 in the defini-
tion of m 2MC, then c WD infEm may be strictly positive. The discussions leading
to Theorem 14.7 remain almost literally the same, except that the limit in (14.23) turns
out to be equal to c. Theorem 14.7 is then slightly extended to encompass all Stieltjes
functions.

Proposition 14.9. Let m 2MC be a string and define for 0 6 x < r and � > 0 the
function �.x; �/ WD � .x; �/C h.�/�.x; �/. Then

�.x; �/ D �.x; �/

Z r

x

dy

�.y; �/2
; (14.25)

A�.�; �/ D ��.�; �/ and �0�.0; �/ D �1.

Proof. By (14.24) and (14.20)

�.x; �/ D � .x; �/C �.x; �/

Z r

0

dy

�.y; �/2

D ��.x; �/

Z x

0

dy

�.y; �/2
C �.x; �/

Z r

0

dy

�.y; �/2

D �.x; �/

Z r

x

dy

�.y; �/2
:

That A�.�; �/ D ��.�; �/ follows immediately from the same property of �.�; �/ and
 .�; �/, while �0�.0; �/ D �1 is a straightforward computation.

For � > 0 let

R�.x; y/ WD

´
�.x; �/�.y; �/; 0 6 x 6 y < r;
�.x; �/�.y; �/; 0 6 y 6 x < r;

(14.26)

and note that by Proposition 14.9

R�.0; 0/ D �.0; �/�.0; �/ D h.�/: (14.27)

Thus, � 7! R�.0; 0/ 2 S, see also Remark 11.8.
For g 2 L2..�1; r/;m/ define the �-resolvent operator

R�g.x/ WD

Z
Œ0;r/

R�.x; y/g.y/m.dy/: (14.28)

It is easy to prove that R� is a bounded linear operator from L2..�1; r/;m/ to itself,
see [89, p. 168]. In what follows we will need the L2-domain of the operator A that
appears in [89, p. 151].
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Definition 14.10. Let L2 WD L2..�1; r/;m/.
(i) If l Cm.l�/ D1 and

R
Œ0;r/ x

2m.dx/ D1, let

D.A/ WDD0.A/ \
®
u 2 L2

W Au 2 L2; u0�.0/ D 0
¯
:

(ii) If l Cm.l�/ D1 and
R
Œ0;r/ x

2m.dx/ <1, let

D.A/ WDD0.A/ \
®
u 2 L2

W Au 2 L2; u0�.0/ D u
0
C.l�/ D 0

¯
:

(iii) If l Cm.l�/ <1, let

D.A/ WDD0.A/ \
®
u 2 L2

W Au 2 L2; u0�.0/ D .r � l/u
0
C.l/C u.l/ D 0

¯
:

Note, that in case (ii) of Definition 14.10, the assumption that
R
Œ0;r/ x

2m.dx/ <1

implies m.l�/ < 1, hence r D l D 1. Therefore, u0
C
.l�/ D 0 means that

limx!1 u0C.x/ D 0. In case (iii) it is more convenient to write the assumption in
terms of the function u on Œ0; l �. Note that by (14.9), u0

C
.l/ D u0�.l/C m¹lºAu.l/.

Thus, if r <1, the condition .r � l/u0
C
.l/C u.l/ D 0 can be restated as

�m¹lºAu.l/ D u0�.l/C
1

r � l
u.l/: (14.29)

If r D 1, we may interpret the condition .r � l/u0
C
.l/ C u.l/ D 0 as u0

C
.l/ D 0,

which is equivalent to
�m¹lºAu.l/ D u0�.l/: (14.30)

Lemma 14.11. Let g 2 L2..�1; r/;m/. Then u D R�g solves the equation �u �
Au D g. Moreover, R�g 2 D.A/, and it is the unique solution of �u � Au D g

belonging to D.A/.

A proof of this lemma can be found in [89, Theorem on p. 167] and [164].
The next step is the identification of the probabilistic concept of the �-potential

with the analytic concept of the �-resolvent.
Let Cb.Em/ denote the space of bounded continuous functions on Em � Œ0; r/.

For x 2 Em, and g 2 Cb.Em/, let

G�g.x/ D Ex

Z 1
0

e��tg.Xt / dt:

Since G�1 6 1=�, G�g is well defined for all g 2 Cb.Em/. For x 2 Em set
T B
C

x D inf¹t > 0 W BCt D xº and TXx D inf¹t > 0 W Xt D xº. Then TXx D CTBCx
.

Lemma 14.12. For all x 2 Em we have

lim
Em3y!x

TXy D T
X
x ; Px � a.s. (14.31)
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Proof. Note that by the monotone convergence theorem, Ctn ! Ct as tn ! t . This
proves that (14.31) is true as y ! x from the left. Suppose now that y ! x from the
right. Then

TXy D C.T
BC

y / D

Z
Œ0;l�

L.T B
C

y ; w/m.dw/ D

Z
Œ0;y�

L.T B
C

y ; w/m.dw/

Px-a.s. where the last equality usesL.T B
C

y ; w/ D 0Px-a.s. for allw > y. Sincem is
finite on compact intervals, the claim follows by the dominated convergence theorem
and the fact that T B

C

y ! T B
C

x Px-a.s. as y ! x.

Lemma 14.13. G� W Cb.Em/! Cb.Em/ and G� W Bb.Em/! Cb.Em/.

Proof. Let g 2 Cb.Em/ and x 2 Em. Assume that x is not isolated from the right
within Em. We will prove the right-continuity of G�g at x. Pick y > x; by the strong
Markov property we find for all x; y 2 Em that

G�g.x/ D Ex

 Z TXy

0
e��tg.Xt / dt

!
C Ex.e

��TXy /G�g.y/: (14.32)

Letting y ! x we can use Lemma 14.12 to see that the first term on the right-hand
side of (14.32) converges to zero, while Ex.e��T

X
y / converges to 1; thus G�g.y/!

G�g.x/. In the same way one checks the left-continuity at points in Em which are
not isolated from the left.

The above argument uses only the fact that g 2 Bb.Em/, i.e. the second assertion
of the lemma follows at once.

Because of the resolvent equation, the range D WD G�.Cb.Em// of G� does not
depend on � > 0. Moreover,

lim
�!1

�G�g.x/ D Ex

�
lim
�!1

�

Z 1
0

e��tg.Xt / dt

�
D Ex

�
lim
�!1

Z 1
0

e�sg.Xs=�/

�
ds

D Ex

�Z 1
0

e�sg.X0/ ds

�
D g.x/;

implying that G� is one-to-one, hence invertible. Define

QA WD �I �G�1
� WD! Cb.Em/

and note that, again by the resolvent equation, QA does not depend on � > 0.
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For 0 < y < l and x;w 2 Œ0; y/ let

GB
C

y .x; w/ D .y � x/ ^ .y � w/ (14.33)

be the Green function of BC killed upon hitting y.

Lemma 14.14. Let g W Œ0; y� ! R be a bounded Borel function. Then for every
x 2 Œ0; y/

Ex

Z TXy

0
g.Xt / dt D

Z
Œ0;y�

GB
C

y .x; w/g.w/m.dw/:

Proof. By a change of variables and Fubini’s theorem

Ex

Z TXy

0
g.Xt / dt D Ex

Z C.TB
C

y /

0
g.BC

�.t/
/dt

D Ex

Z
Œ0;TB

C
y �

g.BCt / C.dt/

D Ex

Z
Œ0;TB

C
y �

g.BCt /

Z
Œ0;r/

L.dt; w/m.dw/

D

Z
Œ0;y�

 
Ex

Z
Œ0;TB

C
y �

g.BCt / L.dt; w/

!
m.dw/

D

Z
Œ0;y�

�
g.w/Ex

�
L.T B

C

y ; w/
��
m.dw/

D

Z
Œ0;y�

g.w/GB
C

y .x; w/m.dw/:

In the penultimate line we used that L.dt; w/ is supported on ¹BCt D wº, and in the
last line we used the well-known formula relating the Green function and the local
time for (reflected) Brownian motions.

Let x 2 Em be positive and apply Dynkin’s formula for the stopping time TXx , see
[152, pp. 98–99]. For u 2D

E0

�
u
�
X.TXx /

��
� u.0/ D E0

 Z TXx

0

QAu.Xt / dt

!
:
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By Lemma 14.14 and the obvious equality X.TXx / D x we get

u.x/ D u.0/C
Z
Œ0;x�

GB
C

x .0; y/ QAu.y/m.dy/

D u.0/C
Z
Œ0;x�

.x � y/ QAu.y/m.dy/:

This formula clearly shows that u 2D0.A/, Au D QAu and u0�.0/ D 0.
Take g 2 Cb.Em/ \ L2..�1; r/;m/ and � > 0. Then G�g 2D �D0.A/, and

AG�g D QAG�g D �G�g � g;

i.e. �G�g � AG�g D g. Moreover, .G�g/0�.0/ D 0.

Proposition 14.15. For every g 2 Cb.Em/ \ L2..�1; r/;m/ we have G�g D R�g.

Proof. Let g 2 Cb.Em/\L2..�1; r/;m/. In the paragraph preceding Lemma 14.14
it was shown that G�g solves the equation �u � Au D g. If we show that G�g 2
D.A/, the assertion follows by the uniqueness of the solution, cf. Lemma 14.11.
Note that .G�g/0�.0/ D 0. Also, G�g 2 L2..�1; r/;m/ and AG�g D �G�g � g 2
L2..�1; r/;m/.

Suppose that we are in case (i) of Definition 14.10, that is l C m.l�/ D 1 andR
Œ0;r/ x

2m.dx/ D1. Then there is nothing else to show, i.e. G�g 2D.A/.
Suppose now that we are in case (ii) of Definition 14.10, that is l C m.l�/ D 1

and
R
Œ0;r/ x

2m.dx/ < 1. By the remark following Definition 14.10, it remains to
show that limx!1 u0C.x/ D 0. Suppose that g > 0 and g vanishes on Œy;1/ for
some y 2 Em. By the strong Markov property we see for all x 2 Em that

G�g.x/ D Ex

 Z TXy

0
e��tg.Xt / dt

!
C Ex.e

��TXy /G�g.y/; (14.34)

and if x > y it follows that

G�g.x/ D Ex.e
��TXy /G�g.y/: (14.35)

ThusG�g.�/ is proportional toE:.e��T
X
y / on Œy;1/\Em. Let y < x < v, y; x; v 2

Em. Again by the strong Markov property,

Ev.e
��TXy / D Ev.e

��TXx /Ex.e
��TXy /;
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showing that x 7! Ex.e
��TXy / is decreasing. Furthermore, let w 2 Em be such that

y < w < x. Then

Ex.e
��TXy / D Ex.e

��TXy 1
¹TXw <T

X
v º
/C Ex.e

��TXy 1
¹TXv <T

X
w º
/

D Ex
�
e��T

X
w Ew.e

��TXy /1
¹TXw <T

X
v º

�
C Ex

�
e��T

X
v Ev.e

��TXy /1
¹TXv <T

X
w º

�
6 Px.TXw < TXv /Ew.e

��TXy /C Px.T
X
v < TXw /Ev.e

��TXy /:

Since
Px.T

X
v < TXw / D Px.T

BC

v < T B
C

w / D
v � x

v � w
;

it follows that x 7! Ex.e
��TXy / is convex in Œy;1/ \ Em (in the sense that, if

we interpolate it linearly in Œy;1/ n Em, it would be a convex function on Œy;1/).
Thus we know that x 7! G�g.x/ is a non-negative decreasing and convex func-
tion on Œy;1/ \ Em. This implies that limx!1.G�g/0C.x/ D 0. The case of
g taking both signs follows by using g D gC � g�. Thus, G�g D R�g for all
g 2 Cb.Em/ \ L

2..�1; r/;m/ having compact support. To finish the proof we use
the fact that Cb.Em/\L2..�1; r/;m/\Cc.�1; r/ is dense inL2..�1; r/;m/ and
the continuity of G� and R�.

Finally, assume that we are in case (iii) of Definition 14.10. We restrict ourselves
to the case l < r < 1; the other two cases, l D r < 1 and l < r D 1, are
similar. Assume that g > 0 and that g vanishes on Œy; l� for some y 2 Em, y < l . For
simplicity we write u D G�g and we remark that �u D Au on Œy; l�. By the same
argument as in case (ii) it follows that x 7! G�g.x/ is decreasing on Œy; l�. Moreover,
since Pl.TXy <1/ > 0, we get that

u.l/ D El.e
��TXy / u.y/ > 0:

Since for x > y

u0�.x/ D

Z
Œ0;x/

Au.w/m.dw/ D

Z
Œ0;y/

Au.w/m.dw/C �

Z
Œy;x/

u.w/m.dw/;

we see that u0� is non-decreasing on Œy; l�. Further,

u0�.l/ � u
0
�.y/ D

Z
Œy;l/

Au.w/m.dw/

D �

Z
Œy;l/

u.w/m.dw/

6 �u.y/mŒy; l/ <1;
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implying that u0�.l/ <1. By Dynkin’s formula we get

Au.l/ D lim
x!l

Pl.T
X
x <1/u.x/ � u.l/

El.T
X
x /

: (14.36)

This can be rewritten in the following form

Au.l/El.T
X
x /

Pl.T
X
x <1/.x � l/

D
u.x/ � u.l/

x � l
C

1 � Pl.TXx <1/�1

x � l
u.l/C

El.T
X
x /

x � l
o.1/;

(14.37)

as x ! l . Note that

Px.T
X
y <1/ D Px.T

BC

x < T B
C

r / D
r � l

r � x
:

Therefore,

lim
x!l

1 � Pl.TXx <1/�1

x � l
D lim
x!l

1 � r�x
r�l

x � l
D

1
r � l

:

Let T B
C

r denote the lifetime of BC (which is the same as the first hitting time to r of
reflected (non-killed) Brownian motion), and recall that

ElL.T
BC

x ^ T B
C

r ; w/ D GB.x;r/.l; w/ D
.l � x/.r � w/

r � x
;

where GB
.x;r/

denotes the Green function of Brownian motion killed upon exiting the
interval .x; r/. Therefore,

El.T
X
x / D El.CTBCx

/ D El

Z
Œ0;r/

L.T B
C

x ; w/m.dw/

D El

Z
Œx;l�

L.T B
C

x ^ T B
C

r ; w/m.dw/

D

Z
Œx;l�

El
�
L.T B

C

x ^ T B
C

r ; w/
�
m.dw/

D

Z
Œx;l�

.l � x/.r � w/

r � x
m.dw/;

and we conclude that

lim
x!l

El.T
X
x /

x � l
D � lim

x!l

Z
Œx;l�

r � w

r � x
m.dw/ D �m¹lº:
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If we let x ! l in (14.37) we get

�m¹lºAu.l/ D u0�.l/C
1

r � l
u.l/;

which is (14.29). From this point onwards we can argue as in case (ii). This finishes
the proof.

Proof of Theorem 14.3. By (14.4) and (14.28), the statement of Proposition 14.15 can
be written as Z

Œ0;r/
G�.x; y/g.y/m.dy/ D

Z
Œ0;r/

R�.x; y/g.y/m.dy/

for all (non-negative) continuous functions g 2 L2..�1; r/;m/. For x 2 Em, both
G�.x; �/ and R�.x; �/ are continuous on Œ0; r/. Hence it follows that

G�.x; y/ D R�.x; y/ for all .x; y/ 2 Em � Œ0; r/: (14.38)

In particular,
G�.0; 0/ D R�.0; 0/ D h.�/;

which shows that � 7! G�.0; 0/ 2 S. This completes the proof of the direct part of
Theorem 14.3.

In order to prove the converse, let f 2 CBF and define h W .0;1/ ! .0;1/
by h.�/ D 1=f .�/. Then h 2 S by Theorem 7.3, and Theorem 14.7 shows that
there exists a unique string m 2 MC having h as its characteristic function. Let
X D .Xt /t>0 be a generalized diffusion corresponding to m. It is clear that the
Laplace exponent of the inverse local time at zero of X is equal to f .

Note that Theorem 14.3 and Theorem 14.7 give a one-to-one correspondence be-
tween f 2 CBF, m 2 MC and h 2 S with h.C1/ D 0. Unfortunately, the proofs
do not give any insight into the explicit relationship between the Lévy triplet .a; b; �/
of f , the string m, and the Stieltjes measure � of h. In the remainder of this section,
we are going to establish some connections among them. Throughout the rest of this
section we adopt the convention that 1

0 D C1 and 1
C1
D 0.

We start with a probabilistic explanation of the connections between the Lévy triplet
.a; b; �/ and the stringm. Let us denote the local time at zero L.t; 0/ for BC by `.t/,
and let `�1.t/ WD inf¹s > 0 W `.s/ > tº be the inverse local time of BC at zero. The
inverse local time of X at zero, .`X /�1, has the following representation:

.`X /�1.t/ D C`�1.t/ D

Z
Œ0;1/

L
�
`�1.t/; x

�
m.dx/: (14.39)

Note that inf
®
t > 0 W .`X /�1.t/ D 1

¯
D `X .�/ D `.T B

C

r / where � is the lifetime
of X and T B

C

r the lifetime of BC. Recall also the well-known fact that `.T B
C

r / is
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an exponential random variable with parameter r�1, cf. [245, Proposition VI 4.6].
Hence, the lifetime of .`X /�1 is exponentially distributed with parameter r�1, that is
a D r�1. Now we get from (14.39) and L.`�1.t/; 0/ D t that

.`X /�1.t/ D m¹0º t C
Z
.0;1/

L
�
`�1.t/; x

�
m.dx/:

The second term is a pure jump subordinator, hence the drift of .`X /�1 is m¹0º and
b D m¹0º. Finally, we use the fact that .L.`�1.t/; x//t>0 is for every x > 0 a
subordinator with the Lévy density x�2e��=x , see [152, Problem 4, p. 73]. This
implies that E0ŒL.`

�1.1/; x/� D 1 for every x > 0. Hence, by (14.39)

E0
�
.`X /�1.1/

�
D

Z
Œ0;1/

E0
�
L.`�1.1/; x/

�
m.dx/ D mŒ0;1/:

The connection between the Lévy triplet .a; b; �/ and the measure � is straightfor-
ward. Indeed,

1 D f .�/h.�/ D
�
aC b�C

Z
.0;1/

.1 � e��t / �.dt/
��Z

Œ0;1/

1
�C t

�.dt/

�
;

and letting �! 0 proves that

a D

�Z
Œ0;1/

�.dt/

t

��1

2 Œ0;1/:

Similarly,

1 D
f .�/

�
�h.�/ D

�
a

�
C b C

1
�

Z
.0;1/

.1 � e��t / �.dt/
��Z

Œ0;1/

�

�C t
�.dt/

�
;

and letting �!1 gives b D �Œ0;1/�1 2 Œ0;1/; letting �! 0 we get

E0
�
.`X /�1.1/

�
D b C

Z
.0;1/

t �.dt/ D
1

�¹0º
2 .0;1�:

This proves already our next result.

Proposition 14.16. The following relations hold:

mŒ0;1/ D
1

�¹0º
D E0

�
.`X /�1.1/

�
;

m¹0º D
1

�Œ0;1/
D b;

r D

�Z
Œ0;1/

�.dt/

t

�
D

1
a
:
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If the characteristic function h of the string is known, one can work out the Lévy
triplet .a; b; �/ of f : let

h?.�/ WD
1

�h.�/

be the Stieltjes function which is conjugate to h in the sense that f ? WD 1=h? is
conjugate to f . Write

h?.�/ D
c?

�
C d? C

Z
.0;1/

1
�C t

�?.dt/

so that

f .�/ D �h?.�/ D c? C d?�C

Z
.0;1/

�

�C t
�?.dt/

D c? C d?�C

Z 1
0
.1 � e��t /n?.t/ dt;

where
n?.t/ D

Z
.0;1/

se�st �?.ds/

is the completely monotone density of �. It can be shown, see [187] or [89], that h?

is the characteristic function of the so-called dual string m? which is, by definition,
the right-continuous inverse of the string m: m?.x/ WD inf¹y > 0 W m.y/ > xº.

Finding explicitly the string m 2 MC such that a given f 2 CBF is the Laplace
exponent of the inverse local time at zero of a generalized diffusion X correspond-
ing to m is known as the Kreı̆n representation problem. Equivalently, the problem
can be stated as follows: given g 2 CM, the density of the Lévy measure � of f ,
�.d�/ D g.�/ d�, find the operator A D d

dm
d
dx

which generates the generalized
diffusion X . Surprisingly, there are very few examples of (classes of) completely
monotone functions for which this problem has been solved. In the next table we
record those classes with the corresponding operator A. The table was established by
C. Donati-Martin and M. Yor in [81] and [82], except for the first row which is from
[216].

g.�/ A D
d

dm

d

dx

c

�˛C1 ; 0 < ˛ < 1 A�˛ WD
1
2
d 2

dx2 C
ı � 1

2x
d

dx
; ı D 2.1 � ˛/

c

�˛C1 e
���; 0 < ˛ < 1; � > 0

A�˛ C
p

2�
bK 0˛�p2�x

�
bK˛�p2�x

� d
dx
;

bK˛.x/ WD x˛K˛.x/; x > 0
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g.�/ A D
d

dm

d

dx

c

�
e���; � > 0

1
2
d 2

dx2 C

 
1

2x
C
p

2�
bK 00�p2�x

�
bK0
�p

2�x
�! d

dx

c

�
�

sinh.��/

�˛C1

e.1�˛/��;

0 < ˛ < 1; � > 0

A�˛ � �x
d

dx

c

�
�

sinh.��/

�˛C1

; 0 < ˛ < 1 A�˛ C �x
bK 0
˛=2.�x

2=2/bK˛=2.�x
2=2/

d

dx

Explicit Kreı̆n representations

14.2 First passage times

We are now going to study the distributions of the first passage times of the general-
ized diffusion X . For y 2 Em define

TXy WD inf¹t > 0 W Xt D yº:

Formula (14.5) states that

G�.x; y/ D Ex

�Z
Œ0;1/

e��s LX .ds; y/

�
; x; y 2 Em;

and since the local time LX .s; y/ is equal to zero for all times s < TXy , it follows
from the strong Markov property that

G�.x; y/ D Ex

 Z
ŒTXy ;1/

e��s LX .ds; y/

!
D Ex.e

��TXy /G�.y; y/:

Because of (14.26) and (14.38) we get

Ex.e
��TXy / D

G�.x; y/

G�.y; y/
D

8<:
�.x;�/
�.y;�/

; 0 6 x 6 y < r;
�.x;�/
�.y;�/

; 0 6 y 6 x < r:
(14.40)

Letting x ! 0C we see

Px.T
X
y <1/ D

8̂<̂
:

1; 0 6 x 6 y < r;
r�x
r�y

; 0 6 y < x < r <1;
1; 0 6 y < x < r D1:
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We could also derive this formula fromPx.T B
C

y < T B
C

r / D .y�x/=.y�r/. Let �xy
be the distribution of TXy under Px . Then ExŒe��T

X
y � D L .�xy I�/. If 0 6 x < y,

the first row of (14.40) gives that

L .�xy I�/ D
�.x; �/

�.y; �/
: (14.41)

In order to identify the class of distributions having this Laplace transform, we must
study the zeroes of �.x; �/ in greater detail.

Assume that x > 0 and recall that for every z 2 C with Im z ¤ 0 we have
�.x; z/ ¤ 0 and �0

C
.x; z/ ¤ 0. Hence, the only possible zeroes of �.x; �/ are on the

negative real axis. Since �.x; �/ is analytic, the zeroes are discrete. Let .zj;x/j>1 be
the family of all zeroes of �.x; �/ arranged in decreasing order. Let � < 0 and apply
the Lagrange identity (14.15) to �.x; �/ and �.x; �C h/, h 2 R sufficiently small, to
get that

h

Z
Œ0;x�

�.y; �C h/�.y; �/m.dy/ D �0C.x; �C h/�.x; �/ � �.x; �C h/�
0
C.x; �/:

Dividing by h and letting h! 0 yieldsZ
Œ0;x�

�.y; �/2m.dy/ D �.x; �/
@

@�
�0C.x; �/ � �

0
C.x; �/

@

@�
�.x; �/:

This means that all zeroes of �.x; �/ are simple. In particular, for � D zj;x the above
equation becomesZ

Œ0;x�
�.y; zj;x/

2m.dy/ D ��0C.x; zj;x/
@

@�
�.x; zj;x/; (14.42)

and we conclude that �0
C
.x; zj;x/ and @

@�
�.x; zj;x/ have opposite signs.

Lemma 14.17. For each x 2 Œ0; r/,

�.x; z/ D
Y
j

�
1 �

z

zj;x

�
: (14.43)

If m has at least n points of increase in .0; x/, then �.x; �/ grows at least as fast as a
polynomial of degree n.

Proof. By (14.14) and (14.13)

j�.x; z/j 6
1X
nD0

.2x m.x//n

.2n/Š
jzjn D

1X
nD0

.
p

2xm.x/jzj/2n

.2n/Š

6 exp
�p

2x m.x/
p
jzj
�
:
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This shows that �.x; �/ is an entire function of order at most 1=2, and the factorization
(14.43) follows from Hadamard’s factorization theorem, cf. [208, Vol. 2, p. 289].

We show now the second statement of the lemma. First recall that both �.�; �/ and
�0
C
.�; �/ are increasing for � > 0. Let 0 < u < v < w. Since

�0C.v; �/ D �

Z
Œ0;v�

�.y; �/m.dy/;

we conclude that for all � > 0

�0C.v; �/ > �
Z
.u;v�

�.y; �/m.dy/ > �
Z
.u;v�

�.u; �/m.dy/ D ��.u; �/m.u; v�:

This gives

�.w; �/ D �.v; �/C

Z w

v

�0C.y; �/ dy

>
Z w

v

�0C.v; �/ dy

D .w � v/�0C.v; �/

> �.w � v/m.u; v� �.u; �/:

(14.44)

We show now that �.x; �/ grows at least as fast as a polynomial of degree n. In-
deed, choose 2n C 1 points 0 < x0 < x1 < � � � < x2n D x so that every interval
.x2k�2; x2k�1/ contains a point of increase of m. Then m.x2k�2; x2k�1� > 0 for all
k D 1; 2; : : : ; n. Using repeatedly the inequality (14.44) with x2k�2 < x2k�1 < x2k ,
we find

�.x; �/ > �n
nY
kD1

.x2k � x2k�1/

nY
kD1

m.x2k�2; x2k�1� �.x0; �/

> �n
nY
kD1

.x2k � x2k�1/

nY
kD1

m.x2k�2; x2k�1�;

where we used that �.�; �/ > 1 for every � > 0. This concludes the proof.

Remark 14.18. One can adapt the argument used in in Lemma 14.17 to show that

 .x; z/

x
D

Y
j

�
1 �

z

wj;x

�
; (14.45)

where .wj;x/j>1 is the family of all zeroes of  .x; �/ arranged in decreasing order.
The zeroes are also simple. Since  0

C
.x; z/�.x; z/� .x; z/�0

C
.x; z/ D 1, it follows

that �.x; �/ and  .x; �/ have no common zeroes.
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As a consequence of the convergence of the infinite product (14.43), the seriesP
j 1=jzj;xj < 1 converges. Moreover, if 0 < y < x, then �.x; �/ may have more

zeroes than �.y; �/. If there are infinitely many points of increase of m in .0; x/, then
�.x; �/ will have an infinite, but countable, number of zeroes.

We discuss now the relative position of the zeroes of �.x; �/ and �.y; �/ for 0 < y <
x. For simplicity assume that both .zj;x/j2N and .zj;y/j2N are infinite sequences.
The argument when these sequences are of different length is similar, the difference
being that some of the zeroes do not exist.

Lemma 14.19. Assume that 0 < y < x. Then zj;y < zj;x < 0 for all j > 1.

Proof. We begin with a few remarks that will be useful in the proof. First, since the
zeroes of �.x; �/ are simple, the function � 7! �.x; �/ changes sign every time it
passes through a zero. Secondly, the function .x; �/ 7! �.x; �/ is jointly continuous.
Thirdly, �.0; �/ � 1, and also �.�; 0/ � 1.

Now fix x > 0. We claim that �.y; �/ > 0 for all .y; �/ 2 A1;x WD Œ0; x�� Œz1;x; 0�
such that .y; �/ ¤ .x; z1;x/. This will prove that z1;y < z1;x for all 0 < y < x.
Indeed, since z1;x is the largest zero of �.x; �/, it holds that �.x; �/ > 0 for all
� 2 .z1;x; 0�. Suppose that there exists some .v; �/ 2 A1;x , .v; �/ ¤ .x; z1;x/, such
that �.v; �/ D 0. Because of the continuity of � the minimum

v1 D min
®
v 2 Œ0; x� W 9� 2 Œz1;x; 0� such that �.v; �/ D 0 and .v; �/ 2 A1;x

¯
is attained. Since �.0; �/ � 1 and �.x; �/ > 0 for all � 2 .z1;x; 0�, we have 0 < v1 <

x. Choose �1 2 Œz1;x; 0/ such that �.v1; �1/ D 0. Assume first that �1 > z1;x . Using
the fact that the zeroes of �.v1; �/ are discrete and that �.v1; �/ changes sign every time
it passes through a zero, we have, for sufficiently small � > 0, either �.v1; �/ < 0 for
� 2 .�1 � �; �1/, or �.v1; �/ < 0 for � 2 .�1; �1 C �/.

Assume that �.v1; �/ < 0, � 2 .�1 � �; �1/. Since ¹� < 0º is open in A1;x ,
there would exist a point .v; �/ with v < v1 such that �.v; �/ < 0. This, however,
contradicts the minimality of v1 which entails that �.v1; �/ > 0 for � 2 .�1 � �; �1/.

The same argument yields �.v1; �/ > 0 for � 2 .�1; �1C �/ and sufficiently small
� > 0.

This argument tells us that �1 6 z1;x . Hence, �.v; �/ ¤ 0 for all .v; �/ 2 Œ0; x� �
.z1;x; 0�.

We now rule out the possibility that �1 D z1;x . Indeed, since @
@�
�.x; z1;x/ > 0 and

@
@�
�.v1; z1;x/ > 0, it follows from (14.42) that �0

C
.x; z1;x/ < 0 and �0

C
.v1; z1;x/ < 0.

This implies that there exists v 2 .v1; x/ such that �.v; z1;x/ D 0 and �0
C
.v; z1;x/ >

0. On the other hand, we know already that z1;x is the largest zero of �.v; �/, i.e.
z1;v D z1;x . By (14.42), �0

C
.v; z1;x/ D �0

C
.v; z1;v/ D �

@
@z
�.v; z1;v/ < 0, which

is impossible. This concludes the proof that �.v; �/ ¤ 0 for every .v; �/ 2 A1;x ,
.v; �/ ¤ .x; z1;x/. Thus, we have z1;y < z1;x for 0 < y < x.
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We continue the proof by showing that z2;y < z2;x . Define

A2;x WD
®
.v; �/ W 0 6 v 6 x; z2;x 6 � 6 z1;v

¯
and note that � < 0 immediately below the curve ¹.v; z1;v/ W 0 6 v 6 xº. As above,
by continuity there exists

v2 D min
®
v W 9� 2 Œ0; x/ such that �.v; �/ D 0 and .v; �/ 2 A2;x

¯
:

Choose �2 such that �.v2; �2/ D 0 and assume that �2 > z2;x . We argue in the
same way as in the first part of the proof. Since the zeroes of �.v2; �/ are discrete
and since �.v2; �/ changes sign every time it passes through a zero, we have, for
sufficiently small � > 0, either �.v2; �/ > 0 for � 2 .�2 � �; �2/, or �.v2; �/ > 0
for � 2 .�2; �2 C �/. Suppose that �.v2; �/ > 0, � 2 .�2 � �; �2/. Since ¹� > 0º
is open in A2;x , there exists a point .v; �/ with v < v2 such that �.v; �/ > 0. But
this contradicts the minimality of v2. Therefore, �.v2; �/ < 0 for � 2 .�2 � �; �2/.
The same argument yields that �.v2; �/ < 0 for � 2 .�2; �2 C �/ and small enough
� > 0. This proves that it cannot happen that �2 > z2;x; consequently, �.v; �/ ¤ 0
for all .v; �/ 2 A2;x , with � < z2;x . To rule out the possibility that �2 D z2;x we
argue as in the first part of the proof. Thus, �.v; �/ ¤ 0 and, in fact, �.v; �/ < 0
for all .v; �/ 2 A2;x , .v; �/ ¤ .x; z2;x/. This proves that we have z2;y < z2;x for
0 < y < x.

The inequalities zj;y < zj;x , j > 3, can be seen in the same way.

Recall that �xy is the distribution of the first passage time TXy at level y of the
process X started at x.

Theorem 14.20. If 0 6 x < y < r , then �xy 2 BO and �0y 2 CE � GGC.

Proof. We begin with the case x D 0, that is �0y . By (14.41) and Lemma 14.17, we
have

L .�0y I�/ D
1

�.y; �/
D

Y
j

�
1C

�

jzj;y j

��1

:

Since the factors on the right-hand side are Laplace transforms of exponential distri-
butions, Definition 9.14 shows that �0y 2 CE.

Now suppose that x ¤ 0. Since x < y, Lemma 14.19 shows that jzj;xj > jzj;y j. A
consequence of Lemma 14.17 is that

P
j 1=jzj;y j <1. Hence,

L .�xy I�/ D
�.x; �/

�.y; �/
D

Y
j

�
1C

�

jzj;xj

��
1C

�

jzj;y j

��1

is well defined and strictly positive. Corollary 9.16 tells us that �xy 2 BO.



14.2 First passage times 207

In the remaining part of this chapter we will give a more precise description of the
first passage distributions of generalized diffusions. All generalized diffusions which
we have studied so far live on Em � Œ0; r/ and are, in fact, generalized reflected
diffusions. We will now consider generalized diffusions on open intervals of the type
.�r1; r2/, 0 < r1; r2 6 1. The definition of these processes follows closely the one
of generalized reflected diffusions.

Let m W R ! Œ�1;1� be a non-decreasing, right-continuous function with
m.0�/ D 0. The family of all such functions will be denoted by M. We use the
same letter m to denote the measure on R corresponding to m 2 M. We associate
with m 2M two functions m1; m2 W Œ0;1/! Œ0;1� defined by

m1.x/ D

´
�m..�x/�/; x > 0;
0; x < 0;

and m2.x/ D

´
m.x/; x > 0;
0; x < 0:

Bothm1 andm2 are non-decreasing and right-continuous,m1.0/ D �m.0�/ D 0 and
m2.0/ > 0. For i D 1; 2, ri D sup¹x W mi .x/ <1º 61, let Emi be the support of
mi restricted to Œ0; ri /, and note that 0 2 Emi need not hold. Set li WD supEmi 61.
In view of Remark 14.8, we may regard mi as a string of length ri .

Let B D .Bt ;Px/t>0;�r1<x<r2 be a standard one-dimensional Brownian motion
killed upon hitting ¹�r1; r2º; if r1 D r2 D 1, then B is just a Brownian motion. Let
L WD .L.t; x//t>0;�r1<x<r2 be its jointly continuous local time and define

Ct D

Z
.�r1;r2/

L.t; x/m.dx/:

By � D .�t /t>0 we denote the right-continuous inverse of C . Define a process X D
.Xt /t>0 via the time-change of B by the process � , Xt WD B�.t/. In the same way as
in the beginning of this chapter we conclude that X is a strong Markov process with
state spaceEm D supp.mj.�r1;r2//which is called a generalized diffusion on .�r1; r2/

or, more precisely, on Em. We write � to denote the lifetime of X .
For z 2 C let �i .x; z/ and  i .x; z/, i D 1; 2, be the solutions of the equations

�i .x; z/ D 1C z
Z
Œ0;x�

.x � y/�i .y; z/mi .dy/; 0 6 x < ri ;

 i .x; z/ D x C z

Z
Œ0;x�

.x � y/ i .y; z/mi .dy/; 0 6 x < ri :

Define �.�; z/ and  .�; z/ on .�r1; r2/ by

�.x; z/ D

´
�1.�x; z/; x < 0;
�2.x; z/; x > 0;

and  .x; z/ D

´
� 1.�x; z/; x < 0;
 2.x; z/; x > 0:
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Then it is straightforward to check that

�.x; z/ D

´
1 � z

R
Œ0;x�.x � y/�.y; z/m.dy/; �r1 < x < 0;

1C z
R
Œ0;x�.x � y/�.y; z/m.dy/; 0 6 x < r2;

(14.46)

 .x; z/ D

´
x � z

R
Œ0;x�.x � y/ .y; z/m.dy/; �r1 < x < 0;

x C z
R
Œ0;x�.x � y/ .y; z/m.dy/; 0 6 x < r2:

(14.47)

For � > 0 let

h1.�/ D lim
x!r1

 1.x; �/

�1.x; �/
D lim
x!r1

� .�x; �/

 .�x; �/
D � lim

x!�r1

 .x; �/

�.x; �/

be the characteristic function of the string m1, and define h2.�/ in an analogous way
for the string m2. Set

h.�/ WD
�
h1.�/

�1
C h2.�/

�1��1
:

For a bounded Borel function g W .�r1; r2/! R and x 2 Em, let

G�g.x/ D Ex

Z 1
0

g.Xt / dt; � > 0:

As in the case of generalized reflected diffusions, one can show that the operator G�
admits a kernel G�.x; y/ given by the formula

G�.x; y/ D h.�/
�
�.x; �/C h1.�/

�1 .x; �/
��
�.y; �/ � h2.�/

�1 .y; �/
�
;

for x; y 2 Em with x 6 y, see [182, p. 247]. For y 2 Em, let TXy D inf¹t > 0 W
Xt D yº. In the same way as before one derives that for all x; y 2 Em

G�.x; y/ D ExŒe
��TXy � G�.y; y/: (14.48)

If r2 < 1 and r2 2 Em, define QEm D Em [ ¹r2º; otherwise, set QEm D Em.
In case r2 2 QEm, set TXr2

WD limy!r2 T
X
� . Later in this chapter we will need the

following lemma.

Lemma 14.21. (i) If r2 2 QEm, then
R r2

0 m.x/ dx < 1 if, and only if, �.r2�; �/ <

1.

(ii) If the representing measure of h2 is supported by a sequence of positive numbers
.ai /i>1 such that

P
i>1 1=ai <1, and if r2 <1, then either m.r2�/ <1, or

m.r2�/ D1 and
R r2

0 m.x/ dx <1.

Proof. (i) One direction follows from (14.21), while the other can be found in [89,
p. 163]. (ii) For this part we refer the reader to the paper [163].
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Proposition 14.22. (i) For � > 0 and y 2 .�r1; r2/ let

h2.y; �/ D
 .y; �/

�.y; �/
and h.y; �/ WD

1
1

h1.�/
C

1
h2.y;�/

:

Then

E0Œe
��TXy � D

h.y; �/

 .y; �/
for every � > 0 (14.49)

and

P0.T
X
y <1/ D

´
1; r1 D1;
r1
r1Cy

; r1 <1:

(ii) Suppose that r2 2 QEm. Then P0.T
X
r2
< 1/ > 0 if, and only if,

R r2
0 m.x/ dx <

1. In this case

E0Œe
��TXr2 � D

h.�/

 .r2; �/
; for every � > 0

where  .r2; �/ WD  .r2�; �/ <1.

Proof. (i) Recall that �.0; �/ D 1 and  .0; �/ D 0. It follows from (14.48) that

E0Œe
��TXy � D

G�.0; y/
G�.y; y/

D
1

�.y; �/C h.�/�1 .y; �/
(14.50)

D
1

 .y; �/
�
h2.y; �/�1 C h1.�/�1

�
D
h.y; �/

 .y; �/
:

For the second statement note thatP0
�
TXy <1

�
D lim�!0E0Œe

��TXy �. It follows
from the last formula of Proposition 14.16 that lim�!0 h1.�/ D h1.0/ D r1, while
lim�!0 h2.y; �/ D  .y; 0/=�.y; 0/ D y. Hence

lim
�!0

h.y; �/

 .y; �/
D

´
1; r1 D1;
r1
r1Cy

; r1 <1:

(ii) Under the assumption r2 2 QEm Lemma 14.21 proves that
R r2

0 m.x/ dx < 1

if, and only if, �.r2�; �/ < 1. Suppose that
R r2

0 m.x/ dx D 1 and let y ! r2

in (14.50). We get E0Œe
��TXr2 � D 0, hence P0.T

X
r2
< 1/ D 0. Assume now thatR r2

0 m.x/ dx < 1. Since h.�/ D limx!r2 �.x; �/= .x; �/ and since �.r2�; �/ <

1 by Lemma 14.21(i), we have that  .r2�; �/ < 1. Let y ! r2 in (14.49). It
follows that

E0Œe
��TXr2 � D

h.�/

 .r2; �/
;

and since the right-hand side is strictly positive, P.TXr2
<1/ > 0.



210 14 Applications to generalized diffusions

Remark 14.23. Since both h1 and h2.y; �/ are in S, it follows that h.y; �/ 2 S as well.

For x 2 Em and y 2 QEm such that x < y let �xy be the Px-distribution of TXy .
Define

H WD
®
�xy W x 2 Em; y 2 QEm; x < y; m 2M

¯
to be the family of all such first passage distributions. Translating the function m, if
necessary, it is enough to consider x D 0.

Theorem 14.24. A sub-probability measure � belongs to H if, and only if, there exist
�1 2 CE and �2 2 ME with �2¹0º D 0 such that � D �1 ? �2, the representing
sequence .bj /j>1 of �1 is either empty or strictly increasing, and the representing
measure of � 7! .�L .�2I�//

�1 has a point mass at every bj .

Proof. Suppose that � D �0y 2 H. By (14.17) we have that

y

 .y; z/
D

Y
j

�
1 �

z

wj;y

��1

D

Y
j

�
1C

z

bj

��1

; (14.51)

where bj WDjwj;y j and .wj;y/j>1 are the zeroes of .y; �/. Since the zeroes .wj;y/j>1
are simple and decreasing, the sequence .bj /j>1 is increasing. Note that the right-
hand side of (14.51) is the Laplace transform of a probability measure from CE, cf.
Corollary 9.16, so we may define �1 2 CE by L .�1I�/ WD y= .y; �/, � > 0.
Moreover, � 7! h.y; �/=y 2 S and h.y; 0/=y 6 1 by Proposition 14.22. It follows
by Definition 9.4 that there exists �2 2 ME such that L .�2I�/ D h.y; �/=y. From
Proposition 14.22 we have that

L .� I�/ D
h.y; �/

 .y; �/
D

y

 .y; �/

h.y; �/

y
D L .�1I�/L .�2I�/;

that is, � D �1 ? �2. Since h2.y; �/ 2 S, the function � 7! .�h2.y; �//
�1 D

�.y; �/=.� .y; �// also belongs to S. By Remark 14.18, �.y; �/ and  .y; �/ have
no common zeroes, i.e. the set of poles of � 7! �.y; �/=.� .y; �// is precisely
¹0º [ ¹wj;y W j > 1º. Hence, the set ¹0º [ ¹bj W j > 1º is the support of the
representing measure of � 7! .�h2.y; �//

�1. Since

1
�h.y; �/

D
1

�h1.�/
C

1
�h2.y; �/

;

the representing measure of � 7! .�h.y; �//�1 has a point mass at each point in the
set ¹0º [ ¹bj W j > 1º. But

1
�L .�2I�/

D
y

�h.y; �/
;
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showing that the representing measure of � 7! .�L .�2I�//
�1 has a point mass at ev-

ery bn. It remains to check that �2¹0º D 0. Note that �2¹0º D lim�!1L .�2I�/ D

lim�!1 h.y; �/=y. By the definition of h.y; �/ it suffices to show that at least one
of the limits lim�!1 h1.�/ and lim�!1 h2.y; �/ is equal to zero. But this follows
from (14.23) and the fact that 0 is a point of increase for at least one of the measures
m1 and m2, cf. Remark 14.8.

Sufficiency: By assumption we have that

L .�1I�/ D

´
1; if ¹bj W j > 1º D ;;Q
j

�
1C �

bj

��1
; otherwise:

Since �2 2 ME it follows that L .�2I �/ 2 S as well as � ! .�L .�2; �//
�1 2 S.

Therefore, there exist c > 0 and a measure Q� satisfying
R
Œ0;1/.1C t /

�1 Q�.dt/ < 1

such that
1

�L .�2I�/
D c C

Z
Œ0;1/

1
�C t

Q�.dt/

and that Q� has a point mass at each point in ¹0º [ ¹bj W j > 1º. Since

L .�2I�/ D

�
c�C

Z
Œ0;1/

�

�C t
Q�.dt/

��1

;

we conclude that Q�¹0º D L .�2I 0/�1 > 1. As �2¹0º D 0 we can let �!1 to find
c > 0 or Q�Œ0;1/ D 1. Write Q� as Q�1 C Q�2 where supp. Q�2/ D ¹0º [ ¹bj W j > 1º
and Q�2¹0º D Q�¹0º > 1. Thus Q�1¹0º D 0.

By (7.3) we see that there exist measures �1 and �2 on Œ0;1/, and real numbers
c1 > 0, c2 > 0, such that

c1 C

Z
Œ0;1/

1
�C t

�1.dt/ D

�Z
.0;1/

�

�C t
Q�1.dt/

��1

; (14.52)

c2 C

Z
Œ0;1/

1
�C t

�2.dt/ D

�
c�C

Z
Œ0;1/

�

�C t
Q�2.dt/

��1

: (14.53)

Denote the functions defined in (14.52) and (14.53) by g1 and g2 respectively. Then

L .�2I�/ D
�
g1.�/

�1
C g2.�/

�1��1
: (14.54)

We record the following facts that follow from (14.52) and (14.53) by letting �!1:
(a) c1 D 1= Q�1.0;1/;

(b) if c D 0, then c2 D 1= Q�2Œ0;1/, while if c > 0, then c2 D 0;

(c) c1c2 D 0; indeed, if c D 0, then Q�Œ0;1/ D 1, so that either Q�1Œ0;1/ D 1 or
Q�2Œ0;1/ D1.
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Further, g1.0/ D Q�1¹0º D 1 and g2.0/ D Q�2¹0º�1 2 .0; 1�. Note that we can write

1
g2.�/

D c�C 
0 C
X
j>1


j
�

�C bj

where 
j is the mass of Q�2 at bj , j > 0. This shows that 1=g2 has real poles at
�bj , j > 1, hence also real zeroes �aj , j > 1, which intertwine with the poles:
0 < a1 < b1 < a2 < b2 < � � � . Therefore,

g2.�/ D

Q
j

�
1C �

bj

�
Q
j

�
1C �

aj

� : (14.55)

This shows that the representing measure of g2 is supported in .ai /i>1 andP
i>1 1=ai < 1. Let m1 and m2 be strings having g1 and g2 as their character-

istic functions. Since g2.0/ 2 .0; 1�, it follows that the length r2 of the string m2
satisfies r2 D g2.0/ 2 .0; 1�. Moreover, by Lemma 14.21(ii) we conclude that either
m.r2�/ < 1, or m.r2�/ D 1 and

R r2
0 m.x/ dx < 1. In the second case it holds

that r2 2 QEm. In the first case one can extend m2 without changing its characteristic
function g2 such that the length of the extended m2 is strictly larger than r2—e.g. ex-
tend m2 to be the constant m.r2�/ on an interval to the right of r2. We use the same
letter for the extended string.

Next

�1Œ0;1/ D lim
�!1

�g1.�/ D
1

lim�!1
R
.0;1/

1
�Ct
Q�1.dt/

D1;

hence by the second line in Proposition 14.16 we get that m1¹0º D 0.
Define m by

m.x/ D

´
�m1..�x/�/; x < 0;
m2.x/; x > 0:

Thenm 2M. Let �.�; �/ and .�; �/ be the solutions of equations (14.46) and (14.47)
with this m. Then clearly g1 and g2 can be expressed in terms of � and  as

g1.�/ D � lim
x!�r1

 .x; �/

�.x; �/
;

g2.�/ D lim
x!r2

 .x; �/

�.x; �/
D
 .r2; �/

�.r2; �/
:

Comparing the last formula with (14.55) we see that the family of all the zeroes of
 .r2; �/ is equal to ¹�bj W j > 1º. Hence,

 .r2; �/ D
Y
j

�
1C

�

bj

�
;
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implying that

L .�1I�/ D
1

 .r2; �/
:

Together with (14.54) this gives that

L .� I�/ D L .�1I�/L .�2I�/ D
g.�/

 .r2; �/

where g.�/ WD .g1.�/
�1 C g2.�/

�1/�1. Since c1 D 0 or c2 D 0, we see that 0 is in
the support of m. Hence, it follows from Proposition 14.22 that � is the hitting time
distribution of r2 starting at 0 for the generalized diffusion corresponding to m.

Comments 14.25. Kreı̆n’s theory of strings was developed by M. G. Kreı̆n in the period from 1951 to
1954 in a series of papers [183, 184, 185, 186, 187]. An excellent exposition of these results is given in
[164] which also contains historical and bibliographical remarks on the subject. An equally good source
for the theory of strings are Chapters 5 and 6 of [89]. Our presentation is a combination of those two
references. A complete proof of Theorem 14.7 can be found in either of these references. Definition
14.10 is from [89] as well as Lemma 14.11 which says that R� W L2..�1; r/;m/ ! D.A/ is one-to-
one and onto. The image of L2..�1; r/;m/ under R� is dense in L2..�1; r/;m/ and both R� and A
are self-adjoint.

Applications of Kreı̆n’s string theory to Markov processes are studied in the 1970’s. It seems that
Langer, Partzsch and Schütze are the first to use this connection in [198] where it is shown that the
operator A (acting on an appropriate domain) is the infinitesimal generator of a C0-semigroup. Path
properties of the corresponding Feller process are studied by Groh in [113]. S. Watanabe, [285] gives
the first construction of the process as a time-change of (reflected) Brownian motion and introduces
the name quasi-diffusion. This name is adopted by Küchler in [190, 191] and [192] who looks at the
properties of transition densities of the process. The name generalized diffusion is probably introduced
by N. Ikeda, S. Kotani and S. Watanabe in [145], and is used again by Tomisaki, [276]. Related works
are [166, 181] and [167]. The term gap diffusion is used by Knight in [176].

The question of characterizing Lévy measures of inverse local times of diffusions was posed in [152,
p. 217]. In its original form, which requires that m has full support, the problem is very difficult and
still unsolved. In the context of generalized diffusions it was independently solved by Knight [176] and
Kotani and Watanabe [182]. Bertoin [35] revisited the problem and gave another proof. The proof we
give follows essentially the approach from [176] and [182]. One of the key steps in the proof is the
identification of the probabilistically defined Green function G�.x; y/ with the analytic R�.x; y/ D
�.x; �/�.y; �/. This seems to be part of the folklore; since we were unable to give a precise reference,
we decided to include a proof of Proposition 14.15. This proof follows [152, pp. 126–7].

The relations between m and � , given in Proposition 14.16, appear in [187] and can be derived using
the spectral theory of strings, see [89, p. 192]. Note that a consequence of the last formula is that
r D lim�!0 h.�/ D h.0C/.

The problem of the characterization of the hitting time distributions in the case of nonsingular diffu-
sion on an interval .�r1; r2/ was studied by Kent in [172], see also [171] for complete proofs, and [174].
He showed that �xy 2 BO if the boundary �r1 is not natural. The case presented in Theorem 14.20
covers an instantaneously reflecting, non-killing left boundary. The complete characterization of hitting
time distributions for generalized diffusions, Theorem 14.24, was obtained by Yamazato in [294]. A
slight drawback of this result is that the condition on �2 is given in terms of the representing measure of
.�L .�2I�//

�1. In [295] Yamazato expressed the condition on �2 in terms of the function �2 appearing
in the representation (9.4).
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Examples of complete Bernstein functions

Below we provide a list of examples of complete Bernstein functions. We restrict
ourselves to complete Bernstein functions of the form

f .�/ D

Z
.0;1/

.1 � e��t /m.t/ dt D
Z
.0;1/

�

�C t
�.dt/:

Whenever possible, we provide expressions for the representing density m.t/ and
measure �.dt/, respectively; for simplicity, we do not distinguish between a density
and the measure given in terms of the density. We also state whether f is a Thorin–
Bernstein function, i.e. whether f is of the form

f .�/ D

Z
.0;1/

log
�

1C
�

t

�
�.dt/:

By ‘unknown if in TBF’ we indicate that we were not able to determine whether
f 2 TBF or not.

The third column of the tables contains references and remarks how to derive the
corresponding assertions. Some more lengthy comments can be found in Sections
15.11.1–15.11.3 below.

We record here again the relations between the Lévy density m and the Stieltjes
measure � and the Thorin measure � , cf. Remark 6.8(iii) and Remark 8.3(ii):

m.t/ D

Z
.0;1/

e�tss �.ds/I

m.t/ D

Z
.0;1/

e�ts �.0; s/ dsI

t �m.t/ D

Z
.0;1/

e�ts �.ds/I

t � �.dt/ D �.0; t / dt:

Only a few publications contain extensive lists of (complete) Bernstein functions.
We used the papers by Jacob and Schilling [159] (29 entries) and Berg [25] (11 entries)
as a basis for the tables in this chapter.
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15.1 Special functions used in the tables

Our standard references for this section are Abramowitz and Stegun [1], Erdélyi et al.
[90, 91] and Gradshteyn and Ryzhik [111].

Trigonometric functions

sec.x/ D
1

cos.x/
; csc.x/ D

1
sin.x/

Hyperbolic functions

sinh.x/ D
ex � e�x

2
; cosh.x/ D

ex C e�x

2
; tanh.x/ D

sinh.x/
cosh.x/

Gamma function

�.x/ D

Z 1
0

e�t tx�1 dt

Digamma function

‰0.x/ D ‰.x/ D
d

dx
log�.x/ D

� 0.x/

�.x/

Trigamma function

‰1.x/ D
d 2

dx2 log�.x/ D
1X
mD0

1
.x Cm/2

Tetragamma function

‰2.x/ D
d 3

dx3 log�.x/ D �
1X
mD0

1
.x Cm/3

Incomplete Gamma functions

�.˛; x/ D

Z 1
x

t˛�1e�t dt D x.˛�1/=2 e�x=2W.˛�1/=2;˛=2.x/


.˛; x/ D

Z x

0
t˛�1e�t dt D ˛�1x˛ 1F1 .˛; ˛ C 1; �x/

Beta function

B.x; y/ D

Z 1

0
tx�1.1 � t /y�1 dt D

�.x/ �.y/

�.x C y/
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Incomplete Beta functions

Bx.�; �/ D

Z x

0
t��1.1 � t /��1 dt; Ix.�; �/ D

Bx.�; �/

B1.�; �/

Exponential integrals

Ei.x/ D �
Z 1
�x

e�t

t
dt (Cauchy principal value integral if x > 0)

E1.x/ D

Z 1
x

e�t

t
dt D �Ei.�x/ D �.0; x/; x > 0

Em.x/ D
Z 1

1

e�xt

tm
dt; m > 2; x > 0

Sine and cosine integrals

si.x/ D �
Z 1
x

sin t
t
dt; ci.x/ D �

Z 1
x

cos t
t

dt; x > 0

Error functions

Erf.x/ D
2
p
�

Z x

0
e�t

2
dt; Erfc.x/ D 1 � Erf.x/

Bessel functions

J�.x/ D

1X
nD0

.�1/n
.x=2/�C2n

nŠ �.� C nC 1/
; Y�.x/ D

J� cos.��/ � J��.x/
sin.��/

Bessel function zeroes

j�;n; n D 1; 2; : : : zeroes of J�

Modified Bessel functions

I�.x/ D

1X
nD0

.x=2/�C2n

nŠ �.� C nC 1/
; K�.x/ D

�

2
I��.x/ � I�.x/

sin.��/

Confluent hypergeometric functions

1F1.a; b; x/ D

1X
kD0

.a/k

.b/k

xk

kŠ
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Hypergeometric functions

2F1.a; b; c; x/ D

1X
kD0

.a/k.b/k

.c/k

xk

kŠ

Whittaker functions of the first kind

M�;�.x/ D x
�C 1

2 e�x=2 1F1

�
� � � C

1
2
; 2�C 1; x

�
Whittaker functions of the second kind

W�;�.x/ D
�.�2�/

�. 1
2 � � � �/

M�;�.x/C
�.2�/

�. 1
2 � � C �/

M�;��.x/

Modified Whittaker functions

ˆ˛;ˇ .x/ D x
���1ex=2W�;�.x/;

where ˛ D � � �; ˇ D � � �; � D
�.˛ C ˇ/

2
; � D

˛ � ˇ

2

Parabolic cylinder functions

D�.x/ D 2�=2C1=2x�1=2W�=2C1=4; 1=4.x
2=2/

Tricomi functions

‰.a; b; x/ D
�.1 � b/

�.a � b C 1/ 1F1.a; b; x/C
�.b � 1/
�.a/

x1�b
1F1.a � b C 1; 2 � b; x/

D
�

sin.b�/

�
1F1.a; b; x/

�.a � b C 1/�.b/
� x1�b 1F1.a � b C 1; 2 � b; x/

�.a/�.2 � b/

�
Lommel’s functions of two variables

U�.y; x/ D

1X
nD0

.�1/n
�y
x

��C2n
J�C2n.x/

V�.y; x/ D cos
�
y

2
C
x2

2y
C
��

2

�
C U2��.y; x/

Partial sums of the exponential function

en.x/ D

nX
kD0

xk

kŠ
; n D 0; 1; 2; : : :



218 15 Examples of complete Bernstein functions

15.2 Algebraic functions

No Function f.�/ Comment

1 �˛; 0 < ˛ < 1

2 .�C 1/˛ � 1; 0 < ˛ < 1

3 1 � .1C �/˛�1; 0 < ˛ < 1

4 �

�C a
; a > 0

5 �
p
�C a

; a > 0
Theorem 8.2(v)
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Lévy (L), Stieltjes (S) and Thorin (T) representation measures

L:
˛

�.1 � ˛/
t�1�˛

S:
sin.˛�/
�

t˛�1

T:
˛ sin.˛�/

�
t˛�1

L:
˛

�.1 � ˛/
e�t t�1�˛

S:
sin.˛�/
�

.t � 1/˛

t
1.1;1/.t/

T:
˛ sin.˛�/

�
.t � 1/˛�1 1.1;1/.t/

L:
1

�.1 � ˛/
e�t t�˛

S:
sin.˛�/
�

.t � 1/˛�1

t
1.1;1/.t/

T: f … TBF

L: ae�at

S: ıa.dt/

T: f … TBF

L:
e�at .2at C 1/

2
p
�t3=2

S:
1

�
p
t � a

1.a;1/.t/

T: f … TBF
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No Function f.�/ Comment

6 �

.�C a/˛
; a > 0; 0 < ˛ < 1

Theorem 8.2(v)

7 s
�

�C a
; a > 0

(1.18) of [39], Theorem 1 of [211],
Theorem 8.2(v). See §15.11.1

8 �˛

.1C �/˛
; 0 < ˛ < 1

(1.49) of [39], Theorem 8.2(v). See
§15.11.1

9 �˛ � � .1C �/˛�1

.1C �/˛ � �˛
; 0 < ˛ < 1

(1.18) of [39], Theorem 8.2(v). See
§15.11.1

10 .1C �/˛

.1C �/˛ � 1
�

1C ˛� .1C �/˛�1

.1C �/˛ � 1
;

0 < ˛ < 1

Theorem 1.7.3 of [39] and Theorem
3.4* of [160], Theorem 8.2(v). See
§15.11.1
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Lévy (L), Stieltjes (S) and Thorin (T) representation measures

L:
sin.˛�/ �.1 � ˛/

�
e�at t˛�2.at C 1 � ˛/

S:
sin.˛�/
�

.t � a/�˛ 1.a;1/.t/

T: f … TBF

L:
a

2
e�at=2

�
I0

�
at

2

�
� I1

�
at

2

��

S:
1

�
p
at � t2

1.0;a/.t/

T: f … TBF

L: ˛� csc.˛�/ 1F1.1C ˛; 2; �t /

S:
sin.˛�/
�

t˛�1.1 � t /�˛ 1.0;1/.t/

T: f … TBF

L: closed expression unknown

S:
sin.˛�/
�

t˛�1.1 � t /˛�1

.1 � t /2˛ � 2.1 � t /˛t˛ cos.˛�/C t2˛
1.0;1/.t/

T: f … TBF

L:
˛ sin.˛�/

�

e�t .t � 1/˛

.t � 1/2˛ � 2.t � 1/˛ cos.˛�/C 1

S:
˛ sin.˛�/

�

.t � 1/˛�1

.t � 1/2˛ � 2.t � 1/˛ cos.˛�/C 1
1.1;1/.t/

T: f … TBF
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No Function f.�/ Comment

11 �ˇ � 1
�˛ � 1

� 1; 0 < ˛ < ˇ < 1
Theorem 2 of [116]

12 �˛

.1C �/˛ � �˛
�
.1C �/ˇ�1�˛�ˇC1

.1C �/˛ � �˛
;

0 < ˛; ˇ < 1

(5.2), (5.3) of [39], Theorem
8.2(v). See §15.11.1

13 ˛ � 1
˛

�˛ � 1
�˛�1 � 1

; �1 6 ˛ 6 2; ˛ ¤ 0; 1
Theorem A of [105], Corollary
6.3

14 �

sin.˛�/
�.c˛ � �˛/

.c � �/
; c > 0; �1 < ˛ < 1

4.3(7) and 14.2(6) of [91],
Theorem 8.2(v)

15 �

c2 C �2

�
c˛�1�

2 cos.˛�=2/
C

c˛

2 sin.˛�=2/
�

�˛

sin.˛�/

�
;

c > 0; �1 < ˛ < 2; ˛ ¤ 1

4.3(9) and 14.2(7) of [91],
Theorem 8.2(v)
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Lévy (L), Stieltjes (S) and Thorin (T) representation measures

L: closed expression unknown

S:
t˛Cˇ sin..ˇ � ˛/�/ � tˇ sin.ˇ�/C t˛ sin.˛�/

�t .t2˛ � 2t˛ cos.˛�/C 1/

T: unknown if in TBF

L: closed expression unknown

S:

.1 � t /˛

t1�˛
sin.�˛/C

.1 � t /ˇ�1

tˇ�2˛
sin.�ˇ/C

.1 � t /˛Cˇ�1

tˇ�˛
sin.�.˛ � ˇ//

�
�
.1 � t /2˛ � 2.1 � t /˛ t˛ cos.�˛/C t2˛

� 1.0;1/.t/

T: f … TBF

L: closed expression unknown

S:
1 � ˛
˛�

t˛�2.1C t / sin.˛�/
t2.˛�1/ C 2t˛�1 cos.˛�/C 1

T: unknown if in TBF

L: �.˛ C 2/ c˛C1ect �.�˛ � 1; ct/

S:
t˛

t C c

T:
t˛.c C ct C ˛t/

.t C c/2
; 0 < ˛ < 1I f … TBF; �1 < ˛ < 0

L: c˛ csc.˛�/ V˛C2.2ct; 0/

S:
1
�

t˛

c2 C t2

T:
1
�

.˛ C 1/ c2t˛ C .˛ � 1/t˛C2

.c2 C t2/2
; 1 < ˛ < 2I f … TBF; �1 < ˛ < 1
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No Function f.�/ Comment

16 .��˛1 C ��˛2 C � � � C ��˛n/�1;

0 6 ˛1; : : : ; ˛n 6 1

Corollary 6.3

17 �
1

�˛1 C � � � C �˛m
C

1
�ˇ1 C � � � C �ˇn

��1

;

0 6 ˛1; : : : ; ˛m 6 1; 0 6 ˇ1; : : : ; ˇn 6 1

Corollary 6.3
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Lévy (L), Stieltjes (S) and Thorin (T) representation measures

L: closed expression unknown

S:

1
t�

h
t
Pn
jD1 j̨ sin.

Pn
jD1 j̨�/

i hPn
jD1 t

P
k¤j ˛k cos.

P
k¤j ˛k�/

i
hPn

jD1 t
P
k¤j ˛k cos.

P
k¤j ˛k�/

i2
C

hPn
jD1 t

P
k¤j ˛k sin.

P
k¤j ˛k�/

i2

�

1
t�

h
t
Pn
jD1 j̨ cos.

Pn
jD1 j̨�/

i hPn
jD1 t

P
k¤j ˛k sin.

P
k¤j ˛k�/

i
hPn

jD1 t
P
k¤j ˛k cos.

P
k¤j ˛k�/

i2
C

hPn
jD1 t

P
k¤j ˛k sin.

P
k¤j ˛k�/

i2

T: depends on the choice of the parameters ˛1; : : : ; ˛n

L: closed expression unknown

S:

1
t�

"P
j;k

t j̨Cˇk sin.. j̨ C ˇk/�/

#"
mP
jD1

t j̨ cos. j̨�/C
nP
kD1

tˇk cos.ˇk�/

#
"
mP
jD1

t j̨ cos. j̨�/C
nP
kD1

tˇk cos.ˇk�/

#2

C

"
mP
jD1

t j̨ sin. j̨�/C
nP
kD1

tˇk sin.ˇk�/

#2

�

1
t�

"P
j;k

t j̨Cˇk cos.. j̨ C ˇk/�/

#"
mP
jD1

t j̨ sin. j̨�/C
nP
kD1

tˇk sin.ˇk�/

#
"
mP
jD1

t j̨ cos. j̨�/C
nP
kD1

tˇk cos.ˇk�/

#2

C

"
mP
jD1

t j̨ sin. j̨�/C
nP
kD1

tˇk sin.ˇk�/

#2

T: depends on the choice of the parameters ˛1; : : : ; ˛m; ˇ1; : : : ; ˇn



226 15 Examples of complete Bernstein functions

15.3 Exponential functions

No Function f.�/ Comment

18 p
� .1 � e�2a

p
�/; a > 0 14.2(43) of [91], 2.25 and 7.78 in

[228], Theorem 8.2(v)

19 p
� .1C e�2a

p
�/; a > 0 14.60(3) of [91], 2.25 and 7.78

in[228], Theorem 8.2(v)

20 � .1 � e�2
p
�Ca/

p
�C a

; a > 0
Appendix 1.17 of [55], Theorem
8.2(v). See §15.11.2

21
� .1C �/1=� � � �

�

�C 1
[4], p. 457, Theorem 8.2(v)

22
e� � �

�
1C

1
�

��
�

�

�C 1

Theorem 3 of [4], Theorem 8.2(v)
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Lévy (L), Stieltjes (S) and Thorin (T) representation measures

L:
1

2
p
�t5=2

�
.2a2
� t /e�a

2=t
C t

�

S:
2

�
p
t

sin2.a
p
t /

T: f … TBF

L:
1

2
p
�t5=2

�
.t � 2a2/e�a

2=t
C t

�

S:
2

�
p
t

cos2.a
p
t /

T: f … TBF

L:
1

2
p
� t5=2

�
e�1=t�at �2C t .e1=t

� 1/ .1C 2at/
��

S:
2
�

sin2.
p
t � a/

p
t � a

1.a;1/.t/

T: f … TBF

L: closed expression unknown

S:
1
�

sin.�=t/
.t � 1/1=t

1.1;1/.t/

T: f … TBF

L: closed expression unknown

S:
1
�

�
t

1 � t

�t
sin.�t/1.0;1/.t/

T: f … TBF
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No Function f.�/ Comment

23
�

�
1C

1
�

��C1

� e� � 1
Theorem 3 of [4], Theorem 8.2(v)

24
� .�C 1/

 
e �

�
1C

1
�

�� !
�
e�

2

Lemma 1 of [4], Theorem 8.2(v)

25
� .�C 1/

 �
1C

1
�

��C1

� e

!
�
e�

2
� 1

Remark before Theorem 3 of [4],
Theorem 8.2(v)

15.4 Logarithmic functions

No Function f.�/ Comment

26
log

�
1C

�

a

�
; a > 0



15.4 Logarithmic functions 229

Lévy (L), Stieltjes (S) and Thorin (T) representation measures

L: closed expression unknown

S:
1
�

�
t

1 � t

�t�1

sin.�t/1.0;1/.t/

T: f … TBF

L: closed expression unknown

S:
1
�
t t .1 � t /1�t sin.�t/1.0;1/.t/

T: f … TBF

L: closed expression unknown

S:
1
�
t t�1 .1 � t /�t sin.�t/1.0;1/.t/

T: f … TBF

Lévy (L), Stieltjes (S) and Thorin (T) representation measures

L: e�at
1
t

S:
1
t
1.a;1/.t/

T: ıa.dt/
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No Function f.�/ Comment

27
� log

�
1C

a

�

�
; a > 0 Theorem 8.2(v)

28
log

b.�C a/

a.�C b/
; 0 < a < b

Theorem 8.2(v)

29 1
a
�

1
�

log
�

1C
�

a

�
; a > 0

Theorem 1.7.3 of [39], Theorem 3.8*
of [160], Theorem 8.2(v). See
§15.11.1

30 a�

aC �
log

�
1C

�

a

�
�

1
a
; a > 0

Theorem 3.8* of [160], Remark 8.3
(ii), (iii). See §15.11.1

31 .�C a/ log.�C a/ � � log� � a log a;

a > 0

Theorem 3.8 of [160]. See §15.11.1
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Lévy (L), Stieltjes (S) and Thorin (T) representation measures

L:
1 � e�at .1C at/

t2

S: 1.0;a/.t/

T: f … TBF

L: .e�at � e�bt /
1
t

S:
1
t
1.a;b/.t/

T: f … TBF

L: � Ei.�at/

S:
1
t2
1.a;1/.t/

T: f … TBF

L:
e�at

at
C Ei.�at/

S:
t � a

at2
1.a;1/.t/

T:
1
t2
1.a;1/.t/

L:
1 � e�at

t2

S:
t ^ a

t

T: 1.0;a/.t/



232 15 Examples of complete Bernstein functions

No Function f.�/ Comment

32 .�C b/ log.�C b/ � b log b

� .�C a/ log.�C a/C a log a;

0 < a < b

33 �

a � �
log

�a
�

�
; a > 0

14.2(2) in [91], 4.2(11) in [91]

34 �

a2 C �2

�
��

2a
� log

��
a

��
; a > 0

14.2(3) in [91], 4.2(14) in [91]

35 �

a2 C �2

�
�a

2
C � log

��
a

��
; a > 0

14.2(4) in [91], 4.1(6) in [91]

36 �

aC �

�
�2
C log2

��
a

��
; a > 0

14.2(26) in [91]
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Lévy (L), Stieltjes (S) and Thorin (T) representation measures

L:
e�at � e�bt

t2

S:
.t � a/C ^ .b � a/

t

T: 1.a;b/.t/

L: aeat Ei.�at/C t�1

S:
1

aC t

T:
a

.aC t /2

L: cos.at/ ci.at/ � sin.at/ si.at/

S:
1

t2 C a2

T: f … TBF

L: �
d

dt

�
cos.at/ ci.at/ � sin.at/ si.at/

�
S:

t

t2 C a2

T:
2a2t

.t2 C a2/2

L: closed expression unknown

S:
1
2

1
t � a

log
�
t

a

�

T:
1
2
t � a � a log.t=a/

.t � a/2
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No Function f.�/ Comment

37 log.
p
a�C

p
b/

p
�

; a > 0; b > 1
14.2(27) in [91]

38 1
2
.a2
C a

p
a2 C 2�/

C � log

 r
1C

a2

2�
C

a
p

2�

!
� a2;

a > 0

Theorem 2.2 of [177]

39 log
�
2.1 � a/

�
� log

�
1C � �

p
.1C �/2 � 4a.1 � a/

�
;

1
2
< a < 1

Example 3.2.3 of [54]

40 1
.1C �/ log.1C 1=�/

(1.30) of [39], Theorem 8.2(v). See
§15.11.1
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Lévy (L), Stieltjes (S) and Thorin (T) representation measures

L: closed expression unknown

S:
log.at C b/

2�
p
t

T:
a
p
t

2�.at C b/
C

log.at C b/
4�
p
t

L:
1

2t2
Erf.a

p
t=2/

S:

8<:
1
2 ; t 6 a2=2

1
�

�
�
2 � cos�1.a.2t /�1=2/C a.2t /�1=2

p
1 � a2=2t

�
; t > a2=2

T:

8<:
1
2 ; t 6 a2=2

1
�

sin�1
�
ap
2t

�
; t > a2=2

L:
1
t
B.1=2; 1=2/

�
4
p
a.1 � a/

��1=2
t�1=2e�tM0;0

�
4t
p
a.1 � a/

�
S: closed expression unknown

T:
1
�

1�
1�2
p
a.1�a/; 1C2

p
a.1�a/

�.t/q
t � 1C 2

p
a.1 � a/

q
1C 2

p
a.1 � a/ � t

L: closed expression unknown

S:
1

t .1 � t /
1

�2 C log2.�1C 1=t/
1.0;1/.t/

T: f … TBF



236 15 Examples of complete Bernstein functions

No Function f.�/ Comment

41 � � 1
log�

Theorem A of [105], Corollary 6.3

42 � log� � �C 1
log2 �

Theorem A of [104]

43 � � 1 � log�
log2 �

[105]

44 � log2 �

� � 1 � log�

[105]

45
�.1C �/ log

�
1C

1
�

�
� �

Theorem 2.1 of [105], Corollary 6.3,
Theorem 8.2(v)

46
�

�
1 � � log

�
1C

1
�

��

47 �.�C 1/
.�C 2/ log.�C 2/

Theorem 2.4 of [105]
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Lévy (L), Stieltjes (S) and Thorin (T) representation measures

L: closed expression unknown

S:
t C 1

t .log2 t C �2/

T:
�2 C log2 t � 2

t
log t � 2 log t

.�2 C log2 t /2

L, T: closed expression unknown

S:
�2 � 2.1C 1=t/ log t C log2 t

.�2 C log2 t /2

L, S, T: closed expression unknown

L, S: closed expression unknown — T: unknown if in TBF

L:
e�t .2C t /C t � 2

t3

S: .1 � t /1.0;1/.t/

T: f … TBF

L:
2 � e�t .2C 2t C t2/

t3

S: t 1.0;1/.t/

T: f … TBF

L, S, T: closed expression unknown



238 15 Examples of complete Bernstein functions

No Function f.�/ Comment

48 �.�C 2/ log.�C 2/
.�C 1/2

Theorem 2.3 of [105]

49 �

.�C a/.�C aC 1/ log �CaC1
�Ca

;

a > 0

Theorem 1.7.3 of [39], Theorem 3.6
of [160], Theorem 8.2(v). See
§15.11.1

50
1 �

.aC 1/�
.1C .aC 1/�/ log.1C .aC 1/�/

C
a�

.1C a�/ log.1C a�/
;

a > 0

Theorem 1.7.3 of [39], Theorem 3.6*
of [160], Theorem 8.2(v). See
§15.11.1

51
log log

�
1C

1
a

�
� log log

�
1C

1
�C a

�
;

a > 0

Theorem 3.6 of [160], Theorem 1.2 of
[39]. See §15.11.1
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Lévy (L), Stieltjes (S) and Thorin (T) representation measures

L, S: closed expression unknown — T: unknown if in TBF

L: closed expression unknown

S:
1

.t � a/.1C a � t /
1

�2 C .log 1Ca�t
t�a

/2
1.a;1Ca/.t/

T: f … TBF

L: closed expression unknown

S:
1

.1 � at/..1C a/t � 1/
1

�2 C .log .1Ca/t�1
1�at /2

1.1=.1Ca/; 1=a/.t/

T: f … TBF

L: closed expression unknown

S:

8̂̂̂̂
<̂̂
ˆ̂̂̂:

0; 0 < t < a
1
t

 
1
2
�

arctan
� 1
�

log a�tC1
t�a

�
�

!
; a 6 t 6 aC 1

1
t
; t > aC 1

T:
1

.t � a/.1C a � t /
1

�2 C
�
log 1Ca�t

t�a

�2 1.a;1Ca/.t/



240 15 Examples of complete Bernstein functions

No Function f.�/ Comment

52
log� � log log

1C .1C a/�
1C a�

;

a > 0

Theorem 3.6* of [160], Theorem 1.2
of [39]. See §15.11.1

53 �
1 � � en

�
log 1

�

��
lognC1 � 1

�

� ; n 2 N
[103, 104, 105]

54 � � en.log�/
lognC1 �

; n 2 N
[103, 104, 105]

55 � lognC1 �

� � en.log�/
; n 2 N

[103, 104, 105]

56 � lognC1 � 1
�

�
1 � �en

�
log 1

�

� ; n 2 N
[103, 104, 105]

57 log
�
1C 2�C 2

p
�.1C �/

� Theorem 3.1 of [160]. See §15.11.1
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Lévy (L), Stieltjes (S) and Thorin (T) representation measures

L: closed expression unknown

S:

8̂̂̂̂
ˆ̂<̂
ˆ̂̂̂̂:

0; 0 < t < 1=.1C a/

1
t

0@1
2
C

arctan
�

1
�

log .1Ca/t�1
1�at

�
�

1A ; 1=.1C a/ 6 t 6 1=a

1
t
; t > 1=a

T:
1

.1 � at/..1C a/t � 1/
1

�2 C

�
log .1Ca/t�1

1�at

�2 1.1=.1Ca/;1=a/.t/

L, S, T: closed expression unknown

L, S: closed expression unknown — T: unknown if in TBF

L, S: closed expression unknown — T: unknown if in TBF

L, S: closed expression unknown — T: unknown if in TBF

L: t�1e�t=2I0

�
t

2

�

S:

8̂<̂
:

2
�t

arcsin.
p
t /; 0 < t < 1

1
t
; t > 1

T:
1
�

1p
t .1 � t /

1.0;1/.t/



242 15 Examples of complete Bernstein functions

No Function f.�/ Comment

58
2 log

1C
p

1C �
2

Theorem 3.1* of [160]. See §15.11.1

59 log.1C �˛/; 0 < ˛ < 1 Example 3.2.4 of [54], Theorem
8.2(v)

60
log

1
.1C �/˛ � �˛

; 0 < ˛ < 1
(3.7) in Section 3.1.a of [160]. See
§15.11.1

61
log

˛�

.1C �/˛ � 1
; 0 < ˛ < 1

Theorem 3.4* of [160]. See §15.11.1

62 �

c C �

�
�˛

sin.˛�/

� c˛ cot.˛�/C
c˛

�
log

� c
�

��
;

c > 0; 0 < ˛ < 1

14.2(8) in [91]
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Lévy (L), Stieltjes (S) and Thorin (T) representation measures

L: closed expression unknown

S:
1
t

�
1 �

2
�

arcsin
�

1
p
t

��
1.1;1/.t/

T:
1
�

1

t
p
t � 1

1.1;1/.t/

L: closed expression unknown

S:
1
�t

arccos
1C t˛ cos.˛�/

.t2˛ C 2t˛ cos.˛�/C 1/1=2

T:
1
�

˛t˛�1 sin.˛�/
1C t2˛ C 2t˛ cos.˛�/

L, S: closed expression unknown

T:
˛ sin.˛�/

�

t˛�1.1 � t /˛�1

.1 � t /2˛ � 2.1 � t /˛t˛ cos.�˛/C t2˛
1.0;1/.t/

L, S: closed expression unknown

T:
˛ sin.˛�/

�

.t � 1/˛�1

.t � 1/2˛ � 2.t � 1/˛ cos.˛�/C 1
1.1;1/.t/

L: closed expression unknown

S:
1
�

t˛ � c˛

t � c

T:
1
�

˛t˛C1 � c.1C ˛/ t˛ C c1C˛

.t � c/2



244 15 Examples of complete Bernstein functions

15.5 Inverse trigonometric functions

No Function f.�/ Comment

63 p
� arctan

�r
a

�

�
; a > 0

64 p
� arctan

 r
�

a

!
; a > 0

15.6 Hyperbolic functions

No Function f.�/ Comment

65 r
�

2
cosh2.

p
2�/

sinh.2
p

2�/
�

1
4

Appendix 1.5 of [55], Theorem
8.2(v). See §15.11.2
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Lévy (L), Stieltjes (S) and Thorin (T) representation measures

L:
1
2
t�3=2 


�
3
2
; at

�
D

p
� Erf

�p
at
�

4t3=2
�
e�at

2t

S:
1

2
p
t
1.0;a/.t/

T: f … TBF

L:
2e�at

p
at C

p
� Erfc

�p
at
�

4t3=2

S:
1

2
p
t
1.a;1/.t/

T:
1
2
p
a ıa.dt/C

1
4
p
t
1.a;1/.t/ dt

Lévy (L), Stieltjes (S) and Thorin (T) representation measures

L:
1X
nD1

n2�2

16
cos2

�n�
2

�
e�n

2�2t=8

S:
1X
nD1

1
2

cos2
�n�

2

�
ın2�2=8.dt/

T: f … TBF



246 15 Examples of complete Bernstein functions

No Function f.�/ Comment

66 r
�

2
sinh2.

p
2�/

sinh.2
p

2�/

Appendix 1.6 of [55], Theorem
8.2(v). See §15.11.2

67 p
�

2
coth

�
1

2
p
�

�
� �

Example 2.2 of [52], Theorem 8.2(v)

68 p
�
aC tanh.b

p
�/

1C a tanh.b
p
�/
; a; b > 0

Example 2, Section 2.3 of [193] and
Theorem 8.2(v)

69 �
p
� .ı sinh

�
2a
p
�
�
� 1/

b2 sinh2 �ap�� � c2 cosh2 �ap�� ;
a; b; c > 0; ı WD

1
2

�
b

c
�
c

b

�
14.2(63) in [91], Theorem 8.2(v)
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Lévy (L), Stieltjes (S) and Thorin (T) representation measures

L:
1X
nD1

n2�2

16
sin2

�n�
2

�
e�n

2�2t=8

S:
1X
nD1

1
2

sin2
�n�

2

�
ın2�2=8.dt/

T: f … TBF

L:
1X
nD1

1
8�4n4 e

�t=.4�2n2/

S:
1X
nD1

1
2�2n2 ı1=4�2n2.dt/

T: f … TBF

L: closed expression unknown

S:
2a

�
p
t
�
1C a2 C .1 � a2/ cos

�
2b
p
t
��

T: f … TBF

L: closed expression unknown

S:
1

p
t
�
b2 sin2 �apt�C c2 cos2

�
a
p
t
��

T: f … TBF



248 15 Examples of complete Bernstein functions

No Function f.�/ Comment

70 log
�

sinh.
p

2�/
�
� log.

p
2�/ 1.431(2) of [111], 5.5(1) of [91],

Corollary 6.3

71 log
�

cosh.
p

2�/
� 1.431(4) of [111], 5.5(1) of [91],

Corollary 6.3

72 log.
p

2�/ � log
�

tanh.
p

2�/
� Entry 70, Theorem 8.2(v)

73 p
� log

�
1C b tanh.a

p
�/
�
;

a; b > 0

14.2(71) of [91], Theorem 8.2(v)
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Lévy (L), Stieltjes (S) and Thorin (T) representation measures

L:
1X
nD1

1
t
e��

2n2t=2

S:
1X
nD1

1
t
1.�2n2=2;1/.t/

T:
1X
nD1

ı�2n2=2.dt/

L:
1X
nD1

1
t
e��

2.n� 1
2 /

2t=2

S:
1X
nD1

1
t
1.�2.n�1=2/2=2;1/.t/

T:
1X
nD1

ı�2.n�1=2/2=2.dt/

L:
1X
nD1

1
t
e��

2.n� 1
2 /

2t=2
�

1X
nD1

1
t
e��

2n2t=2

S:
1X
nD1

1
t
1.�2.n�1=2/2=2; �2n2=2/.t/ dt

T: f … TBF

L: closed expression unknown

S:
1

2�
p
t

log
�
1C b2 tan2.a

p
t /
�

T: f … TBF



250 15 Examples of complete Bernstein functions

No Function f.�/ Comment

74 p
� log

�
1C b coth.a

p
�/
�
;

a; b > 0

14.2(72b) of [91], Theorem 8.2(v)

75 p
� log

�
b sinh.a

p
�/

C c cosh.a
p
�/
�
� a�;

a > 0; b; c > 1

14.2(68) in [91], Theorem 8.2(v)

15.7 Inverse hyperbolic functions

No Function f.�/ Comment

76 sinh�1.�/

D log.
p

1C �C
p
�/



15.7 Inverse hyperbolic functions 251

Lévy (L), Stieltjes (S) and Thorin (T) representation measures

L: closed expression unknown

S:
1

2�
p
t

log
�
1C b2 cot2.a

p
t /
�

T: f … TBF

L: closed expression unknown

S:
1

2�
p
t

log
�
b2 sin2.a

p
t /C c2 cos2.a

p
t /
�

T: f … TBF; b ¤ c

Lévy (L), Stieltjes (S) and Thorin (T) representation measures

L: closed expression unknown

S:

8̂̂<̂
:̂

arcsin.
p
t /

�t
; 0 < t < 1

1
2t
; t > 1

T:
1

2�
p
t .1 � t /

1.0;1/.t/



252 15 Examples of complete Bernstein functions

No Function f.�/ Comment

77 cosh�1.�C 1/

D log
�
�C 1C

p
�.�C 2/

�
Theorem 1.1 of [211], Corollary 6.3

78 1
2

�
cosh�1.�C 1/

�2 Theorem 1.3 of [211], 5.15(9) of [91]

79 s
�

�C 2
cosh�1.�C 1/

Theorem 8.2(v)

80 log
�p
.�C 1/2 � 1

�
� log

�
cosh�1.�C 1/

� See §15.11.3 below: combine entries
70 and 77, Proposition 6.2 of [211]

81 log.�C 1/ � log
�p
.�C 1/2 � 1

�
C log

�
cosh�1.�C 1/

� See §15.11.3 below: combine entries
72 and 77, Proposition 6.2 of [211]
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Lévy (L), Stieltjes (S) and Thorin (T) representation measures

L:
I0.t/

t
e�t

S:

8̂̂<̂
:̂

2�
t

sin�1

 r
t

2

!
; 0 < t < 2

1
t
; t > 2

T:

´
��1.2t � t2/�1=2; 0 < t < 2
0; t > 2

L:
K0.t/

t
e�t

S:
cosh�1.t � 1/

t
1.2;1/.t/

T: .t2 � 2t /�1=2 1.2;1/.t/

L: closed expression unknown

S: .t2 � 2t /�1=2 1.2;1/.t/

T: f … TBF

L:
e�t

2t

�
cosh.t/ �

Z 1
0

I�.t/ d�

�

S: closed expression unknown

T: unknown if in TBF

L:
e�t

2t

�
2 � cosh.t/C

Z 1
0

I�.t/ d�

�

S: closed expression unknown

T: unknown if in TBF



254 15 Examples of complete Bernstein functions

15.8 Gamma and other special functions

No Function f.�/ Comment

82 �..�C a/=.2a//
�.�=.2a//

; a > 0
Proposition 22 of [249]

83 �.˛�C 1/
�.˛�C 1 � ˛/

; 0 < ˛ < 1
[40] (pp. 102–103)

84 ��.˛�C 1 � ˛/
�.˛�C 1/

; 0 < ˛ < 1
[40] (pp. 102–103)

85 �1��e� �.�; �/; � 2 R (5.37) of [52]

86 �1��ea� �.�; a�/;

a > 0; 0 < � < 1

14.2(17) in [91], 4.5(3) in [91],
Theorem 8.2(v)
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Lévy (L), Stieltjes (S) and Thorin (T) representation measures

L:
a3=2e2at

2
p
� .e2at � 1/3=2

S: closed expression unknown

T: unknown if in TBF

L:
e�t=˛

�.1 � ˛/.1 � e�t=˛/1C˛

S: closed expression unknown

T: unknown if in TBF

L:
.1 � ˛/2 et=˛

˛ �.˛ C 1/ .et=˛ � 1/2�˛

S: closed expression unknown

T: unknown if in TBF

L:
�.2 � �/
�.1 � �/

.1C t /��2

S:
e�t t��

�.1 � �/

T: f … TBF

L:
�.2 � �/
�.1 � �/

.aC t /��2

S:
t��e�at

�.1 � �/

T: f … TBF



256 15 Examples of complete Bernstein functions

No Function f.�/ Comment

87 ��ea=� �.�; a=�/;

a > 0; 0 < � < 1

14.2(19) and 4.5(29) in [91]

88 log�.�C aC b/ � log�.�C a/

C log�.a/ � log�.aC b/;

a; b > 0

9.2.3 of [54]

89 log�.1C �/ � � log�

C �2 log
�

1C
1
�

� Theorem 1.3 of [24], Theorem 8.2(v)

90 �
1C

1
�

�� �
�.1C �/

�1=�
Theorem 1.3 of [24], Theorem 8.2(v)

91 p
�

�
log�.

p
�/ �

�
p
� �

1
2

�
log
p
�

C
p
� � log

p
2�
�

(5.5) of [52], Theorem 8.2(v)
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Lévy (L), Stieltjes (S) and Thorin (T) representation measures

L:
2

�.1 � �/
.a=t/.�C1/=2K�C1.2

p
at/

S:
t��1e�a=t

�.1 � �/

T:
.�t C a/ t��2e�a=t

�.1 � �/

L:
e�at .1 � e�bt /
t.1 � e�t /

S:
1X
nD1

1
t
1.n�1Ca; n�1CaCb/.t/

T: f 2 TBF if, and only if, b 2 N

L: closed expression unknown

S:

´
1 � t; 0 < t < 1
1 � n=t; n 6 t < nC 1; n D 1; 2; : : :

T: f … TBF

L: closed expression unknown

S:
1
�

t t�1

j1 � t jt j�.1 � t /j1=t
sin
�
�'.t/

�
; '.t/ D

´
1 � t; 0 < t < 1
1 � n=t; n 6 t < nC 1; n D 1; 2; : : :

T: f … TBF

L: closed expression unknown

S:
1

2�
p
t

log
1

1 � e�2�
p
t

T: f … TBF



258 15 Examples of complete Bernstein functions

No Function f.�/ Comment

92
� log.

p
�/ �

p
�

2
� �‰0.

p
�/

(5.25a–c) of [52], Theorem 8.2(v)

93
�3=2‰1.

p
�/ � � �

p
�

2

(5.26a–c) of [52], Theorem 8.2(v)

94 � �2‰2.
p
�/ � � �

p
� (5.33a–c) of [52], Theorem 8.2(v)

95
�
p
�C �‰0

�
1
2
C

1
2

p
�

�
� �‰0

�
1
2

p
�

�
14.2(73) in [91], Theorem 8.2(v)

96 p
�

�
‰0

�
3
4
C

1
2

p
�

�
� �‰0

�
1
4
C

1
2

p
�

��
14.2(74) in [91]
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Lévy (L), Stieltjes (S) and Thorin (T) representation measures

L: closed expression unknown

S:
1

e2�
p
t � 1

T: f … TBF

L: closed expression unknown

S:
2�
p
t e2�

p
t

.e2�
p
t � 1/2

T: f … TBF

L: closed expression unknown

S:
4�2t .e4�

p
t C e2�

p
t /

.e2�
p
t � 1/3

T: f … TBF

L: closed expression unknown

S: csch.�
p
t /

T: f … TBF

L: closed expression unknown

S:
sech

�
�
p
t
�

p
t

T: f … TBF



260 15 Examples of complete Bernstein functions

No Function f.�/ Comment

97 �2 log�
log�.�C 1/

� �
(6) and (7) of [30], Theorem 8.2(v)

98
� �

log�.�C 1/
log�

Theorem 1.2 of [31], Theorem 8.2(v)

99 � e� En.�/; n 2 N (5.70) of [52], Theorem 8.2(v)

100 � � ea� Ei.�a�/; a > 0 14.2(11) in [91], 4.5(2) in [91],
Theorem 8.2(v)

101 � ea�
�
Ei.�ab � a�/ � Ei.�a�/

�
;

a; b > 0

14.2(12) in [91], Remark 8.2 (ii),
Theorem 8.2(v)



15.8 Gamma and other special functions 261

Lévy (L), Stieltjes (S) and Thorin (T) representation measures

L: closed expression unknown

S:

8̂<̂
:

0; t D 1; 2; : : :

t
log j�.1 � t /j C .n � 1/ log t
.log j�.1 � t /j/2 C .n � 1/2�2 ; t 2 .n � 1; n/; n D 1; 2; : : :

T: f … TBF

L: closed expression unknown

S:

8̂<̂
:
1; t D 1; 2; : : :

log j�.1 � t /j C .n � 1/ log t
t ..log t /2 C �2/

; t 2 .n � 1; n/; n D 1; 2; : : :

T: f … TBF

L:
n

.1C t /nC1

S:
1

.n � 1/Š
e�t tn�1

T: f … TBF

L:
1

.aC t /2

S: e�at

T: f … TBF

L:
1 � .b.t C a/C 1/ e�.tCa/b

.t C a/2

S: e�at 1.0;b/.t/

T: f … TBF



262 15 Examples of complete Bernstein functions

No Function f.�/ Comment

102 � � ea� Ei.�ab � a�/ 14.2(13) in [91], Remark 8.3 (ii),
Theorem 8.2(v)

103 .�1/nC1�nC1ea� Ei.�a�/

C

nX
kD1

.�1/n�k.k � 1/Š a�k�n�kC1;

a > 0; n 2 N

14.2(14) in [91], 4.5(3) in [91],
Theorem 8.2(v)

104 log.a�/ � ea� Ei.�a�/; a > 0 14.2(18) in [91], 4.2(1) and 4.5(1)
[91]

105 2� cos.a
p
�/ ci.a

p
�/

� 2� sin.a
p
�/ si.a

p
�/;

a > 0

14.2(20) in [91], 4.5(35) in [91],
Theorem 8.2(v)

106 � 2
p
�
�

sin.a
p
�/ ci.a

p
�/

C cos.a
p
�/ si.a

p
�/
�
;

a > 0

14.2(21) in [91], 4.5(32) in [91],
Theorem 8.2(v)
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Lévy (L), Stieltjes (S) and Thorin (T) representation measures

L:
.b.t C a/C 1/ e�.tCa/b

.t C a/2

S: e�at 1.b;1/.t/

T: f … TBF

L: .nC 1/Š .aC t /�n�2

S: tne�at

T: f … TBF

L:
a

t.t C a/

S: t�1.1 � e�at /

T: ae�at

L: 3t�2ea
2=.8t/D�4

�
a
p

2t

�

S: e�a
p
t

T: f … TBF

L: �
a

t2
C

r
�

t5

�
a2

4
C

1
2t

�
ea

2=.4t/ Erfc
�

a

2
p
t

�

S: t�1=2e�a
p
t

T: f … TBF



264 15 Examples of complete Bernstein functions

No Function f.�/ Comment

107
�

�
�

�
1C

1
�

��� Theorem 3.2 of [5]

108 p
� ea� Erfc.

p
a�/; a > 0 14.2(15) in [91], 4.5(3) in [91],

Theorem 8.2(v)

109 r
�

a
� � � �3=2 ea� Erfc.

p
a�/;

a > 0

14.2(16) in [91], 4.5(3) in [91],
Theorem 8.2(v)

15.9 Bessel functions

No Function f.�/ Comment

110 � .� � 1/ log 2 � log�.�/

C
p
�C logK�.

p
�/; � > 1=2

Formula below (2.3) of [148]

111 p
�

 
1 �

K��1.
p
�/

K�.
p
�/

!
; � > 1=2

Entry 110 and Remark 8.3
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Lévy (L), Stieltjes (S) and Thorin (T) representation measures

L, S: closed expression unknown — T: unknown if in TBF

L:
1

2.t C a/3=2

S:
e�at
p
�t

T: f … TBF

L: �

�
5
2

�
.t C a/�5=2

S:
p
t e�at

T: f … TBF

Lévy (L), Stieltjes (S) and Thorin (T) representation measures

L, S: closed expression unknown

T:
1

2�
p
t

 
1 �

2�
�
p
t
� �
J 2
� .
p
t /C Y 2

� .
p
t /
�!

L: closed expression unknown

S:
1

�
p
t

 
1 �

2�
�
p
t
� �
J 2
� .
p
t /C Y 2

� .
p
t /
�!

T: f … TBF
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No Function f.�/ Comment

112 .� � 1/ log 2C log�.�/

�
p
� � logK�.

p
�/;

0 < � < 1=2

Proof of Theorem 1 in [148]

113 p
�

 
K��1.

p
�/

K�.
p
�/
� 1

!
;

0 < � < 1=2

Entry 112 and Remark 8.3 (iii)

114 .� � �/.log
p
� � log 2/

C logK�.
p
�/ � logK�.

p
�/;

0 < � < �

(4.2) of [149], Theorem 8.2 (ii)

115 p
�

 
K��1.

p
�/

K�.
p
�/
�
K��1.

p
�/

K�.
p
�/

!
;

0 < � < �

Entry 114 and Remark 8.3 (iii)

116 p
�
K��1.

p
�/

K�.
p
�/

; � > 0
(1.3) of [146], Nicholson’s integral
formula (4.13.7) of [10]

117 p
�
I�C1.

p
�/

I�.
p
�/

; � > 0
(2.2) of [148], Theorem 8.2(v),
Remark 8.3 (ii)
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Lévy (L), Stieltjes (S) and Thorin (T) representation measures

L, S: closed expression unknown

T:
1

�
p
t

 
1 �

2�
�
p
t
� �
J 2
� .
p
t /C Y 2

� .
p
t /
�!

L: closed expression unknown

S:
1

�
p
t

 
2�

�
p
t
� �
J 2
� .
p
t /C Y 2

� .
p
t /
� � 1

!

T: f … TBF

L, S: closed expression unknown

T:
1
�2t

 
1

J 2
� .
p
t /C Y 2

� .
p
t /
�

1
J 2
�.
p
t /C Y 2

�.
p
t /

!

L: closed expression unknown

S:
2
�2t

 
1

J 2
� .
p
t /C Y 2

� .
p
t /
�

1
J 2
�.
p
t /C Y 2

�.
p
t /

!

T: f … TBF in general

L, T: closed expression unknown

S:
2
�2t

1
J 2
� .
p
t /C Y 2

� .
p
t /

L: 2
1X
nD1

j 2
�;ne

�j 2
�;nt

S: 2
1X
nD1

ıj 2
�;n
.dt/

T: f … TBF
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No Function f.�/ Comment

118
�1C.���/=2 I�.

p
�/

I�.
p
�/
;

� 1 < � < � 6 1C �

Theorem 4.7 of [149], Theorem
8.2(v), Remark 8.3 (ii)

119 p
�

I�.
p
�/

I�C1.
p
�/C I�.

p
�/
; � > 0

Theorem 9 of [215], Theorem 8.2(v)

120 p
�

I�C1.
p
�/

I�C1.
p
�/C I�.

p
�/
; � > 0

Theorem 9 of [215], Theorem 8.2(v)

121
�1��=2 K�.

p
�/

K�C�.
p
�/
;

0 < � < 1; � 6 ��

(2.1) of [147], (67) on p. 97 of [90]

122 p
�
a1I�.

p
�/C a2I��1.

p
�/

a3I�.
p
�/C a4I��1.

p
�/
;

� > 0; a1; a2; a3; a4 > 0

Theorem 3.1 of [150]
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Lévy (L), Stieltjes (S) and Thorin (T) representation measures

L: � 2
1X
nD1

j �C3��
�;n

J�.j�;n/

J 0�.j�;n/
e�j

2
�;nt

S: � 2
1X
nD1

j �C1��
�;n

J�.j�;n/

J 0�.j�;n/
ıj 2
�;n
.dt/

T: f … TBF

L: closed expression unknown

S:
1

�
p
t

J 2
� .
p
t /

J 2
�C1.
p
t /C J 2

� .
p
t /

T: f … TBF

L: closed expression unknown

S:
1

�
p
t

J 2
�C1.
p
t /

J 2
�C1.
p
t /C J 2

� .
p
t /

T: f … TBF

L: closed expression unknown

S:
1

�t�=2
J�C�.

p
t /Y�.

p
t / � J�.

p
t /Y�C�.

p
t /

J 2
�C�.
p
t /C Y 2

�C�.
p
t /

T: unknown if in TBF

L: closed expression unknown

S:
1

�
p
t

a1a3J
2
� .
p
t /C a2a4J

2
��1.
p
t /

a2
3J

2
� .
p
t /C a2

4J
2
��1.
p
t /

T: unknown if in TBF
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No Function f.�/ Comment

123 p
�
a1K�.

p
�/C a2K��1.

p
�/

a3K�.
p
�/C a4K��1.

p
�/
;

� > 0; a1; a2; a3; a4 > 0

Theorem 3.3 of [150]

124 2� I�
�
a
p
�
�
K�

�
a
p
�
�
;

a > 0; � 2 R

14.3(22) in [91], Theorem 8.2(v)

125 �1C�ea�K�.a�/;

a > 0; �1=2 < � < 1=2

14.3(36) in [91]

126 p
� ea�K�.a�/;

a > 0; �1=2 < � < 1=2

14.3(39) in [91]
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Lévy (L), Stieltjes (S) and Thorin (T) representation measures

L: closed expression unknown

S:
a1a3

�
J 2
��1.
p
t /C Y 2

��1.
p
t /
�
C a2a4

�
J 2
� .
p
t /C Y 2

� .
p
t /
�
C

2.a2a4 C a1a3/

�
p
t

�
�
a4J

2
��1.
p
t / � a3Y 2

� .
p
t /
�2
C
�
a3J 2

� .
p
t /C a4Y

2
��1.
p
t /
�2

T: unknown if in TBF

L:
2a2� �.3=2C �/
p
� �.1C �/

t�2.1C�/
2F1

�
1
2
C �;

3
2
C �; 1C 2�; �

4a2

t2

�

S: J 2
� .at/

T: f … TBF

L:
21C�a� �.3=2C �/
p
� sec.��/

t�3=2��.t C a/.t C 2a/�3=2��

S:
1

sec.��/
t�e�atI�.at/

T: unknown if in TBF

L:
cos.��/

21C�a�.t C a/3=2C�
�

�

´
4�.t C a/2� �

�
3
2
C �

�
�.�/ 2F1

�
3 � 2�

4
;

5 � 2�
4

; 1 � �;
a2

.t C a/2

�

C a2� �

�
3
2
C �

�
�.��/ 2F1

�
3C 2�

4
;

5C 2�
4

; 1C �;
a2

.t C a/2

�µ

S:
cos.��/
�
p
t
e�atK�.at/

T: f … TBF
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15.10 Miscellaneous functions

No Function f.�/ Comment

127 �1��

.a � �/�
I1��a

.�; �/;

a > 0; �� < � < 1

14.2(10) in [91],
Lemma 2.1 in [64]

128
2F1

�
1; 1 � �; 2 � �; �

a

�

�
;

a > 0; 0 < � < 1

129
� 2F1

�
1; 1C �; 2C �; �

�

a

�
; a > 0; 0 < � < 1

130
�� 2F1

�
� � 1; �; �; 1 �

�

a

�
; a > 0; 0 < � < �

14.2(9) in [91], Lemma
2.1 in [64]

131
� .2a/� �.1 � �/

�.� C �
2a /

�.1C �
2a /

2F1

�
1; � C

�

2a
; 1C

�

2a
; 1
�
;

a > 0; 0 < � < 1

[82]
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Lévy (L), Stieltjes (S) and Thorin (T) representation measures

L:
sin.��/
�

a1���� �.2 � �/ .at/�
3����

2 e
at
2 W ��1��

2 ; 2����
2

.at/

S:
sin.��/
�

t��.aC t /��

T: unknown if in TBF

L: closed expression unknown

S:
1 � �
a1�� t

�� 1.0;a/.t/

T: f … TBF

L: closed expression unknown

S: �a� t�� 1.a;1/.t/

T: a1�� ıa.dt/C .1 � �/ t�� 1.a;1/.t/ dt

L:
� �.�/

�.� � �/
a
�C��1

2 t�
�C1��

2 e
at
2 W 1����

2 ; 2C���
2

.at/

S:
�.�/ a��1

�.�/ �.� � �/
t��1 .aC t /1��

T: unknown if in TBF

L:
�

a

sinh.at/

�1C�

e.1��/ at

S: closed expression unknown

T: unknown if in TBF
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No Function f.�/ Comment

132
.2a/� �.1 � �/

 
� .�/

� .2 � �/ 2F1

�
1;
�

a
;

2 � �
a

; 1
�

�
�
�
�C �

2a

�
�
�
2 � �C �

2a

� 2F1

�
1; �C

�

2a
; 2 � �C

�

2a
; 1
�!

a > 0; 0 < � < 1; � D
1C �

2

[82]

133
�ˆ˛;ˇ .�/; ˛ > �

1
2
; �

1
2
< ˇ 6

1
2
;

or: ˇ > �
1
2
; �

1
2
< ˛ 6

1
2

Lemma 3.1 of [161]

134 �.�C1/=2 ea�=2W
�
�C1

2 ;��2
.a�/

D a�C1 �.�C1/=2 ea� �.��; a�/;

a > 0; � > 0

[54, 217], Theorem
8.2(v)

135 ��C1=2 ea�=2W��;�.a�/;

a > 0; �1=2 < � < � C 1=2

14.3(50) of [91],
(9.221) of [111]

136 �� ea�=2W��;�.a�/;

a > 0; j�j � 1=2 < � < j�j C 1=2

14.3(53) of [91],
(9.222) of [111]
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Lévy (L), Stieltjes (S) and Thorin (T) representation measures

L:
�

a

sinh.at/

�1C�

S: closed expression unknown

T: unknown if in TBF

L: closed expression unknown

S:
t˛Cˇ e�t ˆ�˛;�ˇ .t/

�
�
˛ C 1

2

�
�
�
ˇ C 1

2

�
T: unknown if in TBF

L: closed expression unknown

S:
a.�C1/=2

��.�/
t�e�at

T: f … TBF

L: closed expression unknown

S:
t��1=2 e�at=2M�;�.at/

�.2�C 1/ �
�
� � �C 1

2

�
T: unknown if in TBF

L: closed expression unknown

S:
t��1 e�at=2W�;�.at/

�
�
� C �C 1

2

�
�
�
� � �C 1

2

�
T: unknown if in TBF
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No Function f.�/ Comment

137
�
‰.aC 1; b C 1; �/

‰.a; b; �/
; a > 0; b < 1

(1.4) of [149]

138
1 � ��1=2 D���1.�

�1=2/

D��.��1=2/
; � > 0

(1.3) of [149]
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Lévy (L), Stieltjes (S) and Thorin (T) representation measures

L: closed expression unknown

S:
t�b e�t j‰.a; b; tei�/j�2

�.aC 1/ �.a � b C 1/

T: unknown if in TBF

L: closed expression unknown

S:
1

p
2� �.� C 1/

jD��.i t
�1=2/j�2

t3=2

T: unknown if in TBF
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15.11 Additional comments

15.11.1 Entries 7–10, 12, 29–31, 40, 49–52, 57, 58, 60, 61

The entries 7–10, 12, 29–31, 40, 49–52, 57, 58, 60 and 61 are taken from [39] and
[160]. Since these papers are written from a probabilistic point of view, we give a
brief sketch how the representation measures can be derived from the information
given there.

Let G be a strictly positive random variable with distribution function F and as-
sume that Z 1

0
.1 ^ t /EŒe�tG�

dt

t
<1:

Define

g.�/ WD exp
²
�

Z 1
0
.1 � e��t /EŒe�tG�

dt

t

³
:

An application of the Frullani integral identity, cf. [39, (1.64), p. 323] yields

g.�/ D exp

´
� E

�
log

�
1C

�

G

��µ
D exp

´
�

Z
.0;1/

log
�

1C
�

t

�
F.dt/

µ
:

Thus,

f .�/ WD � logg.�/ D
Z 1

0
.1 � e��t /EŒe�tG�

dt

t
D

Z
.0;1/

log
�

1C
�

t

�
F.dt/

is contained in TBF with the Thorin measure �.dt/ D F.dt/. By Remark 8.3 (iii),
�f 0.�/ is in CBF with Stieltjes measure equal to the Thorin measure of f , namely
F.dt/. By [39, Thm. 1.7, Point 3] we have

f 0.�/ D E

�
1

�CG

�
;

hence,

�f 0.�/ D E

�
�

�CG

�
D

Z
.0;1/

�

�C t
F .dt/:

We illustrate the method for the family of random variables G˛, 0 6 ˛ 6 1. Their
densities are given in formulae (3.3), (3.4), (3.5) and (3.6) of [160]:

fG˛ .t/ D
˛ sin.�˛/
.1 � ˛/�

t˛�1.1 � t /˛�1

.1 � t /2˛ � 2.1 � t /˛t˛ cos.�˛/C t2˛
1Œ0;1�.t/; 0 < ˛ < 1 ;

G1 is uniformly distributed on Œ0; 1� ;

G0 D
1

1C exp.� C /
; C is a standard Cauchy random variable.
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The basic formula is [160, (3.2), p. 41] saying that for 0 6 ˛ 6 1

E.e���1.G˛// D exp
²
�

Z 1
0
.1 � e��t /EŒe�tG˛ �

dt

t

³
:

In [160] explicit formulae for the Laplace exponent of �1.G˛/ are provided, i.e. ex-
plicit formulae for the function g defined above with G standing for any member of
the family G˛. The distribution F.dt/ can now be computed from the density fG˛ .t/.

15.11.2 Entries 20, 65 and 66

The entries 20, 65 and 66 are from [55]. We give an explanation for 65, which comes
from [55, Appendix 1.5, pp. 121–122]. Take a D 0, b D 2, x D y D 1, replace ˛ in
[55] by �. Then the formula for the �-Green function reads

cosh2.
p

2�/
p

2� sinh.
p

2�/
D G�.1; 1/ D

Z 1
0

e��tp.t; 1; 1/ dt;

where

p.t; 1; 1/ D
1
2

 
1
2
C

1X
nD1

e�n
2�2t=8 cos2

�n�
2

�!
D

Z
Œ0;1/

e�ts Q�.ds/;

and

Q� D
1
4
ı0 C

1X
nD1

1
2

cos2
�n�

2

�
ın2�2=8:

Thus,

G�.1; 1/ D
Z 1

0
e��t dt

Z
Œ0;1/

e�ts Q�.ds/ D

Z
Œ0;1/

1
�C s

Q�.ds/:

Hence,
cosh2.

p
2�/

p
2� sinh.

p
2�/
�

1
4
D

Z
Œ0;1/

1
�C s

�.ds/

with

� D

1X
nD1

1
2

cos2
�n�

2

�
ın2�2=8:

15.11.3 Entries 80 and 81

Entry 80 (and, similarly, 81) can be obtained in the following way. Entry 70 shows
that

f1.�/ D log
�

sinh.
p

2�/
�
� log.

p
2�/
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is in CBF. From entry 78 we know that

f2.�/ D
1
2

�
cosh�1.1C �/

�2

is also in CBF. Therefore, f1 ı f2 2 CBF. A straightforward computation gives that
f1 ı f2 D f . Proposition 6.2 of [211] gives the Lévy density m.t/.



Chapter A

Appendix

In this appendix we collect a few concepts and results which are not used in a uniform
way or which are particular to one branch of mathematics.

A.1 Vague and weak convergence of measures

Throughout this section E will be a locally compact separable metric space equipped
with its Borel � -algebra B.E/. We write MC.E/ for the set of all locally finite,
inner regular Borel measures on E, i.e. the Radon measures on E. Most of the time
we will use Greek letters �; �; : : : to denote elements in MC.E/; MC

b
.E/ are all

finite measures, i.e. all � 2MC.E/ such that �.E/ <1. Full proofs for the topics
in this section can be found in Bauer [18, Sections 30, 31] or Schwartz [259, vol. 3,
Chapter V.13].

Definition A.1. A sequence .�n/n2N in MC.E/ converges vaguely to � 2MC.E/,
if

lim
n!1

Z
E

u.x/�n.dx/ D

Z
E

u.x/�.dx/ for all u 2 Cc.E/: (A.1)

A sequence of finite measures .�n/n2N in MC

b
.E/ converges weakly to � 2MC

b
.E/,

if

lim
n!1

Z
E

u.x/ �n.dx/ D

Z
E

u.x/ �.dx/ for all u 2 Cb.E/: (A.2)

We denote the closure ofCc.E/with respect to the uniform norm k�k1 byC1.E/;
these are the continuous functions vanishing at infinity. Note that .C1.E/; k � k1/ is
a Banach space. It is not hard to see that we can replace (A.1) by

lim
n!1

Z
E

u.x/�n.dx/ D

Z
E

u.x/�.dx/ for all u 2 C1.E/: (A.3)

Remark A.2. If E is a compact topological space, MC.E/ D MC

b
.E/, and vague

convergence and weak convergence coincide. Weak convergence is, in general, not
the weak convergence used in functional analysis. Topologically, the space of signed
finite Radon measures Mb.E/ WD ¹� � � W �; � 2MC

b
.E/º can be identified with

the topological dual of C1.E/. Thus, vague convergence is actually the topological
weak* convergence �.Mb.E/; C1.E//.
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Remark A.3. Let .�t /t>0 be a family of measures in MC.E/ such that the function
t 7!

R
E u.x/�t .dx/ is measurable for every u 2 Cc.E/, and let � be a measure on

Œ0;1/ such that

ƒ.u/ WD

Z
Œ0;1/

Z
E

u.x/�t .dx/ �.dt/ <1 (A.4)

for all u 2 Cc.E/. Then ƒ defines a positive linear functional on Cc.E/ which we
may identify with a measure � 2MC.E/. Formally,

� D

Z
Œ0;1/

�t �.dt/

and we call this a vague integral, provided that (A.4) holds for all u 2 Cc.E/. Using
standard approximation techniques it is easy to show that

�.B/ D

Z
Œ0;1/

�t .B/ �.dt/; B 2 B.E/:

We have the following relation between vague convergence and weak convergence
of measures.

Theorem A.4. A sequence of measures .�n/n2N, �n 2 MC

b
.E/, converges weakly

to � if, and only if, it converges vaguely to � and if the total masses converge to the
total mass of the limit

lim
n!1

�n.E/ D �.E/:

A vaguely convergent sequence of measures .�n/n2N, �n 2 MC.E/, is neces-
sarily vaguely bounded, i.e. for each u 2 Cc.E/ or for each compact set K � E we
have

sup
n2N

Z
ud�n <1 or sup

n2N

�n.K/ <1;

but some kind of converse is also true.

Theorem A.5. A subset F � MC.E/ is vaguely relatively compact if, and only if,
F is vaguely bounded.

This means, in particular, that every vaguely bounded sequence of Radon measures
has at least one vaguely convergent subsequence. The Banach–Alaoglu theorem for
the dual pair .C1.E/;MC.E// can thus be written as

Corollary A.6 (Banach–Alaoglu). Every ball ¹� 2MC

b
.E/ W �.E/ 6 rº of radius

r > 0 is vaguely, or weak*, compact.

Weak convergence can also be characterized via the portmanteau theorem.
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Theorem A.7. A sequence of measures .�n/n2N, �n 2 MC

b
.E/, converges weakly

to a measure � 2 MC

b
.E/ if one, hence all, of the following equivalent conditions

are satisfied:

(i) lim supn!1 �n.F / 6 �.F / for all closed sets F � E;

(ii) lim infn!1 �n.G/ > �.G/ for all open sets G � E;

(iii) limn!1 �n.B/ D �.B/ for all Borel sets B � E with �.@B/ D 0.

If �n; � are finite measures on the real line R, we can add a further equivalence in
terms of their distribution functions:

(iv) limn!1 �n.�1; x� D �.�1; x� for all x 2 R such that �¹xº D 0.

Recall that F.x/ WD �.�1; x� is a distribution function and that we have a one-to-
one relation between finite measures on the real line and all bounded, non-decreasing
and right-continuous functions F W R! R. In the context of vague convergence and
weak convergence the classical Helly’s selection theorem becomes:

Corollary A.8 (Helly). If .Fn/n2N is a sequence of distribution functions which is
uniformly bounded, i.e. supn2N;x2R jFn.x/j < 1, then there exists a distribution
function F.x/ and a subsequence .Fnk /k2N such that

lim
k!1

Fnk .x/ D F.x/ at all continuity points x of F .

The corresponding sequence of finite measures, .�nk /k2N converges vaguely to the
finite measure � induced by F .

It converges weakly if, and only if, limR!1 supkŒFnk .R/ � Fnk .�R/� D 0, or
equivalently, if limk!1 �nk .R/ D �.R/.

Lemma A.9. Let .�n/n2N be a sequence of finite measures on Œ0;1/. Then the vague
limit � D limn!1 �n exists if, and only if, limn!1L .�nI x/ D g.x/ exists for all
x > 0. If this is the case, g.x/ D L .�I x/.

The measures converge weakly if, and only if, limn!1L .�nI x/ D g.x/ for all
x > 0. If this is the case, g.x/ D L .�I x/.

Proof. The assertion on vague convergence is a consequence of the closedness of the
set CM, see the proof of Theorem 1.6. If, in addition, L .�n; 0/ D �nŒ0;1/

n!1
����!

�Œ0;1/ D L .�I 0/ holds, we can use Theorem A.4 to get weak convergence.

A.2 Hunt processes and Dirichlet forms

In this section we collect some basic definitions and results pertinent to Hunt processes
and the theory of Dirichlet forms. Let E be a locally compact separable metric space
and let E@ denote its one-point compactification. If E is already compact, then @ is
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added as an isolated point. The Borel � -algebras on E and E@ will be denoted by
B D B.E/ and B@ WD B.E@/, respectively.

Let .�;F / be a measurable space. A stochastic process with time-parameter set
Œ0;1/ and state spaceE is a familyX D .Xt /t>0 of measurable mappingsXt W �!
E. A filtration on .�;F / is a non-decreasing family .Gt /t>0 of sub-� -algebras of F .
The filtration .Gt /t>0 is said to be right-continuous if Gt D GtC WD

T
s>t Gs for

every t > 0. The stochastic process X D .Xt /t>0 is adapted to the filtration .Gt /t>0
if for every t > 0, Xt is Gt measurable. A stopping time with respect to the filtration
.Gt /t>0 is a mapping T W � ! Œ0;1� such that ¹T 6 tº 2 Gt for each t > 0. The
� -algebra GT is defined as GT D ¹F 2 F W F \ ¹T 6 tº 2 Gt for all t > 0º. Let
F 0
1 WD �.Xs W s > 0/ and for t > 0, F 0

t WD �.Xs W 0 6 s 6 t /.

Definition A.10. Let X D .Xt /t>0 be a stochastic process on .�;F / with state
space .E@;B@/, and let .Px/x2E@ be a family of probability measures on .�;F /.
The family X D

�
.Xt /t>0; .Px/x2E@

�
is called a Markov process on .E;B/ if the

following conditions hold true
(M1) x 7! Px.Xt 2 B/ is B.E/ measurable for every B 2 B.E/.

(M2) There exists a filtration .Gt /t>0 on .�;F / such that X is adapted to .Gt /t>0
and

Px.XtCs 2 B jGt / D PXt .Xs 2 B/; Px-a.s. (A.5)

for every x 2 E, t; s > 0 and B 2 B.E/.

(M3) P@.Xt D @/ D 1 for all t > 0.
The Markov process X is called normal if, in addition,
(M4) Px.X0 D x/ D 1 for all x 2 E.

The condition (M2) is called the Markov property ofX with respect to the filtration
.Gt /t>0.

Let M1.E@/ denote the family of all probability measures onE@. For � 2M1.E@/

and ƒ 2 F we define P�.ƒ/ WD
R
E@
Px.ƒ/�.dx/. For � 2 M1.E@/ we denote

by F�
1 the completion of F 0

1 with respect to P� and F�
t is the P�-completion

of F 0
t within F�

1; finally, set Ft WD
T
�2M1.E@/

F�
t where t 2 Œ0;1�. Then

.Ft /t>0 is called the minimal completed admissible filtration. If X has the Markov
property with respect to .F 0

tC/t>0, then the filtration .Ft /t>0 is right-continuous, see
e.g. [102, Lemma A.2.2].

Let X be a Markov process with respect to a filtration .Gt /t>0. Then X is called
a strong Markov process with respect to .Gt /t>0 if the filtration .Gt /t>0 is right-
continuous and

P�.XTCs 2 B jGT / D PXT .Xs 2 B/; P�-a.s.; (A.6)

for every .Gt /t>0-stopping time T such that P�.T < 1/ D 1, and for all � 2
M1.E@/, B 2 B@, s > 0. A Markov process X is said to be quasi left-continuous if
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for any sequence .Tn/n>1 of .Gt /t>0-stopping times increasing to a stopping time T
it holds that

P�

�
lim
n!1

XTn D XT ; T <1
�
D P�.T <1/ for all � 2M1.E@/: (A.7)

Definition A.11. Let X be a normal strong Markov process on .E;B.E// with re-
spect to the filtration .Gt /t>0 satisfying the following condition

(M5) (i) Xt .!/ D @ for every t > �.!/, where �.!/ D inf¹t > 0 W Xt D @º is
the lifetime of X ;

(ii) For each t > 0, there exists a map �t W �! � such thatXtı�s D XtCs ,
s > 0;

(iii) For each ! 2 �, the sample path t 7! Xt .!/ is right-continuous on
Œ0;1/ and has left limits on .0;1/.

If X is also quasi left-continuous, then X is called a Hunt process.

The process X is a Hunt process if, and only if, X is a strong Markov process
and quasi left-continuous with respect to the minimal completed admissible filtration
.Ft /t>0, see e.g. [102, Theorem A.2.1].

Let X be a Markov process with respect to the filtration .Gt /t>0. For x 2 E, t > 0
and B 2 B.E/ define the transition function of the Markov process X by

Pt .x; B/ WD Px.Xt 2 B/: (A.8)

Then Pt is a transition kernel on .E;B.E// in the sense that x 7! Pt .x; B/ is B.E/
measurable for each B 2 B.E/, and B 7! Pt .x; B/ is a sub-probability measure on
B.E/ for each x 2 E. For a measurable function � W E ! R we write Pt�.x/ WDR
E �.y/Pt .x; dy/ whenever the integral makes sense. The Markov property of X

implies that .Pt /t>0 is a Markov transition function, i.e. for every B.E/ measurable
non-negative function � W E ! E,

PtPs� D PtCs�; t; s > 0: (A.9)

Note that Pt�.x/ D Ex.�.Xt /1¹t<�º/, where Ex denotes the expectation with re-
spect to the probability measure Px . If we agree that every function � on E is ex-
tended to E@ by letting �.@/ D 0, then we can write Pt�.x/ D Ex.�.Xt //. Note
that the right-continuity of t 7! Xt .!/ for all ! implies that .t; !/ 7! Xt .!/ is also
measurable, hence .t; !/ 7! 1B.Xt .!// is measurable for every B 2 B. By Fubini’s
theorem it follows that t 7! Pt .x; B/ D Ex1B.Xt / is also measurable. The Laplace
transform of the transition function

G�.x; B/ D

Z 1
0

e��tPt .x; B/ dt; x 2 E; B 2 B.E/; � > 0; (A.10)

is called the resolvent kernel of the Markov process X .
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The transition function Pt .x; B/ is said to be a Feller transition function if every
Pt maps C1.E/ into C1.E/ and if limt!0 Pt�.x/ D �.x/ for all x 2 E and for
all � 2 C1.E/. If .Pt /t>0 is a Feller transition function on E, then there exists
a Hunt process on E having .Pt /t>0 as its transition function, compare [102, The-
orem A.2.2.] or [47, Theorem I.9.4.]).

From now on we assume that m is a positive Radon measure on .E;B.E// with
full support, i.e. supp.m/ D E. The transition function .Pt /t>0 is calledm-symmetric
if for all non-negative measurable functions � and  and for all t > 0,Z

E

�.x/Pt .x/m.dx/ D

Z
E

 .x/Pt�.x/m.dx/: (A.11)

A Hunt process X with an m-symmetric transition function Pt is called an m-sym-
metric Hunt process. For m-symmetric transition functions we see, using Cauchy’s
inequality,Z

E

�
Pt�.x/

�2
m.dx/ 6

Z
E

�.x/2m.dx/; for all � 2 Bb.E/ \ L
2.E;m/:

This implies that Pt can for all t > 0 be uniquely extended to a contraction operator
on L2.E;m/ which we denote by Tt . Thus, Tt W L2.E;m/ ! L2.E;m/. It is easy
to see that .Tt /t>0 is a semigroup on L2.E;m/, i.e. TtCs D TtTs for all t; s > 0. In
the same way we can extend the resolvent kernels Gˇ , ˇ > 0, to bounded operators
on L2.E;m/ which we denote by Rˇ . The operators .Rˇ /ˇ>0 satisfy the resolvent
equation

R˛� �Rˇ� D .ˇ � ˛/R˛Rˇ�; ˛; ˇ > 0; � 2 L2.E;m/: (A.12)

Remark A.12. The families .Tt /t>0 and .Rˇ /ˇ>0 are a priori defined on the under-
lying Banach space, while .Pt /t>0 and .Gˇ /ˇ>0 are given by the process and have
a pointwise meaning. It is possible to show, cf. [102, Theorem 4.2.3], that we have
Ttu D Ptu and Rˇu D Gˇu m-almost everywhere on E.

Assume that X is an m-symmetric Hunt process with transition function .Pt /t>0.
Then it holds that

lim
t!0

Pt�.x/ D lim
t!0

Ex�.Xt / D �.x/ for all x 2 E and all � 2 Cc.E/:

This implies, see e.g. [102, Lemma 1.4.3], that the semigroup .Tt /t>0 is strongly
continuous: L2- limt!0 Tt� D � for every � 2 L2.E;m/. Similarly, the resolvent
.R�/�>0 is strongly continuous in the sense that L2- lim�!1 �R�� D � for every
� 2 L2.E;m/.

The (infinitesimal) generator A of a strongly continuous semigroup .Tt /t>0 on
L2.E;m/ is defined by´

A� WD limt!0
Tt���
t

D.A/ WD
®
� 2 L2.E;m/ W A� exists as a strong limit

¯
:

(A.13)
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Let .G�/�>0 be a strongly continuous resolvent on L2.E;m/. It follows from the
resolvent equation (A.12) and the strong continuity that G� is invertible. The genera-
tor A of .G�/�>0 on L2.E;m/ is defined by´

A� WD �� �G�1
�
�

D.A/ WD G�.L
2.E;m//:

(A.14)

Note that the resolvent equation shows that A and D.A/ are independent of � > 0.

Lemma A.13. The generator of a strongly continuous resolvent is a negative semi-
definite self-adjoint operator. Moreover, the generator of a strongly continuous semi-
group coincides with the generator of its resolvent.

Since the operator �A is positive semi-definite and self-adjoint we can use the
spectral calculus to define its non-negative square root .�A/1=2 with the domain
D..�A/1=2/.

Definition A.14. Let X be an m-symmetric Hunt process on E, .Tt /t>0 the corre-
sponding strongly continuous semigroup on L2.E;m/, and A the generator of the
semigroup. The Dirichlet form of X is the symmetric bilinear form E on L2.E;m/

defined by ´
E.�;  / D h.�A/1=2�; .�A/1=2 iL2

D.E/ DD..�A/1=2/:
(A.15)

Here h�; �iL2 denotes the inner product in L2.E;m/.

The form E is a closed symmetric form on L2.E;m/. For ˇ > 0 let

Eˇ .�;  / WD E.�;  /C ˇh�; iL2 ; �;  2D.E/:

Then .D.E/;Eˇ / is a Hilbert space. Since the semigroup .Tt /t>0 is Markovian, the
form E is also Markovian, cf. [102, Theorem 1.4.1], which means that all normal
contractions operate on E, see [102, p. 5]. The Dirichlet form E of X is called regular
if there exists a subset C of D.E/\Cc.E/ such that C is dense in D.E/ with respect
to E1 and dense in Cc.E/ with respect to the uniform norm.

Clearly, R�.L2.E;m// D G�.L
2.E;m// D D.A/ � D.E/. Therefore the con-

nection between the resolvent .R�/�>0 and the Dirichlet form E can be expressed
by

E�.R��; / D h�; iL2 ; � 2 L2.E;m/;  2D.E/: (A.16)

For an open set B � E let

Cap.B/ WD inf
®
E1.�; �/ W � > 1 m-a.e. on B

¯
; (A.17)

and for an arbitrary A � E,

Cap.A/ WD inf
®

Cap.B/ W B open, B � A
¯
: (A.18)



288 A Appendix

Then Cap.A/ is called the 1-capacity or simply the capacity of the set A. Let A � E.
A statement depending on points in A is said to hold quasi everywhere (q.e. for short)
if there exists a setN � A of zero capacity such that the statement holds for all points
in A nN .

For any open subset D of E, let �D D inf¹t > 0 W Xt … Dº be the first exit
time of X from D. The process XD obtained by killing the process X upon exiting
from D is defined by

XDt WD

´
Xt ; t < �D;

@; t > �D:

ThenXD is again anm-symmetric Hunt process onD. The Dirichlet form associated
with XD is .ED;D.ED// where ED D E and

D.ED/ D ¹u 2 F W u D 0 E-q.e. on E nDº; (A.19)

cf. [102, pp. 153–154].
Let .PDt /t>0 and .GD

�
/�>0 denote the transition semigroup and resolvent of XD .

For � > 0 let
HD
� �.x/ WD Ex

�
e���D�.X�D /

�
:

Then for every � 2 L2.E;m/ such that � D 0 q.e. on E nD, it holds that

G��.x/ D G
D
� �.x/CH

D
� G��.x/ for x 2 D; (A.20)

and E�.G
D
�
�;HD

�
G��/ D 0. This is the E�-orthogonal decomposition of G�� into

GD
�
� 2D.ED/ and its complement, cf. [102, Sections 4.3 and 4.4].

Definition A.15. A measure � on .E;B.E// is called smooth if it charges no set of
zero capacity and if there exists an increasing sequence .Fn/n>1 of closed sets such
that �.Fn/ <1 for all n > 1 and

lim
n!1

Cap.K n Fn/ D 0

for every compact set K.

Every Radon measure on .E;B.E// that charges no set of zero capacity is smooth,
see [102, p. 81].

For a Borel set B � E, let TB D inf¹t > 0 W Xt 2 Bº be the hitting time of X
to B . A set N � E is called exceptional for X if there exists a Borel set QN � N such
that Pm.T QN <1/ D 0.

Definition A.16. Let C D .Ct /t>0 be a stochastic process with values in Œ0;1�.
Then C is called a positive continuous additive functional (PCAF) of X if
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(a) C is adapted to the minimal completed admissible filtration .Ft /t>0

and if there exists a set ƒ 2 F1 and an exceptional set N � E such that

(b) Px.ƒ/ D 1 for all x 2 E nN ,

(c) �tƒ � ƒ for all t > 0,

(d) t 7! Ct .!/ is continuous on Œ0; �.!// for all ! 2 ƒ,

(e) for all ! 2 ƒ we have 8̂<̂
:
C0.!/ D 0; t D 0;
Ct .!/ <1; t < �.!/;

Ct .!/ D C�.!/.!/; t > �.!/;

(f) CtCs.!/ D Ct .!/C Cs.�t!/; s; t > 0:

Two positive continuous additive functionals C .1/ and C .2/ are equivalent if for
each t > 0 and for quasi every x 2 E we have Px

�
C
.1/
t D C

.2/
t

�
D 1.

Let C D .Ct /t>0 be a positive continuous additive functional of X . For a Borel
function � W E ! Œ0;1/ and � > 0 define

U �C�.x/ WD Ex

�Z
Œ0;1/

e��t�.Xt / dCt

�
:

The PCAF C and the smooth measure � are said to be in Revuz correspondence if for
every � > 0 and all non-negative Borel functions � and  it holds that

h�; U �C iL2 D

Z
.G��/ d�: (A.21)

In this case, the measure � is called the Revuz measure of the PCAF C . The condition
(A.21) is one of several equivalent conditions describing the Revuz correspondence;
for the others we refer to [102, Theorem 5.1.3].

Theorem A.17. The family of all equivalence classes of positive continuous additive
functionals of X and the family of all smooth measures are in one-to-one correspon-
dence under the Revuz correspondence.
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A
additive functional, 288
analytic function of bounded type, 58

canonical factorization, 58

B
Balakrishnan’s formula, 145
Bernstein function, 15, 132

characterization, 19, 142
complete,
see complete Bernstein function
cone structure, 20
convergence of, 21
definition, 15
extended, 38, 60, 89
extremal representation, 24
is negative definite, 28, 31
Lévy measure, 15
Lévy triplet, 15
Lévy–Khintchine representation,

15, 37, 43, 46, 49, 115, 135,
186

relation with CM, 19, 35, 39
special,
see special Bernstein function
stability, 20

Bernstein’s theorem, 3, 17, 29, 50
Bochner’s theorem, 32
Bochner–Schoenberg theorem, 142
Bondesson class, 80

and first passage time, 206
as vague closure, 83
definition, 80
stability, 80
BO � ID, 80
BO 6� SD, 91

C
capacity, 162, 288

Choquet representation
for BF, 24
for CBF, 65
for CM, 7
for S, 13
for TBF, 77
for positive definite fns, 29–31

complete Bernstein function, 49
and inverse local time, 187
characterization, 49–50, 62, 63,

66, 67, 112
cone structure, 64
conjugate pair, 62
convergence of, 65
definition, 49
exponential representation, 58,

67, 68, 82, 87
extremal representation, 65
is Nevanlinna–Pick function, 49
is operator monotone, 121
is Pick function, 49
Lévy density vs. Stieltjes

measure, 57
log-convexity of CBF, 67, 68, 70
multiplicative representation, 60
Nevanlinna representation, 56, 70
potential density, 95
relation between Lévy density

and Stieltjes measure, 165
relation with S, 63, 66–67
stability, 63, 64, 71, 81
Stieltjes measure, 55
Stieltjes representation, 55, 62,

63, 65, 69, 80, 112, 116
CBF � SBF, 92

completely monotone function, 2
cone structure, 5
convergence of, 7
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definition, 2
extremal representation, 7
infinitely divisible, 37
is positive definite, 28, 31
iterated differences, 30
logarithmically,
see log-completely monotone
representation, 3
self-decomposable, 41
stability, 5, 20, 21, 43, 283
stable, 40

convolution of exp. distributions, 87
and first passage time, 206, 210
CE � GGC, 88

convolution semigroup, 34, 132, 135
characterization, 35
definition, 34
potential measure of, 44
subordinate, 46

D
Dirichlet form, 161, 287
dissipative operator, 111, 131

spectrum, 111
distribution

S-self-decomposable, 86
infinitely divisible, 37, 39
Laplace exponent of, 90
overview, 89
relations among, 90
self-decomposable, 41
stable, 40

E
excessive function, 178

F
Feller transition function, 286
first passage time

and BO, 206
and CE, 206, 210
and GGC, 206

and ME, 210
generalized diffusion, 202

fractional power, 91
Balakrishnan’s formula, 145
in BF, viii, 15, 24
in CBF, ix, 65
in CM, viii, 41
in S, ix, 13
in TBF, ix
of operators, 145

functional calculus, 150

G
generalized diffusion, 186

first passage time, 202
inverse local time, 187
local time, 186

generalized Gamma convolution, 84
and first passage time, 206
as vague closure, 85
definition, 84
stability, 84
GGC � BO, 84
GGC � SD, 84
GGC 6� ME, 91

H
harmonic function, 179
Heinz–Kato inequality, 122
Hellinger–Stone formula, 113
Helly’s selection theorem, 283
Hirsch function, 105

characterization, 105
cone structure, 105
definition, 105
relation with P, 107
relation with SBF, 107
relation with S, 107
stability, 105

Hunt process, 161, 185, 285

I
inconsistency
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unavoidable, 1–313
infinitely divisible,

see distribution, random variable
inverse local time

and CBF, 187
generalized diffusion, 187

K
killed Brownian motion, 177
killed process, 162

subordinate, 164
Kreı̆n correspondence, 201

examples, 201–202
Kreı̆n representation problem, 201
Kreı̆n–Milman representation,

see Choquet representation

L
Lévy process, 118, 142, 170
Lévy triplet, 15
Laplace exponent, 35

of distribution, 89
relations among, 90

Laplace transform, 1
Lévy–Khintchine formula, 32
local time

generalized diffusion, 186
log-CM, 89
log-S, 89
log-completely monotone function

characterization, 38
definition, 38
relation with P, 45

log-convex function, 97
log-convex sequence, 97, 105

M
Markov process, 284

definition, 284
generator, 286
normal, 284
quasi left-continuous, 284

resolvent kernel, 285
semigroup, 286
strong, 284
transition function, 285

Markov property, 284
strong, 284

matrix monotone function, 119
measure

Lévy, 15, 214
Nevanlinna–Pick, 57
Pick, 57
Stieltjes, 55, 214
Thorin, 75, 214

mixture of exponential distributions
and first passage time, 210
characterization, 81
definition, 81
stability, 83
ME � BO, 83
ME 6� GGC, 91
ME 6� SD, 91

monotone matrix function, 119

N
negative definite function, 26, 142

in the sense of Schoenberg, 32,
118, 142

Nevanlinna factorization, 58
Nevanlinna–Pick function, 56
Nevanlinna–Pick measure, 57

O
operator monotone function

definition, 119
is CBF, 126

P
Phillips’ theorem, 135
Pick function, 56
portmanteau theorem, 282
positive definite function, 25

conditionally, 26
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in the sense of Bochner, 32
potential, 45, 174

relation with H, 107
potential measure, 44

�-potential measure, 45
potential operator, 174

�-potential operator, 187

Q
quasi everywhere, 162, 288

R
random variable

infinitely divisible, 37, 39
stable, 40

representing measure
for BF, 15
for CBF, 55
for CM, 4
for S, 12
for TBF, 75

resolvent equation, 110, 131, 286
Revuz measure, 289

S
S-self decomposable distribution

characerization, 86
definition, 86
is GGC \ME, 86

Schoenberg’s theorem, 26
Schoenberg–Bochner theorem, 142
self-adjoint operator

dissipative, 111, 131
order, 119
resolvent, 110, 131
resolvent equation, 110
resolvent estimate, 131
spectral theorem, 114
spectrum, 110, 131

self-decomposable distribution, 41
Lévy measure of, 42
SD 6� BO, 90

SD 6� ME, 90
semigroup,

see also convolution semigroup,
see also subordinate semigroup
algebraic, 25
C0-semigroup, 130
contraction semigroup, 130, 132
generator, 130, 286
intrinsically ultracontractive, 174,

178
strongly continuous, 130, 286
ultracontractive, 165

smooth measure, 288
special Bernstein function, 92, 97

cone structure, 103
conjugate Lévy triplet, 95
conjugate pair, 92
counterexample, 102–103
definition, 92
potential density, 94
relation with H, 107
stability, 103
SBF 6� CBF, 102–103

special functions, 215–217
special subordinator, 92, 97, 174

characterization, 93
factorization of potential density,

96, 175, 176
potential density, 94

spectral theorem, 114, 120
Stieltjes function, 11

and string, 190
cone structure, 12
definition, 11
extremal representation, 13
log-convexity of S, 67
primitive, 70–71
relation with CBF, 63, 66–67
relation with H, 107
stability, 12, 64, 83

Stieltjes inversion formula, 55
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Stieltjes transform,
see Stieltjes function

string, 185
and Stieltjes function, 190
characteristic function, 191
definition, 185
dual, 201
length, 185

subordinate generator, 133
CBF-subordinator, 149
domain, 138, 148, 156–158
functional calculus, 150–151
limits, 158
moment inequality, 139
operator core, 134
Phillips’ formula, 135
spectrum, 141

subordinate process, 46, 141, 163
killed, 164

subordinate semigroup, 46, 133
definition, 133
in Hilbert space, 133
of measures, 46

subordinator, 35, 141
killed, 36
transition probabilities, 35

symmetric ˛-stable process, 170

T
table

of Kreı̆n correspondences,
201–202

of distributions, 89–90
of Laplace exponents, 89–90

Thorin–Bernstein function, 73
characterization, 73, 76, 86
cone structure, 77
definition, 73
extremal representation, 77, 85
is in CBF, 73
relation with S, 77
Thorin measure, 75

Thorin representation, 75, 77, 84
transition function, 35, 285

V
vague convergence, 281
vague integral, 282

W
weak convergence, 281



Overview of the classes of distributions, Laplace transforms and exponents

measure Laplace transform Laplace exponent references

ID log-CM extended BF 5.6, 5.8, 5.9

ID, �Œ0;1/ 6 1 log-CM, f .0C/ 6 1 BF 5.7

SD — BF, �.dt/ D m.t/ dt , 5.15

t m.t/ non-increasing

BO — CBF 9.1, 9.2

ME S, f .0C/ 6 1 CBF, �.dt/ D �.t/
t
dt , 9.4, 9.5

0 6 �.t/ 6 1

GGC log-S, f .0C/ 6 1 TBF 8.7, 9.9, 9.10

CE e�c�
Q
n

�
1C �

bn

��1
TBF; � D

P
n ıbn (9.8), 9.15

Exp
�
1C �

b

��1
TBF; � D ıb 9.15

Integral representations for various classes of Bernstein functions

BF f .�/ D aC b�C

Z
.0;1/

.1 � e��t / �.dt/ (3.2)

CBF f .�/ D aC b�C

Z
.0;1/

.1 � e��t /m.t/ dt; m 2 CM (6.1)

D aC b�C

Z
.0;1/

�

�C t
�.dt/ (6.5)

D ˛ C ˇ�C

Z
.0;1/

�t � 1
�C t

�.dt/ (6.7)

D exp
�

 C

Z 1
0

�
t

1C t2
�

1
�C t

�
�.t/ dt

�
; �.t/ 2 Œ0; 1� (6.10)

TBF f .�/ D aC b�C

Z
.0;1/

.1 � e��t /m.t/ dt; t �m.t/ 2 CM (8.1)

D aC b�C

Z
.0;1/

log
�

1C
�

t

�
�.dt/ (8.2)

D aC b�C

Z 1
0

�

�C t

w.t/

t
dt; w non-decreasing (8.3)

(a; b; ˛; ˇ > 0; 
 2 R — all measures and densities are such that the integrals converge)



Relations between various classes of distributions. . .

ID

BO

GGC
Exp

CE

ME

SD

. . . and their Laplace exponents

BF

τ=δb

τ=
∑
n
δbn

t dµdt non-increasing

CBF

t dσdt ∈ [0, 1]

TBF
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